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DEFINITIONS. 





1. A rectilineal figure is said to be inscribed in another recti- 
lineal figure, when sQl the angles of the inscribed figure are upon 
the sides of the figure in which it is inscribed each upon each. 

2. In like manner, a figure is said to be circmnscribed 
about another figure, when all the sides of the cir- 
cumscribed figure pass through the angular points of 
the figure about which it is circumscribed, each 
through each. 

3. A Rectilineal figure is said to be inscribed in a 
circle, when ail the angles of the inscribed figure are 
upon the circumference of the circle. 

4. A Rectilineal figure is said to be circumscribed 
about a circle, when each side of the circumscribed 
figure touches the circumference of the circle. 

5. In like manner, a circle is said to be inscribed in 
a rectilinear figure, when the circumference of the 
circle touches each side of the figure. 

6. A circle is said to be circumscribed about a rec- 
tilineal figure, when the circumference of the circle 
passes tl^ou^h all the angular points of the figure 
about which it is circumscribed. 

7. A straight line is said to be placed in a> circle, 
when its extremities are in the circumference of the 
circle. 

B 
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Scholium. A regular polygon is one which has all its sides or angleR 
equal ; in the first case it is said to be equilateral^ and in the second, equian- 
gular. Polygons further receive particular names, according to the number 
of sides which they possess, thus: — 

A Trigon is a polygon with 3 sides. 
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PROPOSITION I. 

Pboblem. — In a given circle (ABC) to inscribe a straight 
line» equal to a given straight line (D), ^hich is not greater 
than the diameter of the circle; 

SoLUTioir. Draw a diameter BG of the 
cirde ; avd if this be equal t» the given line 
J), the ptc^lem is solved; hut i^ it is iMt^ 
take in it the segm&nJb CE equal to I) (a), and 
from C as a center, with the raditLS CB, 
describe the cirde ASF, and join OA; 

Demonstration. Because ia thee cen- 
ter of the circle AEF, OA is equal to OE 
(b); hut D is equal to CE (c), tWefwre D M 1. 3. 

is equal to CA {d), f^S^l^ 

Scholium. It should be observed that in the (d) Ax. 1. 

enimciation of the above propositien, the word 

'* given " is used in a different sense as applied to the circle and to the 
straight line, the former being given both in position and magnitude j while 
the latter is given only in magnitude. 
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PROPOSITKHff IL 

Problem. — In a given circle (ABC) to inscrihe a triangle 
equiangular to a given triangle (DEF). 
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m. 17. 

1.23. 
Ill, 16. 
ni.32. 
Solution* 
Ax. 1. 



Solution. Draw the straight 
line GAH touching the circwmfer- 
ence of the circle in the point A 
(a), and at the point. A in the 
straight line AH, and on the same 
si^ of it with the circle form the 
angle HAC equal to the an^U E 
(5j, and at the same point in the 
straight line AG, ana on the saane 
side of it, form the anglt GAB 
€C[iml to the angle F if) ; a'nd since 
AC and AB ctre drawn from A 
between the tangerU and ths cir- 
cumference, they must cut the cir- 
cumference (c) ; let them do so (g) I. 82 B, cor. 3. 
respectively in the points and B ; then join B cmd C. 

DBxoNBTBATiair. Because HAG touclMB the cirele ABC, and 
AO is clTawn from the point of coataot, the angle HAC is equal to 
the aiwle B in the alternate s^mient of the circle (d) ; hut the 
angle HAC is equal to the angle E (e) ; therefore the angle B is 
equal to the angle £ (f) ; and in the same manner it may be 
shown that the angle u i^i equal to the ai^^le F ; therefore the 
remaining angle I> is equi^ to the angle BAG (g), and therefore 
the triangle ABC, insertbed in the given otrdiy is equiangular to the 
given tn^ngU DBF. 

ScBouvx. In the solution of this, problem. Eucjid has omitted to state 
that the Hues AC. and AB must be drawn en tne same side of the tangent 
as the oircle, and he has assumed that these lines will cut the circumference, 
without showing the reasou of thdr doing so. 



PROPOSITION in. 

Problem. — About a given circle (ABC) to circumscribe 
a triangle equiangular to a given triangle (DEF). 

Solution. Produce'EiE 
both ways to G a'nd H ; 
fmd the center K of the 
circle ABC (a), and from 
it draw the straigki line 
KB ; at the point iL in the 
straight line KB form the 
angle BKA equal to ike 
angle DEG (p)^andfro» 
the same pointy and oji the, 
other side of the same^ 




fa) m. 1. 
m 1. 23. 
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straiglu line, form the 
angU CKB eoual to the 
anyle DFH (6) ; thro^tgh 
the 'points A, B, and a. 
dA'aw the straight lines j .^ 
ML, MN, and WL, touch- r\\ \ 
ing the cirde ABO ((?), then ^ — ^^^ 
shall theg meet in the 
points M^ N, and L, and 
form the triangle required. 




6) I. 23. 
c) III. 17. 
) III. 18. 
Theor. attached to I. 29. 
cor. 7. 



(c) Theor. i 

C/) I. 32 B, 

^) 1. 13. 

(A) Solution. 

(t) Ax. 3. 

(A:) I. 32 B, cor. 3. 



Demoktstratiokt. Join 
A and B, then because 
KAM and KBM are right 
angles ((£), the angles 
BAM and ABM are less 
than two right angles, 
and therefore the lines AM and BM must meet one another, 
if produced far enough (e), let them meet in M, and in a 
similar manner it may be shown that AL and OL must meet in 
some point L, and that BN and ON must meet in some point N. 
Because the four angles of the quadrilateral figure AKBM are 
together equal to four right angles (/), and the angles KAM and 
KBM are right angles ((§, the other two M and AKB are together 
equal to two right angles; but the angles D£G and DEF are 
together equal to two right angles ((j\ therefore the an^es AKB 
and M are together equal to the angles DEG and DEF ; but AKB 
and DEG are equal (^, and therefore M and DEF are equal (z). 
In the same manner it may be shown that the angle N is equal to 
DFE ; therefore the remaining aDgle L is equal to the remaining 
angle D Qc) ; and therefore the triangle LMN circumscribed about 
the circle ABC is equiangular to the given triangle. 

Scholium. The demonstration of this proposition has been somewhat 
altered from that of Euclid, who omits to prove that the lines MN, LM, and 
LN must necessarily meet when produced. 

PROPOSITION IV. 

Problem. — To inscribe a circle in a 

given triangle (ABC). 

Solution. Bisect any two angles ABC 
and ACB (a), by the straight lines BD and 
CD, ihefix because the angles ABC and ACB 
are together less than two right angles (b), 
much more are DBC and DCB together less 
than tuH) right angles ; therefore DB and 
DC vyiU Tneet, if produced far enough (<?), 
let them meet in D. Then from D draw DF 




(a) I. 9. 

(b) I. 17. 

(c) Theor. 

1.29. 



attached to 



ELEMENTS OF GEOMETRY. 




(<7) T. 12. 
(c) Solution. 
(/) III. 18. 

(g) 1. 2C. 

'A) Ax. 1. 
•) III. 16. 
*) IIL Def, 



perpendicular to any Bide BC(<A, aind from 
1> 08 a center, aim with the distance DF* 
desert a circle EFG which shall be inscribed 
in the given triangle, 

Dbmoktstbatiok. From D draw DE and 
DG perpendicular to AB and AC. Then 
the angle ABC being bisected by DB {e), 
the angles £BD and FBD are equal, and 
the angles DEB and DFB being both right 
angles (/) are 'also equal, therefore the 
triangles EBD and FBD have two angles 
of the one respectively, equal to two angles 
of the other, and the side BD common to 
both, and therefore their other sides ED 
and f?J> are equal (^). In the same manner 
it may be shown that GD is equal to FD ; 
therefore the three lines ED, FD, and GD are equal (A), and 
therefore the circle described from the center D, with the nidius 
DF, passes through the points E and G, and because the angles at 
F, E, and G are right angles, the lines BC, AB, and AC are tan- 
gents to the circle {i) ; therefore the circle FEG is inscribed in the 
given triangle {k), 

ScHouuM. The above proposition is 
only a particular case of the more gene- 
ral problem, " To describe a circle touch- 
ing three ^ven straight lines." 1*. If 
the three given lines are parallel to each 
other; or2«». If they intersect at the same 
point the problem is impossible; 3". If 
two of the lines, AB and CD, are parallel, 
and the third, £F, intersect them, it is pos- 
sible to describe two equal circles, each ful- 
filling the conditions of the 
problem, one on either side of 
the line EF; 4«>. If the three 
^ven lines intersect so as to 
Form a triangle, four circles 
may be described, touching 
them, one inscribed as above, 
and the other three touching 
each of the sides of the tri- 
angle externally, and the 
other sides produced. 

CoROLiJkRY 1. The straight 
lines bisecting the three an- 
gles of a triangle meet ^n 
the center of the inscribed 
circle. 

CoBOLLARY 2. A triangle 
is equal in area to the rec- 
tangle under the radius of 
the Inscribed circle, and half 
the sum of the three sides 
or perimeter of the triangle. 
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For the area of the whole triangle ABC is equal 
to the areas of the three triangles AEB, BBC, And 
AEC, and the area of each of these triangles is 
respectively equal to that of the rectangle, under 
the radius and half the sides AB, BC, and AC. 




PROPOSITIOK V. 

Problem.— To circumsoribe a circle abont a giten triangle 
(ABC). 

Solution. The three angular pointe, A, B, and C, of the trian- 
gle, are not in the same stvai^t line, therefore a cxrtde mar 
be described passing through them in tJie manner demtmstratsa 
in the theorem attached to III. 1. 






Scholia. 1. This proposition has been anticipated by the theorem 
above-mentioned. 

2. If the center F fall within the triangle all its angles are acute, for 
each of them is in a segment greater than a semicircle. If the center be 
in any side of the triangle, the angle opposite that side is a right angle, be- 
cause it is in a semicircle. And if the center fall without the triangle, the 
angle opposite to the side which is nearest to the center is an obtuse angle 
because it is in a segment greater than a semicircle. 

3. The two following propositions are here introduced, in order to sim- 
plify the demonstration of several of the subsequent problems. 



PROPOSITION V.A. 

Theobem. — If a rectilineal figure 
(ABODE) he equilateral and equian^ 
gular, [1] it may have one circle cir- b 
cumscribed about it, [2] and another 
inscribed in it ; [3] and the same point 
is the center of both circles. 

CoNSTKUOi^oir. Bisect the angles BCD 
and ODE (a), hy the etraight lines OF and 
'^F, then because the angles FOD and FDO 




(a) 1. 9. 
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(J) Theor. 

L29. 
fc) L 12. 
[flT) I. 6. 

Hypoth. 

COQSt. 

yi) III. 14. 



attached to 



are toaether less than two right angleSy there- 
fore OF aind DF wUl rnjeet, if pmdvaedfiar 
eruyagh (5), let them meet in F. Join d¥, 
amd from F draw GF arid HF respectivd^ 
perpendicvlar to BO and CD (<?). 

Dehonstbation. [1.] In the triangle 
FCD, the angles FCD and FDC are oquaj^ 
being the halves of equal aajdes, therefore 
the opposite sides OF and DF are eqiial 
(d). Also in the triangles FBO and FDC, 
the side BO is equal to^D (e), the side OF 
common to both, and the ansle FOB equal 
to FOB (JT), therefore 6ie side BF is equal 
to DF (^. In the same manner it may 
be shown thait the straight lines from F 
to the other angles A acnd E tixe equal 
to DF, and therefore a cirde described from ¥ as a center, 
with the radius DF, will pass throng cdlthe angvlarpointSj and cir- 
cumscribe the rectilineal jmtre ABODE. 

[2.] Because BO and 01) are equal chords of the circumscribed 
circle, they are equally distant from its center (A), that is, GF is 
equal to HF ; in tne same manner it may be shown that the per- 
pendiculars drawn from F to the other sides AB, AE, and DE are 
all equal to HF, and therefore that a circle described from F as a 
center, with the radius HF, ^U touch cdl the sides of the rectiUneal 
figure ABODE, and be inscribed in it. 

£3.] It is evident that the sarm poiiU F is the center of both th$ 
circumscribed and inscribed. cirdes, 

PBOPOBITIOK Y. B. 
Theorem. ~j[f any equilateral and equiangular rectilineal 
figure (ABODE) he inscribed in a circle, tangents to the cirele, 
drawn through the &Dgalar points, will form an equilateral 
and equiangular figure of the same number of sides, circum- 
scribed about the circle. 

Demonstbation. Because the chords AB and 
BO, &c., are equal, their arcs are also equal (a), 
and the angles FAB, FBA, QBO, GOB, &c., at 
the circumference standing on these ares are 
also equal {b). Therefore in the triangles ABF, 
BOG, GHD, &c., the sides AF and BF, BG, GO, 
OH, &c., are all equal, and the angles F, G, H, 
<fec., are also all equal (c), therefore the rectUinml 
figure, FGHIK, circumfM!ribed about the circle, is 
equilateral and equiarigtdar. 




H 

,o) III. 28. 
lb) III. 27. 
,c) I. 6. 
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PROPOSITION VI. 

Problem. — To inscribe a square in a given circle 
(ABCD). 

Solution. Draw the diameters AC, BD, at 
right angles to each other; and join AB, BC, CD, 
atvd DA, then ABOD is the square required. 

Demonstration. Because in the triangles ^ 
BEA and AED, BE and ED are equal, AE 
common to both, and at right angles to BD, the 
base AB is equal to AD Ql) ; and in the same 
manner it may be shown that each of the other 
sides, DO and BC are equal to AB, and therefore 
that the quad/rilateral figure ABCD is equilateral. But the straight 
line BD being a diameter, ABD is a semicircle, and therefore the 
angle BAD is a right angle (h), and the quadrilateral figure ABCD 
is a square. 




(a) L 4. 
(6) m. 31. 



PROPOSITION VII. 

Problem. — ^To circumscribe a square about a given circle 
(ABCD). 

Solution. Inscribe a sqicare in the cirde ABCD £ 
(a), and through its angular points, A, B, 0, and 
D, draw tangents EH, EF, FG, and QH (i), then 
EFGR is the square required, ® 

Demonstration. Because the tangents, EH, 
EF, FG, and GH are drawn through the angular 
points of a square inscribed in a circle, therefore 
they form a sqtuzre EFGH, circumscribed about the 
same circle (c), 

CoROiAAEY. If a square is circumscribed about a circle^ it is evidently 
equal in area to twice the square inscribed in the circle. 

Scholium. It is evident that a square is the only right-angled parallelo- 
gram which can be circumscribed about a circle, but that either a square 
or rectangle may be inscribed in it. 




(a) IV. 6. 
(6) III. 1 
(c) IV. 5 



B. 
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PROPOSITION VIII. 

Problem. — To inscribe a circle in a given sqiiare (ABCD). 

Solution. BUect each of the sides A6, AD, in 
the points F and E (a) ; through F draw EK »a- 
raltd to AD, and through E draw EH paraMd to 
AB (i) ; ^A« <?t>(?fe EFHK, described from the cen- 
ter G, with the radius EG, w inscribed in the given 
square. 

Demonstration. Because AE, ED, AF, and 
FB are halves of equals, they are all equal to 
each other {c) ; and because AG, EK, FH, and 
GO are parallelograms (<Q, their opposite sides 
are equal {e) ; therefore, EG, FG, HG, and GK » 
are all equal, and the circle described from the '•' -^ * * 
center G with the radius EG will pass through the points F, H, 
and K, and because the angles at E, F, H, and K, are right 
angles (d), the sides of the square are tangents to the circle 
EFHK (/) ; which is therefore inscribed in the given square. 



1.10. 
I.8L 
Ax. 7. 
Solution. 
1.34. 




PROPOSITION IX. 

Problem. — To circumscribe a circle about a given square 
(ABCD). 

Solution. Join AC and BD, cutting each other 
in E ; the circle described from iasa center with the 
radius AE.will circumscribe the given square. 

Demonstration. Because the triangle ABD is 
isosceles, and the angle A a right angle, therefore 
each of the angles ADB and ABD is half a right (a) i. 32 r, 
angle (a), and in the same manner it may be ccr. 2. 

shown that each of the angles into which the (b) I. C. 
angles of the square are divided by the diagonals is half a right 
angle ; and, therefore, that they are all equal. Then in the 
triangle, AEB, as the angles A and B are equal, the opposite 
sides, BE and AE, are equal (b) ; and in the same manner it may 
he shown that OE and DE are equal to BE and AE, therefore the 
four lines, AE, BE, OE, and DE, are equal, and therefore the circle 
described from the center E with the radius AE passes through 
the angular points, A, B, 0, and D, and is circumscribed about the 
given square 

B 8 
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PROPOSITION X 



Problem. — To oonstraot an isoscelBS triangle, in which 
each of the angles ait the hase shall be donble of the angle 
opposite to the same. 



SoLTTTiON. Take any straight line AB, 
and divide it in C, so that the rectangle 
winder AB and BC vnay he eqttal in area to 
the square on AC (a) ; construct the triangle, 
ABD, having AD equal to AB, and DB to 
AC (J), and it wiU he the triangle required. 
Join CD, and about the triaTt^ ACI) cir- 
cumscribe the circle ADC (c). 

Demonstbation. Because the rectangle 
under AB and BC is equal in area to the 
SQuare on AC (d), or to the square on BD 
(a), the line BD is a tangent to the circle 
ADC (e), and therefore the angle BDC is 
equal to the angle A in the alternate seg- 
ment (/) ; add to both the angle CD A, 

" "IDA i " 




'a) II. 11. 
'b) I. 22. 
Ic) IV. 5. 
[d) Solution. 
^e) III. 37. 
■ ) m. 82. 

Iff) I. 5. 
^h) L 32 A. 
(i) I. 6. 



and BD A is equal to the sum of the angles 
CDA and A ; but because the sides AB 
and AD are equal, therefore the opposite 
angles B and BDA are equal {g)y and the 
angle B is equal to the sum of the angles ODA and A ; but the 
external angle BCD is equal to the sum of the angles CDA and A 
{h), therefore the angles B and BCD are equal, and the sides BD 
and CD are equal (i) ; but BD and CA are equal {ch, therefore CD 
and CA are equal, and therefore the angles A and CDA are equal 
(g)f but BDA is equal to the sum of the angles A and CDA, there- 
fore the angles BDA and B are each double of the angle A. 



CoBOLLABY 1. The trinngle BDC is also isosceles, and has each of the 
angles at its base, B anxl BCD, double of the vortical angle -BDC. 

CoBOLLABY 2. The triangle ACD is isosceles, and each of the anurias at 
its base, A and ADC, arc one-third of the vertical angle ACD. 



CoBOLL^VBT 8. PROBDKM. To divido a given ri^t cmgle (ABC) into 
five equal parts. 



Sot.oruai. In A&tiUit amy petal A, aiidditide 
AB in D, 10 that the neHmglii voder AS end U) 
,hiUeqiialiaanathetqaaTem.D^{a'). From 
A oi a csnter, infi U« rodiw AB ducriAe a nrcb, 
aad in it place BE agual to DB (by, the rmgh 
EflC u afja of &e ngU angle. 

Demohstratioii. BecBDEC in th« triangle 
ABE the angles ABE and AES arewcheqiialta 
the dcnibte tit tbe aaele A (o), and the three 
angles ABE, AF.B, and A, are together equal to 
two right anglsB (a), therefore the angle A squall 
two-eRhs of a right, and the angle ABE eqoale 
fonr-fifths of a right iingle, and fiierefore the ra- 
matniag angle EBC equals one-fifth of the right 
angla ABC, and if the anfje ABE be diridedinto 
four equal psfts (e) by the Uaes BF, BG, and 
BU, the whole right angle ABC will be divided 
into live equal parts. 




(S) I. 2. 
;j IV. 10. 
0I.8t». 



peiitagor 



PROPosrrioH xi. 

—To inscribe kh equilateral and equiaugtilar 
3. giren drcU (ABODE). 



Solution. Constma an iwBceU* tri- 
angle, FGH, Ifoxing each of the angles 

BfOH, doiaie of the angle at« (a); 

and in the circle ABCDfc. imcribe the 

triangle ACD e^wiangidar to the tri- 

attgle FQH (i). Bieed the angUi <« _ 

the i^, ADC md ACD, b</ the ^ 

straight lines BD and EC (c), aiid 

join CB, BA, AE, and ED ; (Aen 

ABODE it thi peniagon required. 

(d) Sohition. 
Dehohstbatioh. Because each of (e) HI. S6. 

the angleB ACD and ADC is double CO III. 29. 

of CAD, aud is bisected (d), tba &n W ■**■ 3- 

angles, DAC, ACE, ECD, CDB, and EDA, are eqnal to one 
another ; thercftae the aros upon which th&j stend Are equal (e), 
and therefore the straight linos, DC, AE, ED, CB,»nd iBA, wlijch 
aubtend those area, are also equal (/) ; and therefoi-e thepentagon 
ABODE it eaailaieral. AndboMUiethearcB ABandBEare equal, 
if the arc BOD be addsd to both, ihe arc ABCD is equal'to the 
arc BCDlil (^), and therefore the angles AED and fiA£, atandlng 
upon them, aie equal ^«) ; and in the same manner it maj be 
shoira that all the other aniflea are equal to one aiicitbeT,:and 
therefore tiac the pentagon ABfflW it alto t^tMntgtdar. 
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CoROTXART. He0ce it is evident that every equiangular figure inscribed 
in a circle is equilateral, and that every equilateral figure is equiangular. • 

ScHouuM. In the above proposition the pentagon is inscribed in tho 
circle by the aid of an isosceles triangle, the angles at whose base are each 
double its vertical angle; and in like manner any other equilateral figure 
of any number of sides may be inscribed in a circle, by the aid of an isos- 
celes triangle, in which each of the angles at its base is to its vertical 
angle as half the number of its sides minus half, is to unity; thus a 
square may be inscribed by the aid of an isosceles triangle having the 
ratio between each of the angles at its base and its vertical angle as 
(J — i ==) li : 1 ; a pentagon, as (| — i =-=) 2 : 1 ; a hexagon, as 

(§ — i =) 2i : 1 ; and so on. 



PROPOSITION XII. 

Problem. — To circumscribe an equilateral and equiangular 
pentagon about a given circle (ABODE). 

Solution. Inscribe within the given circle 
the equilateral and equiangular pentagon 
ABODE (a), then through the angular points 
of the same, A, B, 0, &c., draw tangents KF, 
FG, QH, <fec., to the given circle (i), and they 
will form an equilateral and equiangular penta- 
gon, FGHIK, circumscribing the given circle (c). 




PROPOSITION XIII. 

Problem. — To inscribe a circle in a given equilateral and 
equiangular pentagon (ABODE). 

Solution. Bisect any two adjacent angles 
A and B by the straigM lines AF and BP 
(a)y and from their point of intersection F 
draw Yd perpendicular to AB (5) ; from the B 
center F with the radius FG describe a cirde, 
and it wiU he inscribed in ilie given pentagon. 
Draw FC, FB, FE, and from F let faJl the 
perpendiculars FH, FK,*FL, a^id FM (b). 

Demovstbation. In the triangles ABF 
and AEF the sides AB and AE are equal 
(c), AF common to both, and FAB and FAE 
are equal (d), therefore the angles ABF and 
AEF are equal {e); but the angles ABC 
and AED are also equal (c), therefore^ since 




[b) 1. 12. 
Ic) Hypo. 
t) Solution. 
;«) I. 4. 
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ABP is half of ABO (<Q, AEP is half of 
AED ; and in the same manner it ii^&7h® 
shown that the other angles BOD and ODE 
are bisected by the lines FO and FD. ^ 
Therefore in the' triangles FBH and FBG 
the angles FBH and FBG are equal, the 
ancles "BHF and BGF are right angles {d), 
and the side FB common, therefore the 
sides FH and FG are equal (f) ; and in the 
same manner it ms^ be shown that all 
the perpendiculars ¥H, FK, FL, &c., are 
equal, therefore the circle described from F 
as a center with the radius FG wiU pass 
through the points H, K, L, and M, ana the sides of the given pen- 
tagon are tangents to it h^use the angles at those points are right 
angles (g), 

ScHouuM. This problem is only a particular case of the moi*e general 
proposition given at p. 6. 




Solution. 
■ ) I. 26. 
III. 16. 



PROPOSITION XIV. 

Paoblem. — To circumscribe a circle about # given eqiilla 
teral and equiangular pentagon (ABODE). 

Solution. Bisect the angles A and "E by the 
straight lines AF and EP (a) ; from the point 
of intersection ¥ asa center with the radius AF, 
aescrihe a circle ABODE which shaSH circum- 
scribe the given pentagon. Draw the straight 
lines BF, OF, and DP. 

Demonstration. It may be shown in the 
same manner as in the preceding proposition 
that the angles of the pentagon are oisected 
by the straight lines drawn from F. Therefore 
in the triangle AFE the angle EAF is e^ual to AEP, and there- 
fore the side AF is eqiml to FE {J>) ; and m the same manner it « 
may be shown that all the lines AF, BP, OF, DP, and EF ar^ 
equal, and therefore the circle detmhedftom Y as a center with the 
radius AF unll pass through the points B, 0, D, E, and circvmscrihe 
the pentagon. 
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(a) III. 1. 
lb) I. Def. 15, 

(c) I. 32 B, coi'. 6. 

(d) I. 13. 

(e) I. 15. 
(/) III. 26. 
(a) III. 29. 
(A) IV. 11. cor. 



PROPOSITION XV. 

Pboblem. — ^To inscribe an equilateral 

and equiangular hexagon m a given circle y 

(ABCDEF> 

SoLUTioir. FtTtd the center G of the given 
circle (a), and through it draaff the dimneter ^ 
AD. From D as a center with the radius BG 
describe a circle GEHC,/oi7i EG and GO, and 
prodiuje them to the points B aTid F. Join 
AF, FE, ED, DC, CB, BA, with straight lines, 
and they will form an equilateral and equian- 
gular hexagon. 

Demonstration. The stiaight lines GO) 
and DC, bemg radii of the same circle, are 
equal (5), and for the same reason DG and 
GO are equal, therefore the triangle DGC is 
equilateral, and the angle CGD is the third 
part of two right angles (c) ; and in the same 
manner it may be shown that the angle EGD 
is also the third part of two right angles. 
And because the straight line GC makes with EB th^s adjacent 
angles EGC, CfcB, equal to two right angles {d)y the remain- 
ing angle CGB is the third part of two right angles, and 
the three angles EGD, DGC, and CGB are equal to one 
another ; and to these the vertical opposite angles BGA, AGP, 
and FGE are also equal {e) ; therefore the six angles at the center 
G are equal, and the arcs on which they stand are equal (/), and 
aUo the lines subtending those arcs are equal {g), and therefore 
the'hexagon ABCDEF is equilateral, xmd also, since it is inscribed 
inxt circle, equiangular (A). 

OofBOLLAKY. It is evident that the side of the hexagon is equal 
to the radius of thecirciunscribing circle. 

PROPOSITION XVI. 

Problem. — To inscribe an equi- 

laiieral and equiangular quindecagon 

in.a given circfe (ABCD). 

SoDfjTioH. Let AC he 1^ side of an 
equilateral triangle inscribed in the eirde ^ 
(a), and AB t^e side of an equilateral 
pentagon inscribed in the same (J) ; 
bisect the arc BC in E (c), join BE and 
EC, and in the given circle place chords 
eqml to BE, and they wUlform an equi- 
lateral and equiangular quindecagon 
^nscribed in it. 




(a) IV. 2. 
(6) IV. 11. 
(c) III. 30. 
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Demonstration. For if the whole circumference of the given 
circle be diyided into fifteen equal parts, the arc AC, because it is 
the third part of the whole circumference, contains five of these 
parts ; in like manner the arc A6 contains three of them, there- 
fore the arc BC contains two, and therefore the arc BE is the 
fifteenth part of the whole circumference, and BE is the side of 
the required equilateral and egu,ia%gvlar quindecagon, 

SciioLiuM. The only regular polygons which the Greek Geometers could 
iucribe gtometricaliy.in the circle were the trigon, or acjiiilateral triangle, 
the tetragon, or-square, Irhe pentagon, the hexagon, and tmy others, such as 
the quindecagon, derived from them. M. Grause, however, in his Disquidtumea 
ArithmeticcBy has shown that a regular polygon of 2* -f- 1 sides is always 
capable of being inscribed geometrically m a curcle, when 2^ '{- 1 ia a 
prime number. 



THB 

ELEMENTS OF EUCLID, 



BOOK V. 
DEFINITIONS. 



1. A LEBB magnitude is said to be a part of a greater magnitude, 
when the less measures the greater, that is, when the less is con- 
tained a certain number of times exactly in the greater. 

Scholium. In ordinary use the word " part " means " any portion what- 
ever," but its geometrical sense in the above definition, and wherever sub- 
sequently employed, is that of an aliquot part or etibmuitiple. It has already 
been explained in the scholium to the first proposition of the second boo£, 
that one magnitude is said to measure another when it is exactly contained 
in it any number of times without any remainder. The lesser magnitude 
is then said to be a part or submuUiple of the greater, while the greater is 
said to be a multiple of the less. 

In the four preceding books ma^itudes have been compared simply as 
to their equality or inequality, but m the latter case no attempt has been 
made to determine how great or how small that inequality might be. The 
ol^ect, however, of the mth book is to compare unequal magnitudes, and to 
determine with greater exactness their relative value. Now there are two 
ways in which two unei^ual magnitudes or auantities might be compared, 
namely, — 1», by subtractmg the lesser from the greater, and so ascertaining 
how much one exceeded the other; thus if one fine were represented by 50 
and the other by 40, their diflerence thus estimated would be 10 ; this 
method, however, would fail to convey any idea of their relative values ; — 
2*, by ascertaining how often the greater contained the less, or, in other 
words, what multiple the greater was of the less; this latter method is 
the one employed by Euclid in the fifth book, and by it we are enabled to 
ascertain their relative value, 

2. A greater magnitude is said to be a multiple of a less, when 
the greater is measured by the less, that is, when the greater con- 
tains the less a certain number of times exactly. 

Scholium. It is necessary to observe the distinction between the ex- 
pressions "measures" and "is contained in;" for example, 8 measures 15, 
being contained in it exactly 5 times without any remainder, but 3 does 
not measure 18, although it is contained in it 4 tunes, because there is a 
remainder of 1 over, it has already been explained, in the scholium to 
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n. 1, tliat when two magnitudes are tntdtiplet of tbe same magnitude, or, in 
other words, when they mav both be measured by the same magnitude, Uiey 
are said to be commenmraolej but that when no magnitude could be found 
by which both the given magnitudes could be measured, they were said to 
be incommensurable, as in the case of the side and diagonal of a square. 

3. Jtatto is a mutual relation of two magnitudes of the same 
kiud to one another, in respect of quantity. 

ScHOLiusi. This definition has been as severely criticised as perhaps 
any other portion of the Elements; but it should be borne in mind that no 
subsequent conclusions are deduced from, or made to depend upon it, but 
that Euclid doubtless introduced it as a mere explanation of thie sense in 
which the word " ratio " was to be afterwards employed. There is, however, 
a defect in the definition, inasmuch as it is not stated in what way the 
comparison of the two magnitudes is to be made, for we have already men- 
tioned that two modes of comparison may be adopted, namely, either by 
finding the excess of one magnitude above the otner, or by ascertaining 
what multiple one is of the other. In the following definition given by 
Wood in his Algebra, this objection is removed: — ^^Hatio is the relation 
which one quantity bears to another in respect of magnitude, the compari- 
son being made by considering what multiple, part or parts, one is of the 
other." 

In order that two magnitudes may be capable of comparison so as to 
deteimine their ratio, it is essential that they should be of the " same 
kind," that is to say, two lines, two angles, two surfaces, or two solids ; or, 
as is expressed in the next de&iition, they must be such that " the less may 
be multiplied so as to exceed the greater. ' 

It cannot be too strongly impressed on the learner that the ratio of two 
quantities is entirel^r irrespective of their actual magnitude, but is deter- 
mined solely by their relative magnitude ; so that if any ratio has been 
found to exist between any two quantities, that ratio will remain unaltered, 
although the original Quantities may be both doubled or both halved, or, in 
fact, multiplied or divided by any other quantity, or submitted to any otlier 
operation. 

The two quantities between which the ra^o exists, are called the terms 
of the ratio ; the first being named the anOecedent and the second the conse- 
quent. Adopting the symbolism explained in the SchoUum to II. 1, the two 
terms of a ratio may be represented by o, 6, or any other two letters of the 
alphabet, and their ratio may be expressed by writing a : h (which is read) 

a is to h; or by - which is read a divided by 6/ thus, if a represented 15 

a 15 

and h 5, then ■=- is the same as -v-? or as 15 divided by 5, namely 3, 
5 

which is the measure of the ratio of the two quantities represented by a 
and 6. 

4. Ma^itudes are said to have a ratio to one another, when the 
less can Be multiplied so as to exceed the other. 

5. The first of four magnitudes is said to hare the same ratio 
to the second, which the third has to the fourth, when any equi- 
multiples whatsoever of the first and third are taken, and any 
eqiiimultiples whatsoeyer of the second and fourth ; if the multi- 
ple of the first be less than that of the second, the multiple of 
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the third is iilso loss than thst of the fourth ; or if tke multiple 
of the first be eqtial to {hat of the second, the inu}ti|de of ^ra« 
third is also equal to that of the fourth : or if the multiple of the 
first be greater than that of the second, the multiple of the third 
is also greater than that of the fourth. 

Scholium. To render this definition as clear as possible, it may be 
symbolically expressed as follows : — L0t A, B, C, and D represent fom>m[agm- 
tMks, then, the first Ais slid to have the same nUdo to me second B, frmch 
the i^d bas to ike ibnrth D, when if A and C are multiplied hy any 
number whaAeyer asiB, and B and D are multiplied by any other mmiber, 
as a, it is Ibnnd, that 

IfmAbe < nB, thenmC is < »1), 

if TO A = «B, then m C = »D, 

or if iraA be > »B, then mC is > ^D. 

€. Magnitudes which "have iht same ratio wre oaUed pavpor- 
tionals. 

ScHouuM. The arithmetical definition of proportion is as follows :— >F(mr 
quantities are said to be proportioiial, or in proportion, when the ^uotlenA of 
the first divided by the second is equal to the quotient of the tiiird divided 
by the fourth, whether these quotients be either integers er firactiQus. 

15 9 

Thus -r- = 3) and r- = d, therefore the numbers 15, 5, 9, and 3 are said 
5 o 

to be m proportion; and this is usually expi^essed by writing tiiem thus, 
15 : ^ : : 9 : S, whioh is read as 15 is to 5 bo is 9 to S. 

Jfiuclid's d»fimtion of .proportion has been found fatalt with because it 
bflttfi no resemblance to the common notions of the simHitudB of raties em- 
^iogwd in Arithmetic or Algebm; and with the Tiew of removing tlus ol^ec- 
loon, Elrington has substitutBd'the following, namely, '' Magnitudes are said 
to be in the same ratio, the first to the second as the third to the fourth, 
when any submultiple whatsoever of the first is contained in the second, as 
o£ton as an equi-submultipleof the third is contained in the fourth." On 
the other hand, maqy of tnemost able geometers have maintained that tke 
fi£Dh book of Eudid is a masterpiece of skilful reasonii^ ; and that none of 
the attempts whioh have been made to supersede it, have been successful 
in,pre8erving the same unbroken chain of strict geometrical reasoning. 

This objection, however, to Euclid's method of treating proportion, may 
be, to a great extent, removed by comparing his definition with the arith- 
metical one just given, and bv i^owing that both lead to the same results. 
We have already explained that all species of geometrical magnitude may 
'be expressed by letters and numbers, and we shall therefore proceed to 
illustrate and explain Euclid's definition by reasoning drawn from the pro- 
perties of proportional numbers. We have just stated that four numbers 
are considered proportionals when the quotient arising from the division of 
the first by the -second is equal to that arising from the division of the third 
by the fourth. Now in perfonning this division it may happen that the 
second term is not exactly contained ia the first, but that a certain remain- 
der Is left; in such case we multiply this remainder by 10, and again divide 
l|y-tiie second term, and if a fresh remainder arises, we again multiply it 
by 10 and repeat the division, and thus proceed either until no remainder is 
Mft, or until the remainder is too small to be of any consequence. Jkad if 
UHMiead of numbers we had tinro magnitudes (A and B) to deal with, we 
slu>uld proofed in .a. maimer preBisdy similar, foi*, supposuig B to be litut 
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lesser, we should, by continual subtraction of B fix)m A until a magnitude 
was left less than B, determine how often B was contained in A; the 
remaining magnitude we should then increase, say 10 times, and again sub- 
tract B until another remainder less than B was obtained, which luiould be 
again increased by 10, and the process continued until a sufficiently accurate 
result had been obtained. The series of porodncts tlms obtained should then 
be ranged in order, placing first the number of times that B was contained 
in A, then in the first remainder, then in the second, and so on through the 
whole series. And it is obvious that the process which we have described 
may be performed with any two magnitudes cf£ the same Idnd, whether 
lines, su^aces, solids, or angles. 

Now if in place of two magmtudefs we bm^ four, A, B, C, and D, and 
upon dividing A by B, and G by D, we in bofth cases obtain identical results, 
that is to say, that the two serieseft of products, derivjed from the division 
of A bv B, and oXC\syS)j when armnged in simflar order idiall be identical, 
then the four magnitudes which A, B, 0, andD represent will be in pro- 
portion. 

Now if in place ctf multiplying any successive number of remainders by 
10, the magnitude to be divided had, in the first instance, been multiplied 
by the product of that number of tens, and then divided by the second 
magnitude, the quotient obtained would be identical with that already de- 
rived by the first process. Thus, if instead of three successive remainders 
Ihaving been multiplied by 10, and the division' subsequently performed 
upon them, the first magnitude had been multiplied by the product of 
3 tens, or by 1000, and then the division performed, no difference would be 
found in the quotient obtained. Therefore our test for the proportionality 
of the four magnitudes may be thus expressed: — ^If the first, ^en multi- 
plied any number of times by 10, and then divided l^y the second, gives tlie 
same onotient as the Quxd multiplied the same number of times by 10, and 
divided by the fourth, the four magnitudes ane propoctional. 

Again, it must be evident that anv number might be substituted for 10, 
wfaicii has only been adopted in the foregoing ezpluiatioo, because its use 
is teniUar in arithmetic. And our test may therefore he generalized ars 
folltws:^-If the first multiplied bv-ony xramber, and divided by the seoond, 
gives &e same quotient as the vaitd multiplied by the same imnrber^ and 
divided by the fourth, the ft>nr magnitadestare {voportional Or, to bnng it 
8tSi nearer to Ibe kngoage of fiaolklb «tefitiition:^-The &st of four mag- 
nitades is said to have the tame istio to liie second, which the« third has to 
the fourth, when any equimultiples whatsoe'ver of the first and third being 
taken, the second is contained as often in the equimultiple of the first, as 
the fourth is contained in tfaeequimidfciple of the third. 

Now let A, B. 0, D, be four magnituAes determined to be in proportion by 
the test just given: let m be the number bv wMch the first and third are 
to be multiplied, and n the quotient derived by the subsequent division by 
the other terms. Since, therefore. A, B, 0, and D are proportional, 

mA mC 

But if ~- = », «» A = fiB, and!, similarly, mC = »D. 

«n. A 

If, iunraver, we suppose that -^--is not exactly equal to*», but is some- 

B 

what less, then as -^ and ~- are equal, — - is also somewhat less than 

n, and therefore i* A is < »B, and mO is < nD. 
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Again, let -^- be somewhat more than n, then also so is -rr- somewhat 

more than », and therefore m A is > n B, and m C is > n D. 
Now, collecting these results we have 

If TO A he < fiB, then mCh < «D, 

if TO A = »B, then to C = n D, 

or if TO A is > nB, thenTOCis > nD. 

which being compared with Euclid's definition, as sj-mbolically expressed 
at page 18, will be found to be identical. 

That the definition of proportion here given by Euclid was only meant 
to be applied to geometrictd quantities, is evident from the fact that he has 
given another for proportional numbers in the seventh book ; but it should be 
observed that all his conclusions may be generalized so as to apply with 
equal truth, in the case of numbers, by the substitution of the word 
" quantity" for " mamitude." 

The perfection of Euclid's method is, that one demonstration suffices 

either when — == », is > than », or is -< than », whereas, with all 

other methods, when rigorous proof is requisite, they require two demon- 

f trations to each proposition, one when -r=r- = », and another when -— - i^ 

B B 

> or < »; and this latter case has usually to be proved from the former 
by a " reductio ad absurdum.'* 

It should be observed that, in any proportion, the first and second terms 
must be of the same kind, and the thu^ and fourth of the same kind, but 
the two pairs may differ; thus, the first and second magnitudes maybe two 
lines or angles, while the third and fourth are surfaces or solids. 

7. When of the equimultiples of four magnitudes (taken as in 
the fifth definition) the multiple of the first is greater than that 
of the second; but the multiple of the third is not greater than 
the multiple of the fourth ; then the first is said to have to the 
second a greater ratio than the third magnitude has to the fourth; 
and, on the contrary, the third is said to have to the fourth a less 
ratio than the first has to the second. 

8. Analogy or proportion is the equality of ratios. 

In this definition the term " equality" has been substituted for " simili- 
tude," the word employed by Euclid. The whole definition might have 
been omitted, as being unnecessary. 

9. Proportion consists in three terms at least. 

This is rather an inference than a definition. Three quantities may form 
a proportion when the middle term is both the consequent of the first ratio 
and the antecedent of the second; thus, when A : B : : B : C. In such a 
case B is termed a mean proportwfuil between A and G. When a series of 
quantities are such that each middle term is the consequent of that whidi 
precedes it, and the antecedent of that which follows it, or when, in other 
words, every term bears an equal ratio to that which follows it, such a 
series is said to be in amtvimed proportion. In any proportion the first and 
last terms are called the extremes, and all the others the fnean tertfu. 
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10. When three magnitudes are proportionals the first is said 
to have to the third the duplicate ratio of that which it has to the 
second. 

11. When four magnitudes are continual proportionals, the first 
is said to have to the fourth the triplicate ratio of that which it 
has to the second, and so on, quadruplicate, <bc., increasing the 
denomination still hj unity, in any number of proportionals. 

12. When there are any number of magnitudes of the same 
kind, the first is said to have to the last of them the ratio com- 
pounded of the ratio which the first has to the second, and of the 
ratio which the second has to the third, and of the ratio which the 
third has to the fourth, and so on unto the last magnitude. 

For example, if A, B, 0, D, be four magnitudes of the same kind, 
the first A is said to have to the last B the ratio compounded of 
the ratio of A to B, and of the ratio of B to C, and of the ratio of 
to D ; or, the ratio of A to B is said to be compounded of the 
ratios of A to B, B to 0, and C to D. 

And if A has to B the same ratio which E has to F ; and B to 
0, the same ratio that G has to H ; and to D, the same that K 
has to L ; then, by this definition, A is said to have to D the ratio 
compounded of ratios which are the same with the ratios of E to 
F, €f to H, and K to L : and the same thing is to be understood 
when it is more briefly expressed, by saying A has to I> the ratio 
compounded of the ratios of E to F, G to H, and K to L. 

In like manner, the same things being supposed, if M has to K 
the same ratio which A has to D ; then, for shortness sake, M is 
said to have to N, the ratio compounded of the ratios of E to F, 
G to H, and K to L. 

Arithmetically ratios are compoimded by multiplying together all the 
antecedents of the separate ratio for a new antecedent, and all the conse- 
quents together for a new consequent. Thus the ratio 120 : 960 is com- 
pounded of the ratios 3 : 6, 6 : 10, and 8 : 16, for 3 x 5 x 8 = 120, and 
6 X 10 X 16 = 960. 

A duplicate ratio is that which is compounded of tioo equal ratios, as of 
A : B, B : C ; a triplicate ratio is compounded of three equal ratios, as of 
A ; B, B : C, C : D; a quadruplicate ratio ^ is compounded of /our equal 
ratios; a quintuplicate of Jive equal ratios, and so on. 

Thus, if A, B, C, be in continued proportion, then 

A : B : : B : 

^ A B , A A 
and- = ^,alsog - g; 

then multiplying these two equations together 



^ X ^ - ? X ^. 
B B OB* 



A A« 
^' C " !•' 
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that is, A : C. : : A' : B'y or A is to C in thedupiicate ratio of A to B. 
Again, if A, B» C, P, b« in continmed ppoportioa, 

5, ^,5 are all equal; 

therefore- - ^i. 

or A is tO" D in the triplicate ratio of A to B, and so on with any number of 
quantities in <;ontinued proportien. 

13. In profKfftionals, the fukteoedent tenns ar» called homelo- 
gouf to one^ another, m also the antecedents to one an^th^r. 

Qeometers make use of the fbllowing^ technical words to signify 
certain ways of changing either the- order or magnitude of proper^ 
tionals, so as that they continue still to be pn^rtionakw 

14. Ferrrmtomdoj or aUemd/ndo^ by pennuitation, or alternately; 
this word is used when there are four proportionals, and it it axe 
ferred^ that the first hag the same ratio to the third, which the 
second has to the fourth ; or that the first is to the third, aa the 
second to the fourth : as is shown ia the 16th proportion of this 
book. 

15. Invertendo, byinTcrsion; when there aare four proportionftl^ 
«nd it is inferred, that the second is* to the first, as the fourth to 
the third. Preposition B, book 5. 

16. Componendo, by composition ; when there are four propor- 
tionals, and it is inferred, tnat the first, together with the second, 
is to the second, as. the third together with the fourth, is to the 
fourth. Proposition XVIII., book 5. 

17. Bividmdo, by diyision ; when there are four proportionals^ 
and it is inferred, that the excess of the first aboye the second; is 
to the second, as the excess of the third. aboTe the fourth, is to th^ 
fourth. Proposition XYII., book 5. 

18. Convertendo, by conTersion ; when there are four prcftor- 
tionals, and it is inferred, that the first is to its excess above the 
second, as the third to its excess aboye the fourth. Proposition E, 
book 5. 

19. Bic cequali (sc. distantid), or ea: ceqiiOy from equality of dis- 
tance ; when there is any number of magnitiKles more than two, 
and as many others, so that they are proportionals when taken 
two and two of each rank, and it is interred, that the first is to 
the last of the first rank of magnitudes, as the first is to the. last 
of the others : " Of this there are the two following kinds, which 



EI^BMRKTS OF GBOlftBTHT* 



i^3 



arise frem tibe different order in wlaeb^tke iBagnitudes are taken 
two and two." 

20. Ex CBqudiy frem eq,uality ; tikis tena is useii^ simply, bj itself 
when tke B]nst< magnitude is to. tha seeosd of tlm firat nuiik, as* the 
first to the seooad of the other, rank y. and ae the second iv to the 
third of the first rank, so is the second to the third of the other ; 
and so on in order, and the inference is as mentioned in the pre- 
ceding definition ; w^nce iA6s is called eidinate propertioik It 
is demonstrated in Proposition XXII.^ book 5. 

21. Ercgqtudi, 'mproportione; vertwr^atAy sifAinordinatdyiitiBi 
equality* in perturbate or disorderly proporti(m {JProp, 4, Lib, IL 
ArMmmis de sphoera et cylindro) ; this term is used when the first 
magnitude is to the second of the first rank, as the last but one is 
to the last of the second rank : and as the second is to the third 
of the first rank, so is the last but two to the last but one of the 
second rank ; and as the third is to the fourth of the first rank, so 
is the third from the last to the last but two of the second rank : 
and so on in a cross order : and the inference is as in the 19th 
definition. It is demonstrated in Broposition XXIII., book 5. 



The following table will serve to illustrate and 
seven last definitions. 


explain 


the f(»egoing 


If any four magnitudes be in proportion, 

se that A : B : : 


: C 


D^ 


Then Permutando or AUemando A : C : : 


B 


D 


Imertmda B : A : : 


D 


: G. 


Compctmmi^ A + B:B:: 
JHvidendo A — B : B : : 


-hD : 


D 
D 


ComverHndB Ja.' A — B:': 


C : G4 
0: G- 


-D 
-D 


' Further, if there be fbor magnitndee, so that 

A. : B 


: : : 


D 


and four others, so that L : M 


: : N : 


P 


Then ex aquaUj 

if A : B : 


: L : 


M 


B : C : 


: M : 


N 


C : D 


: : N : 


P 


then A : D 


: : L : 


P. 


And ex aquali, in proportione perturhatdj 

if A : B 


: : N : 


P 


B : C 


: : M : 


N 


C : D 


: : L : 


M 


then A : D : 


: L : 


P 



'^1 ELEMENTS OF OEOMETBT. 

The terms wbduplicate, tvbtripUcaie, aud §esquiplioaU ratios bdng fi:e- 
qacnthr employed m astronomy should be defined. 

If tnree qaantities be in continned proportion, the first is said to have to 
the second the tubduptuxOe ratio of that which the first has to the third. 

Thus, if A, B, C, are in continued proportion, A is said to have to B the mb- 
duplicaie ratio of that which A has to C, and may be expressed algebraicallj 

A : B : : A* : C*. 

U/our quantities be in continued proportion, the first is said to have to 
the second the svbtriplicate ratio of that which the first has to the fourth. 

Thus, if A, B, C, D, are in continued proportion, A is said to have to B the 
tubtriplicate ratio of that which A has to D, and may be expressed lUgebiai* 

cally, A : B : ; A* : D*. .-• 

A tetquiplicate ratio is the ratio compounded of the simple ratio and the 

subduplicate, and may be expressed algebraically, A : B : : A^ : C^. 



AXIOMS. 

1. Equimultiples of the same, or of equal magnitudes, are equal 
to one another. 

Or if equals be mttUiplied by the same, the products are equal. 

2. Those magnitudes of which the same, or equal magnitudes, 
are equimultiples, are equal to one another. 

Or if equals be divided by the same, the quotients are equal. 

3. A multiple of a greater magnitude is greater than the same 
multiple of a less. 

4. Of two magnitudes that one of which a multiple is greater 
than the same multiple of the other, is the greater. 

In the following propositions lines are employed by Euclid to represent 
proportional ina^itudes, but it should be understood that an^ similar 
magnitudes might have been employed, such as plane figures, sohd bodies^ 
or angles. 
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PROPOSITION I. 



B 

C 

H- 

D 



Theorem. — Ij any number of magnitudes be equimultiples 
of as many others, each of each : what multiple soever any 
one of the first is of its part, the same multiple shall all the 
first magnitudes taken together be of all the others taken 
together. 

Let any number of magnitudes AB, CD, be equimultiples of 
as many others £, F, each of each ; whatsoever multiple AB is 
of E, the same multiple shall AB and CD together be of E and P 
together. 

Demonstration. Divide AB into magnitudes 
equal to E, viz. AG, GB ; and CD into CH, HD, 
equal each of them to F ; the number, therefore, 
of the magnitudes CH, HD is equal to the number 
of the others AG, GB (a). And because AG is 
equal to E, and CH to F, therefore AG and CH 
together are equal to E and F together (b). For « p 
the same reason, GB and HD together are equal to 
E and P together ; wherefore, as many magnitudes 
as are in AB equal to E, so many are there in AB 
and CD together equal to E and P together. 
Therefore, whatever multiple AB is of E, the same 
multiple are AB and CD together, of E and F 
together ; and the same demonstration would hold 
if the number of magnitudes were greater than { \tt fj, 
two. Therefore, if any number of magnitudes, >j< j ^ 2 
&c. 

ScHOLinM. In order to the elucidation of Euclid's demonstrations wo 
shall append to each proposition an algebraical investigation and proof, pro- 
serving his train of reasoning unaltered. 

Theorem. Jf A, B, C, ^c, he eqttimulHplea of o, 6, c, ^c, then whatso- 
ever multiple A is of a, the same multiple is A + B + C -|- &c., of 
a -\- h -\- c -{- &c. 

Let A contain n parts each equal to a, then 

A =s n a 

and because B, C, &c., are the same multiples of 6, c, &c., that A is of 0, 
therefore 

B = n6 

C = w c 

&c. 



M 
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therefore A+B + C + Ac. «na + H6 + H<: + &c 

» a -)-<> + a + &c* to *^ terms 
+ 6 + 5 + 5 + &c. to » tennt 
-]- c -{• e -\- e + &c. to » terms 
«(a + 5 + c4-&< -f(a4-6 + c4- Ac) to n tennji 



PROPOSITION II. 



Theorem. — If the first magnitude he the same multiple of 
the second that the third is of the fourth, and the fifth the 
same multiple of the second that the sixth is of the fourth; 
then shall the first, together with the fifth, be the same mul- 
tiple of the second, that the third, together with the sixth, is 
of the fourth. 

Let AB the first be the same multiple of the second, that 
PE the third is of F the fourth, and BG the fifth the same 
multiple of the second, that EH the sixth is of F the fourth; 
then shall AG the first together with the fifth, be the saine_ 
multiple of the second, that DH the third together with the' 
sixth, is of F the fourth. 

Demonstbation. Because AB is the fiame d 

multiple of C that DE is of F, there are as 
many magnitudes in AB equal to as there 
are m DE equal to F ; in like manner, as 
many as there are in BG equal to 0, so many ^ 

are there in EH equal to F; therefore, as 
many as there are in the whole AG equal to b- 
0, so many are there in the whole DH equal 
to F ; therefore, AG is the same multiple of 
C that DH is of F, that is, AG, the first and 
fifth together, is the same multiple of the g c H>^ F* 
second C, that DH, the third and sixth to- 
gether, is of the fourth B. Therefore, if the first magnitude, &a 
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OoBOLLABT. From this it is eyident that if 
any number of magnitudes AB, BG, GH, be 
multiples of another C, and as many DE, EK, 
KL, be the same multiples of F, each of each ; 
the whole of the first, viz. AH, is the same 
multiple of C, that the whole of the last, viz. 
DL, is of F. 

Scholia. 1. This proposition, algebraically ex- 
pressed, is as follows : — 

Theorem. i/*A, o, B, 6, A,, B,, hetiiema^ni' 
tudes such that A, B are equimtdtiplu of a and b, 
and A^, B^, are also equimtdtijples of a and h, then 
A -)- Aj, B + Bx shall be eqnimulfaples of a and 6. 

Let A contain a, m times, 
and A J contain a, n times; 
then also B will contain 5, m times, 
and Bj^ will contain h, n times. 



B. 



G^ 



Therefore, 



A 
Ax 



m 
n 



a, 
a. 



B = 
B, = 



n, b; 



E 



and adding equals together, 

A + Aj «"m.a4- ^ • ««•(>»-}-»).«, 
and B 4- Bx' " w . * 4" »^ • * ■• {w* + ») . 6 5 

that is, A 4- A 1 and B + B^ are equimultiples of a and b, 
2. The corollary may be algebraically expressed as follows?-^ 

If A « «t. a, Aj ^"w n, a, Ag =*» p. a, A3 « q. a, &c, 
and B = w. 6, Bj = n. b, B^ = 2>. b, Bg = q. b, &c. 

then, 
A + A J + Aj + Ag + &c. as w . o + n- . fl^ + P • <* + J • * + ^c* == 

and B + Bj + Ba + B-g + &c. =r to . 6 + w . & +^ . 6 + j .6 + &c. 
^ {m + ^ -f p'+- J + &c) 5. 

Therefore, A -|- Ax + Aa 4* &e., B + B^ + Ba -f &c. are equimul- 
tiples of a and &. 



PROPOSITION III. 

Theorem. — If the first be the same multiple of the second 
which the third is of the fourth^ and if of the first and third 
there he taken equimultiples y these shall be equimultiples, the 
one of the second, and the other of the fourth. 

Let A the first be the same multiple of B the second that 

c 2 



^8 
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H 


1 


F 








1 


K- 






L- 




E 


a' 


B 


6 


c 



C the third is of D the fourth ; and of A and C let the equi- 
multiples EF and GH be taken, then EF is the same multiple of 
B that GH is of D. 

Demonstration. Because EF is 
the same multiple of A that GU is of 
0, there are as many magnitudes in 
EF equal to A as there are in GH 
equal to C; let EF be divided into 
the magnitudes EK, EF, each equal 

to A, and GH into GL, LH, each equal i | 

to C, therefore the number of the 
magnitudes EK, EF, shall be equal to 
the number of the others GL, LH ; (a) V. 2. 

and because A is the same multiple 

of B that C is of D, and that EK is equal to A, and GL equal to 
C, therefore EE is the same multiple of B that GL is of I> ; for 
the same reason, EF is the same multiple of B that LH is of D, 
and the same holds if there be more parts in EF, GH, equal to A, 
C ; therefore, because the first EK is the same multiple of the 
second B which the third GL is of the fourth D, and that the 
fifth EF is the same multiple of the second B which the sixth 
LH is of the fourth D ; EF, the first together with the fifth, is 
the same multiple of the second B which GH, the third together 
with the sixth, is of the fourth D (a). Therefore, if the first be 
the same multiple, &c. 

Scholium. The foregoing proposition, algebraically expressed, is as 
follows : — * 

Theorem. If of/ovr magnitudes thejirst A is the same multiple of the 
second a, which the third B ts of the fourth 6, and if of K and B equimtd- 
tiples he takeuj these shall also be eqnimultiples of a and b. 

Let A contain a, m times, 

and B contain 6, m times; then 

A ss m . a, and B ss m . &; 

and if the eqnimultiples of A and B be taken such that they shall contain 
A and B, n tmies, they shall be respectively 

n . A, and » . B . 

Now because A and B contain a and h, m times, therefore n . A and n . B 
^ontain a and 6, m n times, and 

n . A *= n . m ,a 
and » . B » » . m . 6 

that is, n . A, 11 . B are equimultiples of a and b. 
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PROPOSITION IV. 

Theorem. — IJ the first of four magnitudes has the same 
ratio to the second which the third has to the fourth, then any 
equimultiples whatever of the first and third shall have the 
same ratio to any equimultiples of the second and fourth, t. e, 
** the equimultiple of the first shall have the same ratio to 
that of the second which the equimultiple of the third has to 
that of the fourth." 

Lei A the first have to B the second the same ratio which the 
third C has to the fourth I) ; and of A and C let there be taken 
any equimultiples whatever E, F; and of B and D any equi- 
multiples whatever G, H ; then shall E have the same ratio to G 
that F has to H. 



Demonstration. Take of E and F 
any equimultiples whatever K, L ; and 
of G, H, any equimultiples whatever 
M, N ; then because E is the same 
multiple of A that F is of ; and of 
E and F the equimultiples K, L, have 
been taken ; therefore K is the same 
multiple of A that L is of (a) ; for 
the same reason, M is the same multi- 
ple of B that N is of B. And because, 
as A is to B, so is to D (d), and of A 
and C have been taken certain equi- 
multiples E, L, and of B and D have 
been taken certain equimultiples M, 
N ; therefore if E be greater than M, 
L is greater than N; and if equal, 
equal ; if less, less (c) ; but E, L are 
any equimultiples whatever of E, F, 
and M, N any whatever of G, H ; 
therefore as E is to G so is F to H (c). 

OoBOLLABY. Likewise, if the first 
has the same ratio to the second which 
the third has to the fourth, then also any 
equimultiples whatever of the first and 
tmrd shall have the same ratio to the 



K E A 
L p c 



B G Ikl 
D H N 



» V. 3. 
6) Hypoth. 
[c) V. Def. 5. 
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second and fourth ; and in like manner, the first and the ihin 
shall have the same ratio to any equimultiples whateyer of th* 
second and fourth. 

Let A the first have to B the second the same ratio which th< 
third C has to the fourth B, and of A and let E and F be anj 
equimultiples whatever ; then E shall be to B as F to D. 

Demonstration. Take of E, F any 
equimultiples whatever K, L, and of 
B, J) any equimultiples whatever G, 
H ; then it may be demonstrated, as 
before, that K is the same multiple of 
A that L is of G ; and because A is to 
B as C is to D (b), and of A and cer- 
tain equimultiples have been taken, 
viz. K and L ; and of B and D certain 
equimultiples G, H ; therefore if K be 
greater than G, L is greater than H ; 
and if equal, equal ; u less, less {c) ; 
but K, L are any equimultiples what- 
ever of E, F, and G, H any whatever 
of B, D ; therefore, as E is to B, so is 
F to D (c). And in a similar way the 
other case is demonstrated. 



Scholium. The fourth proposition may 
be algebraically expressed as follows:— 

Theorem. If A : a :: B : b] then 
m A : m B :: na : nb. 
Because A : a : : B : 6 



K E A B G 
L F C D H 



If 
N 



A_B 

multiplyiug both sides by a, and dividing lx)th sides by B, 

A a 

"B "" 6 

m , A n . a 

w . B "" n . 6' 



6) Hypoth. 
c) V. Def. 6. 



and 



therefore w.Arm.B ::n . a : n .b. 
If n be taken equal to unity, the above will be a demonstration of th« 

corollary. 
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PROPOSITION V. 



Theorem. — IJ one magnitude be the $arM muUvpU of 
another which a part taken from the first h of a part taken 
from the other ^ the first remainder is the same multiple of the 
second that the first magnitude is of the second. 

Let the magnitude AB be the same multiple of CD that AE 
taken from the first is of OF taken from the otner; the remainder 
EB shall he the same multiple of the remainder FD that the 
whole AB is of the whole OP. 

Demonstration. Take AG the same multiple of 
FB that AE is of OF ; therefore, AE is the same 
multiple of OF that EG is of OD (a) ; but AE is 
the same multiple of OF that AB is of CD (b) ; -^- 
therefore EG is the same multiple of OD that AB 
is of OD ; wherefore EG is equal to AB (<;) ; take 
from each of them the common magnitude AE ; 
and the remainder AG is equal to the remainder 
EB. Wherefore, since AS is the same multiple of F- 

OF that AG is of FD, and that AG is equal to EB ; 
therefore AE is the same multiple of OF that EB is 
of FD ; but AE is the same multiple of OF that bI 
AB is of OD (i) ; therefore EB is the same multiple /^n y -^ 
of FD that AB is of OD. Therefore, if one magni- (^j Hypoth. 
tude, &c. (c) V. Ax. i. 

ScHOLiuu. The foregoing proposltaon, algebraically expressed, is aa 
follows : — 

Theorem. . If A is the same muUiple of a that B is of by then A - B is 
the same multiple of a — 6. 
For let 

A = m . a, and B = m . d, 

then, 

A — B = i».a — »».&=iOT.(a — 6). 



PROPOSITION VI. 

Theorem. — If two magnitudes be equimultiples of two 
others, and if equimultiples of these be taken from the first two, 
the remainders are either equal to these others, or equimul- 
tiples of them. 
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■ If 



Let the two magnitudes AB, CD, be equimultiples of the two 
E, F, and let AG, OH, taken from the first two be equimultiples 
of the same E, F; the remainder GB, HD, shall be either e^ual 
to E, F, or equimultiples of them. 

Demonstration. First, lei GB be equal to 
E : HI) shall be equal to F. Make OK: equal 
to F : and because AG is the same multiple of 
E that OH is of F {a), and that GB is equal to 
E, and OK to F ; therefore AB is the same 
multiple of E that KH is of F ; but AB is 
the same multiple of E that OD is of F ; there- 
fore EH is the same multiple of F that OB is 
of F ; wherefore KH is equal to OB if) ; take 
away the common magnitude OH, then the re- 
mainder OK is equal to the remainder HB ; B D E 
but OK is equal to F ; therefore HB is equal 
toF. 



(a) Hypoth. 
(J) V. Ax. U 



Next let GB be a multiple of E ; HB shall 
be the same multiple of F. Make OK the ^ 
same multiple of F that GB is of E ; and be- 
cause AG is the same multiple of E that OH 
is of F (a^ ; and GB the same multiple of E 
that OK is of F ; therefore AB is the same 
multiple of E that KH is of F (<?) ; but AB is q. 
the same multiple of E that OB is of F (a) ; 
therefore KH is the same multiple of F that 
OB is of F ; wherefore KH is equal to OB {h) ; \ 

take away OH from both, and the remain- b d Ei F' 
der KO is equal to the remainder HB ; and (c) V. 2. 
because GB is the same multiple of E that 
KO is of F, and that KO is equal to HB ; therefore HB is the 
same multiple of F that GB is of E. 

Scholium. The foregoing proposition, algebraically expressed, is as 
follows: — 

Thkorem. Jy a, B Je equimvUiples of a atidb, then A-m.a, B— m.& 
are either equimultiples of a, b, or are equal to them. 

Let A = « . a, and B =* » . J ; 

then A — m, . a = n . a — w.aa=s(»— -m) a, 
and B — m , b ^ n ,b — w.6sss(7i — «i)t. 

which is the second case in Euclid; when » = 2, and m= 1 

A — m . a s a, and B -^ m ,b =* b, 

which is the first case in Euclid. 
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PROPOSITION A. 

Theorem. — If the first of four magnitudes have the same 
ratio to the second which the third ha^ to the fourth, then, if 
the first be greater than the second, the third is also greater 
than the fourth ; and if equal, equal ; if less, less. 

Bemokstbatiok. Take any equimultiples of each of them, as 
the doubles of each ; then by Bef. 5 of this book, if the double 
of the first be greater than the double of the second, the double 
of the third is greater than the double of the fourth ; but if the 
first be greater than the second, the double of the first is greater 
than the double of the second ; wherefore, also, the double of the 
third is greater than the double of the fourth ; therefore the 
third is greater than the fourth ; in like manner, if the first be 
equal to the second, or less than it, the third can be proved to be 
equal to the fourth, or less than it. 

SciiOL.Tuar. This proposition and the three following have been added 
by Simson. It may be expressed algebraically as follows : — 

TiiEORESi. 7/" A : a :: B : 6, then, according as A is > , =, or «< a 
B is >- , =, or < b. 

Let any equimultiples of them be taken, as 

m . A, fn . a, tn . B, fn . 5 j 
then by V. Def. 5, according as 

m . A is > , =, or < m . a, m . B is > , =, or < m .h. 

But if A be > , ^, or < o, then w» . A is > , =, or < »» . a ; 

therefore «» . B is > , =, or < m .h, 

and B is > , =, or < 6. 

Therefore, according as A is > , =, or < a, B is > , =, or < h. 



PROPOSITION B. 

Theorem. — If four mxignitudes are proportionals, they 
are proportionals also when taken inversely. 

If the magnitude A be to, B as C is to I), then also inversely B 
is to A as B to 0. 

c 3 
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Demokeiratioh. Take of E and D any 
equiinultiplei whatevct E and F ; and of A 
and C any oquimultiples whateTer G and H. 
First, let £ be greater Chan 0, then is leas 
than £ ; and because A is to B as C ie to D 

g), and of A and C, the firat and third, 6 and 
ara equimultiples ; and of B and B, the 
aecond and fourth, E and F are equimultiples ; 
and that G is less than E, therefore H is less 
than F (6) ; that is, F is greater than E ; if, 
therefore, E be greater than Q, F is greater 
than E ; in like manner, if E be equal to 0, 
F may be shown to be equal to H ; and if less, 
less ; but E, F, are any equimultiples nhst- 
ever of B and D, and Q, H, an; triiatever of 
A and C ; therefore, as B is to A so is D to C 

(«)■ 

ScTioMUK. TIlis proposition, algebraicill; ex- 
prcsMd, is aa follows: — 

Theorem.—?/' A : n :; B : S, tlicn n : A :: J : B. 



m'&i. 



aud therefore a : A :: b : K 



PROPOSITION C. 

Theorem. — If the first he tlve same mul- 
tiple or submultiple of the iecoftd that the \ 
third is of tlie fourth, the first is fo the 
second as the third is to the fourth. 



IS C is 1 



>D. 



I>EM0S8T»ATI0H. Tate of A and any equi- 
mnlttples whatever E and F ; and of B and D 
any equimultiples -whatever G and E.; then, 
because A is. the same multiple of B that is 
of » (o) ; and that E is the same multiple of 
A that F is of C; therefore E is the same mul- 
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tiple of B that F is of D (A) ; that is, E and F 
are equimultiples of B and D ; but G and H 
are GquimultipleB of B and D ; therefore, if E bo 
a gieatet multiple of B than Q is of B, F ii a 
^eater multiple of D than H is of D ; tbat is, 
if E be greater than Q, F is greater than H ; in 
lite maimer, if E be equal to G-, or less than it, 
F ma; be shown to be equal to H, or leea than 
it ; but E, F are any equimultiples whatever of 

A, C ; and G, H .iny equimuUiples whaterer of 

B, D i therefore A » to B aa C is to D (c). 
Next, let the first A be the same submul- 

tiple of the second B that the third C is of the 
fourth D ; A shaU be to B aa C is to 1>. 



pie of A that D is of C ; wherefore, bj ^le 
preceding case, BistoAasDutoC; and 
therefore inversely, A is to B.asCiBtoD 



Theokem.— y A = m . a, and S = m.b, or if 
A = -, oiut B = -, then A : a :: B : i. 
For, in Ilia first case, 

— = mand— = 

therefore, 
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B 
E 



D 

F 



PROPOSITION D. 

Theorem. — IJ the first be to the second as the third to the 
fourthf and if the first be a multiple or submultipie of the 
second, the third is the same multiple or submaltiple of the 
fourth. 

Let AbetoBas CistoD; and first let A | 
be a multiple of B, then shall be the same 
multiple of D. 

Dehokstbatiov. Take E equal to A, and 
whatever multiple A or E is of B, make F the 
same multiple of J> ; then, because A is to 
B as is to D (a) ; and of B the second, and 
D the fourth, equimultiples have been taken, 
E and F ; therefore A is to E as is to F (d) ; 
but A is equal to E, therefore is equal to F 
(c) ; and F is the same multiple of B that A is 
of B : therefore is the same multiple of D 
that A is of B. 

Next, let A be a submultiple of B ; then C 
shall be the same submultiple of D. 

Because A is to B as is to B (a) ; then in- 
versely, B is to A as D is to C (c?) ; but A is a 
submultiple of B, that is, B is a multij^le of 
A ; therefore, by the preceding case, D is the 
same multiple of C ; that is, is the same 
submultiple of B that A is of B. 

ScHouuM. This proposition is the inverse of the 
prec^ng ; it may be algebraically expressed as 
follows :-^ 



(«) Hypoih. 

m V. cor. 4. 
(c) V. A. 



1. 



Theorem. 7/* A : a :: B : 6, end A =: either m . a (rf) V. b. 

a _ ,6 

or -, then B = in . o, or -. 
w m 

For 

B A 



and because 



a 



A 1 

— = w, or -, 
a m 



and multiplying by h, 



therefore — = m, or - _ 

7i» 



B = m . &, or - . 
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PROPOSITION VII. 



Theorem. — Equal magnitudes have the same ratio to the 
same magnitude ; and the same has the same ratio to equal 
magnitudes. 

Let A and B be equal magnitudes, and any other. A and B 
shall each of them have the same ratio to : and G shall have the 
f»ime ratio to each of the magnitudes A and B. 

Demonstration. Take of A and B any 
equimultiples whatever D and E, and of 
any multiple whatever F : then, because D is 
the same multiple of A that E is of B, and 
that A is equal to B (a) : therefore D is equal 
to E {h) : therefore if D be greater than F, E 
is greater than F ; and if equal, equsl ; if 
less, less ; but D, E, are any equimultiples of 
A, B, and F is any multiple of C ; therefore 
A IS to Q as B is to Q (c). 

Likewise has the same ratio to A, that it 
has to B, or is to A as is to B. For, 
having made the same construction, D may in 
like manner be shown to be equal to E ; there- 
fore if F be greater than D, it is likewise 
greater than E ; and if e<]^ual, equal ; if less, 
less ; but F is any multiple whatever of 0, 
and B, E, are any equimultiples whatever of 
A, B ; therefore OtstoAasCistoB (c). 



D A 

E B 



F 



[a) Hypoth. 
ft) V. Xx. 1. 
[c) V. Def. 6. 



ScHOUUM. This proposition, algebraically expressed, is as follows :— 

THEOREii. If A ss Bj and C he am/ third quanHtv, A : C :: B : C, and 
C : A :: C : B. 
Since A «= B, 

A _ B 

c - C* 
therefore A : C :: B : C. »■ 



Also ~ - J, 



{' : 



therefore C : A :: C : B 



d6 
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PROPOSITION VIII. 



Theobem. — If two magnitudes are unequal^ the greater li 
a greater ratio to any other magnitude than the less has ; w 
the same magnitude has a greater ratio to the less than it h 
to the greater. 



Let AB, BO be two unequal magnitudes, 
of which AB is the greater, and let D 
be any other magnitude. AB shall have 
a greater ratio to D than BO has to D : and 
D shall have a greater ratio to BO than 
it has to AB. 

Demonstration. If the magnitude 
which is not the greater of the two AO, 
OB be not less than D, take EF, FG, the 
doubles of AO, OB (as in Fig. 1). But if 
that which is not the greater of the two 
AO,OB be less than D (as in Figs. 2 and 3), 
this magnitude can be multiplied, so as to 
become greater than D, whether it be AO 
or OB. Let it be multiplied until it be- 
come greater than D, and let the other be 
multiplied as often; and let EF be the 
multiple thus taken of AO, and FG the 
same multiple of OB : there- 
fore EF and FG are each of 
them greater than D: and 
in every one of the cases, 
take H the double of D, K 
its triple, and so on, till the 
multiple of D be that which 
first becomes greater than 
FG : let L be that multiple 
of D which is first greater 
than FG, and K the multi- 
ple of D which is next less 
than L. 

Then, because L is the 
multiple of D which is the 
first that becomes greater 
than PG, the next preceding 



E 



6 



Fig. 2. 



H 



E 



F- 



Fi£r, 1, 



A 

I 

! C- 



H 



a) V. 1. 

b) V. Def. 7. 



Fig.Z. 



c 

B 



K H ] 



SUBMENTS OF GEOMETST. 89 

multiple K is not greator than FG ; that is, FG is not less than 
E : and since EF is the same multiple of AC that FGis of CB ; 
therefore FG is the same multiple of CB that SG is of AB (a) : 
that is, £G and FG are equimultiples of AB and CB : and since it 
was shown that FG is not less th£^ E, and hy the construction EF 
is greater than D ; therefore the whole EG is greater than E and 
D together : but E together with D is equal to L ; therefore EG 
is greater than L : but FG is not greater than L : and EG, FG 
were proved to be equimultiples of AB, BC ; and L is a multiple 
of D ; therefore AB hm toDa greater ratio than BC has to D (J). 

Also D shall have to BC a greater ratio than it has to AB. For 
having made the same construction, it may be Bhown, in like man- 
ner, that L is greater than FG, but that it is not greater than EG ; 
and L is a multiple of D ; and FG, and EG were proved to be 
equimultiples of CB, AB ; therefore D has to CB a greater ratio 
than it has to AB (5). 

Scholium. This proposition may be algebraically expressed as follows : — 

Theobbm. If a 18 > B, then A : Cis > B : C, and C : B is > C : A. 
For if A is > B, 



A . . 


B 
C' 


and therefore A : C is > B : C. 
Also if A is p> B, 




B^^ 


C 
A' 



and therefore C : B is > C : A. 



pROPoarrioN ix. 

Theorem. — If magnitudes have the same ratio to the same 

magnitude^ they are equal to one another : and those to which 

the same magnitude has the same ratio are equal to one 

another. 

Let A, B have each of them the same ratio to C ; then A shall 
be equal to B. 

Demonstration. For, if they are not equal, one of them 
must be greater than the other : let A be the greater : then, by 
what was shown in the preceding proposition, there are some 
equimultiples of A and B, and some multiple of C, such that 
the multiple of A is greater than the multiple of C, but the mul- 
tiple of B is not greater than that of C. Let these multiples 
be taken; and let D, E be the multiples of A, B, and F the 
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£ 



multiple of 0, such that D maj be greater 
than F, but £ not greater than F : then, be- 
cause A is to as B is to 0, and of A, B are a 
taken equimultiples, D, E, and of is taken 
a multiple F ; and that D is greater than F ; 
therefore E is also greater tlutn F (a) : but 
£ is not greater ths^ F ; which is impossible : 
therefore A and B are not tmequal ; that is, b 
the^ are equal, 

Kext, let have the same ratio to each of 
the magnitudes A and B ; then A shall be 
equal to B. 

For, if they are not equal, one of them must be greater than 
the other : let A be the greater : therefore, as was shown in the 
eighth proposition, there is some multiple F of 0, and some equi- 
multiples E and D of B and A, such that F is greater than E, but 
not greater than D : and because is to B as is to A, and that 
F the multiple of the first is greater than E the multiple of the 
second (a) ; therefore F the multiple of the third is greater than 
D the multiple of the fourth : but F is not greater than D ; which 
is impossible. Therefore A is eqiud to B. 



(a) V. Def. 5. 



Scholium. 

follows : — 



The foregoing proposition, algebraically expressed, is as 



Theorem. 7/" A : B :: C : B, then A = C; and (/* B : A :: B : C, then 
also A =s C. 
Forif A: B :: C : B 

therefore multiplying by B, 
Agdn,if B : A::B :C 

therefore dividing by B, 



A C, 
B ** B* 

A = a 

B _ B 
A - C* 

1 1 
A-C' 



and therefore A ■■ C< 
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£ 



PROPOSITION X. 

Theorem. — That magnitude which has a greater ratio than 
another has to the same magnitude, is the greater of the two ; 
and that magnitude to which the same has a greater ratio than 
it has to another magnitude, is the lesser of the two. 

Let A have to a greater ratio than B has to ; then A shall 
be greater than B. 

Demonstration. For, because A has to C 
a greater ratio than B has to 0, there are 
some equimultiples of A and B, and some 
multiple of 0, such that the multiple of A 
is greater than the multiple of C, but the 
multiple of B is not greater than it (a) ; let 
them be taken ; and let D, E be the equi- 
multiples of A, B, and F the multiple of 0, 
such that D is greater than F ; but E is not 
greater than F, therefore D is greater than 
E : and because D and E are equimultiples 
of A and B, and D is greater than E^ there* 
fore A is greater than B (J). 

Next, let C have a greater ratio to B than 
it has to A ; then B shall be less than A. 

For there is some multiple F of 0, and some equimultiples E 
and D of B and A, such that F is greater than E, but not greater 
than D {a) : therefore E is less than D : and because E and D are 
equimultiples of B and A, and that E is less than D, therefore B 
is less than A (5). 

Scholium. This proposition may be algebraically expressed as follows :— 

Theorem. 7/* A : B m > C : B, then A is> C: afw? i/B : A t^ 
> B : C, then A is > C. 
For if A : B is > C : B, 

C 



(o) V. Def. 7. 
(ft) V. Def. 4. 



and multiplying by R, 
Again, if B : A is B : C, 



A . _ _ 

B^'^ B'- 



A> C. 



B . ^ B 
A ^^^ C' 



therefore CB is > AB ; and dividing by B, 

C is > A, or A is > C. 
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PROPOSITION XL 

Theoreit. — Jf ratios are equal to tks same ratio ^ thej are 
equal to one another. 

LetAbetoBmsCutoD; andalsolet Gbe to D sa E istoF; 

then shall A be to B as £ is to F. 



B- 



L U N 

(a) V. Def. 6. 

Dexo^stbatiox. Take of A, 0, £ any equimultiplea whateyer 
G, H, K ; and of B, D, F anj equimnltiplea whateyer L, M, N. 
Therefore, since AistoBasCiBtoD, ana GL H are taken eqni- 
multiples of A, 0, and L, M, of B, D ; if G be greater than L, H 
is greater than M ; and if ^ual, equal ; if less, less (a]). A^pain, 
beoiuse £ is to F as is to D, and H, K are taken equimultiplflB 
of C, £ ; and M, N, of D, F; if H be greater than M,KiB greater 
than N ; and if equal, equal ; if less, less : but if G be |preater 
than L, it has been shown that H is greater thanM ; and ix equal, 
equal ; if less, leas: therefore if G be greater than L, Kis grMter 
than N ; and if equal, equal ; if less, less : and G, R are any 
equimultiples whateyer oi A, £ ; and L, N any whateyer of B^ F: 
therefore AistoBasEistoF (a), 

SCB0IJLU3I. This proposition may- be algebraically expresecd as follows :•* 

Theorem. //* A : B :: C : D, ojm? C : D :: E : F, then A : B :: E : F. 
For because A : B :: C : D, 

A C 



and because C : D :: E : F, 



B ~" D' 

C __ E 

D — F' 

.,. ^ A E 
therefore ^ = p 



And thoroforc A : B :: E : F 
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PROPOSITIOIJ XII. 

Theorem. — Ij any number of magnitudes be proportionals , 
as one of the antecedents is to its consequent, so shall all the 
antecedents taken together be to all the consequents taken 
together. 

Let any number of magnitudes A, B, C, D, E, F, be propor- 
tionals ; that is, as A is to B, so is C to J), and £ to F : then as A 
is to B, so shall A, C, E together be to B, D, F together. 



G ■ H K 

A c E- 

B D F- 



M N- 



(o) V. Def. 6. (J) V. I. 

Demonstration. Take of A, C, E any equimultiples whatever 
G, H, K ; and of B, D, P any equimultiples whatever L, M, N : 
then, because A is to B, as is to jD. and as E is to F ; and that 
G, S, K are equimultiples Of A, C, B, and L, M, N equimultiples 
of B, D, F ; if G be greater than L, H is greater than M, and K 
greater than N ; and if equal, equal ; if less, less (a) ; wherefore 
if G be greater than L, then Q,n.y K together are greater than 
L, M, K together ; and if equal, e^ual ; if less, less : but G, and 
G, H, K together are any equimultiples of A, and A, C, E together ; 
because if there be any number of magnitudes equimultiples of 
as many others, each of each, whatever multiple one of them is of 
its part, the same multiple is the whole of the whole (h) : for the 
same reason L, and L, M, N together are any equimultiples of B, 
and B, D, F together; therefore as A is to B, w is A, C, E together 
to B, D, F together. 

Scholium. The foregoing proposition may be algebraically expressed 
as follows : — 

Theokem. i/* A : B :: C : D :: E : F, &c., then A : B :: A + C + E 
+ &C. :B + D + F + &c. 
For if A : B ;: C : D :: E ; F, 

A _ C _ E 
B ""D ■" F' 
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Adding 1 to each side, 



, 1 r A B 

aiid therefore 7:7 =s -rr. 



- +1= -4-1 



, ^ A + C n + D 

therefore — 



and therefore 



C ~" D * 
A 4-C C E 



Again, 



B + D D "■ F 

A + C _ B-f D 
E ■" F ' 

adding 1 to each side, 

A+C+E B+D+F 
*°^ E = F ' 

^^ ^ A + C+E E A 
therefore ^^-j-^j^p= J = j|, 

therefore A:B::A + C+E:B+D + F. 



PROPOSITION XIII. 

Theorem. — If the first hcis to tJie second the same ratio 
which the third has to the fourth, hut the third to Hie fourth a 
greater ratio than the fifth has to the sixth ; the first shall 
also have to the second a greater ratio than the fifth has to 
the sixth. 



Let A the first have the same ratio to B the second which the 
third has to D the fourth, hut the third a greater ratio to D the 
fourth, than E the fifth hEis to F the sixth ; then also the first A 
shall have to the second B a greater ratio tiian the fifth £ has to 
the sixth P. 
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M G H- 

A C E 



B D P- 

N K I/. 



(a) V. Def. 7. (b) Hypoth. (c) V. Def. 5. 



Demonstkation. Because has a greater ratio to D than E to 
F, there are some equimultiples of C and E, and some of D and F, 
such that the multiple of is greater than the multiple of D, hut 
the multiple of E is not greater than the multiple of F (a) : let 
these be taken, and let G, H be equimultiples of C, E, and K, L 
equimultiples of D, F, such that G may be greater than K, but H 
not greater than L : and whatever multiple G is of 0, take M the 
same multiple of A ; and whatever multiple K is of D, take K the 
same multiple of B : then, because A is to B as is to D (5), and 
of A and C, M and G are equimultiples ; and of B and J), N and 
E are equimultiples ; if M be greater than N, G is greater than 
K ; and if equal, equal ; if less, less (c) : but G is greater than 
K ; therefore M is greater than N : but H is not greater than L : 
and M, H are equimultiples of A, E ; and N, L equimultiples of 
B, F ; therefore A has a greater ratio to B than E lias to F (a). 

CoBOLLABY. And if the first has a greater ratio to the second, 
than the third has to the fourth, but the third the same ratio to 
the fourth, which the fifth has to the sixth ; it may be demon- 
strated, in like manner, that the first has a greater ratio to the 
second, than the fifth has to the sixth. 

Scholium. This proposition may be algebraically expressed as follows :— 

Theorem. If A :B ::C iDjhttt C : D m > E : F; then A : B is > 
E: F. 
For C : D is > E : F, 

and A : 6 » C : D, 

therefore A : B is > E : F. 



M 
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PROPOSITION XIV. 



Theorem. — If the first has to the second the same ratio 
which the third has to the fourth; then, if the first be greater 
than the third, the second shall he greater than the fourth ; 
and if equal, equal ; and if less, less. 

Let the first Ay hare to the second B, the same ratio whkh the 
third has to the fourth B ; then if A he greater iHuoi 0, B is 
greater than D. 

/%. 2: Fig, Z. 



FigA. 



B 



D 



(a) V. 8. 

(J) Hypoth. 



B 



1> 



(c) V. 13. 
{d) V. 10. 



I 



A B C D 
(c) V. 9. 



DEHONB!FBATioir^ Because A is greater than 0, aird B is any 
other magnitude, A has to B a greater ratio than has to B ^) : 
hut, as A is to B, so is to D ($) ; therefore also has to I> a* 
greater ratio than C has to B {c) : hut of two magnitudes, that to 
which the same has the greater ratio is the lesser {d) : tnerefore 
D is less than B ; that is, B is greater than D. 

Secondly, if A he equal to C5, B is equal to D. For A is to B, 
as 0, that is A, is to D ; B therefore is eqwal to D {e). 

Thirdly, if A he less than C, B is less than B. For C is greater 
than A ; and hecause is to I> as A is to B, therefore D is greater 
than B, hy the first case ; that is, B ts less than J). 

Scholium. The foregoing proposition may be expressed algebraically as 
follows : — 



Theorem. If A :B ::G iD, then if Abe > C, B is > D: if A 
B=D; andi/Ahe <C,Bis <D. 
For because A : B :: C : D 



= C, 



A 
B 



C 
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therefore — = — , 

and therefore A : C :: B : D; 

•whence by the 6th Definition it folloTrs that ifAl)e> 0, Bis> D- if 
equal, equal] and if less, less. 



PBOPOSITION XV. 

Theorem.— Magnitudes have the same ratio to one another 
which their equimiUtiples have. 

Let AB be the same multiple of 0/ thicbt DE is-of F ; the& is' 
to F, as AB is to DE. 



D 



c E 



J 

Pt 



DEMOiTSTRATioir. Became AB is the.saixi» 
multiple of that D£ is of F, there aire as. 
many magnitudes in AB equal to aa < there c 
are in D^equal to F : let AB be divided imto 
magnitudes, each equal to 0, via* AG, GH^ b^ 
HB ; and D£ into nmgnitudes, each equal to 
F, viz. DK, KL, LE : then the number of the . 
first AG^ GH, HB is equal to the nomber of 
the last DE, EL, LE : and beoanse AG, GHy (a) V. 7. 

HB are all equal, and that DE, EL, LE are. W V. 12. 

also equal to one another; therefore AG is to 
DE, as GH is to EL, and as HBis to LE {a): but as one of the 
antecedents to its consequent, so are all the antecedents together 
to all the consequents together (b) ; n^refore^ as AG is to DE, 
so is AB to DE : but AG is equal to C, and DE to F ; therefore C 
18 to F, as AB is to DE. 

Scholium. This proposition may be algebraically expressed as follows : — 

Theorem. A : B :: m . A : m . B. 

^°" B = ;;na- 



PROPOSITION XVI. 

Theorem. — If four magnitudes of the same hind he propor- 
tionals, they are also proportionals when: taken tiltemately. 

Let A, B, 0, D be four magnitudes of the same kind, and let A. 
be to B as is to D : they are also proportionals when taken alter-^ 
nately i that is, A is to 0, as B is to D. 
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B 



H 



» V. 15. (d) V. 14. 

6) Hypoth. (e) V. Def. 5. 

>) V. 11. 

Demonstration. Take of A and 6 any equimultiples whateyer 
E and F ; and of and D take any equimultiples wnatever G and 
H ; and because E is the same multiple of A that F is of B^ and 
that magnitudes have the same ratio to one another which their 




as G is to H (a) : but it was proved that CistoDasEistoF; 
therefore E is to F as G is to U (c). But when four magnitudes 
are proportionals, if the first be greater than the thirds the second 
is greater than the fourth ; and if equal, equal : if less, less (d) : 
therefore if E be greater than G, F likewise is greater than H ; 
and if equal, equal ; if less, less : and E, F are any equimultiples 
whatever of A, B ; and G, H any whatever of 0,1); therefore A 
is to C, as B 13 to J> (e). 

Scholium. It is necessary that the four magnitudes should be of the 
tame kind because otherwise a ratio would be established between hetero* 
gencons quantities. 

Thia proposition maybe algebraically expressed as follows :— 

Theorem. 7/* A : B :: C : D; then A : C :; B : D. 
Forif A;B::C ; D, 

A C 
B " D' 



*!- /. A B 
therefore 71 = f:» 



and therefore A : C : : B : D. 



PROPOSITION XVII. 



Theobem. — If magnitudes, taken jointly, be proportionals, 
they shall also be proportionals when taken separately ; that 
^s, if two magnitudes togetJier have to one of them the same 
ratio which two others have to one of these, the remaining one 



ELEMENTS OF GEOMETRY. 



49 



H 



G 



N. 



M 



£ 
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of the first two shall have to the other the same ratio which 
the remaining one of the last two has to the other of these. 

Let AB, BE, CD, DF be the magnitudes taken jointly which are 
proportionals ; that is, as AB is to BE so is OD to DF ; thej shall 
also be proportionals taken separately, yiz. as AE is to EB so is 
CF to FD. 

Demonstration. Take of AE, EB, CF, 
FD any equimultiples whatever GH, HK, 
LM, MN ; and again, of EB, FD take any 
equimultiples whatever KX, NP : and be- 
cause GH is the same multiple of AE that 
HK is of EB, therefore GH is the same mul- 
tiple of AE that GK is of AB (a) ; but GH 
is'the same multiple of AE that LM is of 
CF ; therefore GK is the same multiple of 
AB that LM is of CF. Again, because LM 
is the same multiple of CF that MN is of 
FD ; therefore LM is the same multiple of 
CF that LN is of CD (a) : but LM was shown 
to be the same multiple of CF that GK is of 
AB ; therefore GK is the same multiple of 
AB that LN is of CD ; that is, GK, LN are 
equimultiples of AB, CD. Next, because 
HK is the same multiple of EB that MN is 
of FD ; and that KX is also the same mul- 
tiple of EB that NP is of FD ; therefore 
HX is the same multiple of EB that MP is of FD (b). And be- 
cause AB is to BE as CD is to DF (c), and that of AB and CD, 
GK and LN are equimultiples, and of EB and FD, HX and MP 
are equimultiples ; therefore if GK be greater than HX, ihen LK 
is greater than MP ; and if equal, equsQ ; if less, less (d) : but if 
GH be greater than KX, then, by adding the common part HK to 
both, GK is greater than HX ; wherefore also LN is greater than 
MP ; and by taking away MN from both, LM is greater than NP : 
therefore if GH be greater than KX, LM is greater than NP. In 
like manner it may be demonstrated, that if GH be equal to KX, 
LM is equal to NP ; and if less, less : but GH, LM are any equi- 
multiples whatever of AE, CF, and KX, NP are any whatever of 
EB, FD : therefore as AE is to EB so is CF to FD (d). 

Scholium. This proposition, algebraically expressed, is as follows : — 

Theorem. 7fA4-B:B::C + D:D; then A : B :• C : D. 
Because A4-B:B::C-|-D:D, 

A4- B C-l-D 



,a) V. 1. 
lb) V. 2. 
c) Hypoth. 
f) V. Def. 5. 



therefore 
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therefore — =: — , 



and therefore A : B : : C : D. 



PROPOSITION XVIII. 

Theorem. — If magnitudes, taken separaUHy, he propoT' 
tlonahj they shall also be proportionals when taken jointly ; 
that is, if the first he to tJie second as the third to thefowthi 
the first and second together shall be to the second as the 
third and fourth together to the fourth. 

Let AE, E6, OF, FD be proportionals ; that is, as AE is to SB, 
80 is OF to ¥D ; they shall also be proportionals when taken 
jointly ; that is, as AB is to BE, so shall CD be to DF. 

Demonstration. Take of AB, BE, CD, DF any eqmmnltipIcM 
whatever GH, HK, LM, MN ; and again, of BE, DF, take any 
equimultiples whatever of KO, KP : and because KG, NP am 
equimultiples of BE, DF, and that EH, If M are likewise equimol- 
tiples of BE, DF ; therefore if KO, the multiple of BE, be gx«ater 
than EH, which is a multiple of the same BE, then Nf, the mul- 
tiple of DF, is also greater than NM, the multiple of the same 
DF ; and if EO be equal to EH, NP is equal to NM; and if le«, 
less. 

First, let EO be not greater than EH ; 
therefore NP is not greater than NM : and 
because GH, HE are equimultiples of AB, 
BE, and that AB is greater than BE, there- 
fore GH is greater than HE (a) ; but EO is 
not greater than EH ; therefore GH is greater 
than EO. In like manner, it may be shown 
that LM is greater than NP. Therefore if 
EO be not greater than EH, then GH, the 
multiple of AB, is always greater than EO, 
the multiple of BE ; and likewise LM, the 
multiple of CD, is greater than NP, the mul- u 

tiple of DF. 

Next, let EO be greater than EH ; there- 
fore, as has been shown, NP is greater than 
NM : and because the whole GH is the same 
multiple of the whole AB that HE is of BE, 
therefore the remainder GE is the same mul- (a) V. Ax. 3. 
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, Jypotb. 
:«) V. 4, cor. 
[/)V.Ax.5. 



of the remainder AE that GH is of o 

)) ; which is the same that LM is of OD. |]. 

i.e manner, because LM is the same 

pie of CD that MN is of DF, therefore 

imainder LN is the same multiple of the 

nder OF that the whole LM is of the K- 

i CD (b) : but it was shown that LM is 

ime multiple of CD that QK is of AE ; 

fore GK is the same multiple of AE 

[iN is of CF ; that is, GK, LN are eoui- 

ples of AE, CF. And because KO, NP 

quimultiples of BE, DF, therefore if 

KO, NP there be taken KH, NM, which o 

kewise equimultiples of BE, DF, the 

inders HO, MP are either equal to BE, 

>r equimultiples of them (c). First, let 

!ilP be equal to BE, DF : tnen because 

s to EB as CF is to FD (d), and that 

[iN are equimultiples of AE, CF ; there- 

JK is to EB as LN is to FD (e) : but HO is eaual to EB, and 

FD ; wherefore GK is to HO as LN is to MF : therefore if 
)e greater than HO, LN is greater than MP (/) ; and if 
, equal ; and if less, less. 

t let HO, MP be equimultiples of EB, 
then because AE is to EB as CF is to 
i)y and that of AE, CF are taken equi- 
pies GK, LN ; and of EB, FD, the equi- 
ples HO, MP ; if GK be greater than 
UN is greater than MP ; and if equal, 
; if less, less (a) ; which was likewise 

1 in the preceding case. But if GH ba 
er than KO, taking KH from both, GK 
3ater than HO ; wherefore also LN is 
er than MP ; and consequently adding 
)0 both, LM is greater than NP : there- 
f GH be greater than KO, LM is greater 
NP. In like manner it may be shown, 
if GH be equal to KO, LM is equal to 
and if less, less. And in the ease in 
1 KO is not greater than KH,. it has 

shown that GH is always greater than 
and likewise LM greater than NP : but GH, LM are any 
aultijples whatever of AB, CD, and KO, NP are any what- 
3f BE, DF ; therefore as A3 is to BE so is CD to DF (y). 

:oi.iUM. The foregoing proposition, algebraically expressed, is as 
s: — 

JOBEM. 7/* A : B :: C : D, then A + B : B :: C + D : D. 

D 12 
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N. 
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Gl A 



(^) V. Def. 5. 
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PROPOSITION XIX. 

Theorem. — If a \choU magnitude he to a whole, as a mag 
nitnde taken from the first is to a magnitude taken from th 
other; the remainder shall be to the remainder, as the Tvhoh 
to the whole. 

Let the whole AB, be to the whole CD, as AE, a magnitade 
taken from AB, to CF, a magnitude taken from CD ; then the re- 
mainder EB, shall be to the remainder FD, as the whole AB to the 
whole CD. 

Dexoxst RATION. Because AB is to CD, as AJB is to 
OF ; therefore alternately, as AB is to AJO^ so is CD 
to CF {a) : and because if magnitudes taken jointly 
be proportionals, they are also proportionals when 
^ken separately (h) ; therefore EB is to AB, as 
* ^ is to CF ; and alternately, EB is to FD, as AE is 
J? CF ; but AE is to CF, as AB is to CD (c) ; there- 

^f^e aUo the remainder EB, is to the remainder FD,as 

'^ whole AB is to the whole CD (d). 



E. 



F-i 



B 
a^ V. 16. 



c) Hypoth. 

) Yin. 



m^ ^^OLLA.RY. If the whole be to the whole, as a 

^j^Snitxi(jg taken from the first is to a ma^itude 

be t^^^^ *^® other ; the remainder shall likewise 

taken 5^ remainder, as the magnitude taken from the first to that 

preced' the other. The demonstration is contained in the 

oUotv-s :C1^^* Tlie foregoing proposition, algebraically expressed, is as 
^^^H. 7)rA+B:C+D::B:D; then A:C::A + B:C + D. 
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Eecause 
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B 


: C + D ; 

and 


:B :D, 
A-HB 
C 4-D "■ 

A H- B _ 
B 


B 
!>' 

C +D 
' D ' 










therefore tt + 1 


= 5 + ., 












A 

or- = 


c 












andA^ 


B 










ther 


efore — — 


A + B 



O — C + D' 



and therefore A ; C :; A -|- B : C 4- !>• 



PROPOSITION E. 



Theorem. — If four magnitudes be proportionals^ they are 
also proportionals by conversion : that is, the first is to its 
excess above the second, as the third to its excess above the 
fourth. 

Let AB be to BE, as OD is to BF ; then AB is to AE, as OB is 
to OF. 



Bemonstbation. Because AB is to BE, as OB is 
to BF, by division (a), AE is to BE, as OF is to BF ; 
and by inversion (5), BE is to AE, as FB is to OP. 
Wherefore by composition (c), AB is to AE, as CD is 
to CF. 

Scholium. This proposition has been added by Simson. 
the meaning of the terms " by division," and " by composi- 
tion," are those explained in the 17th and 16th definitions, 
llie foregoing proposition may be algebraically expressed as 
follows: — 

Theorem. If A : B :: C : D; then A : A ^ B ;: C r 
C 'wB. 
Because A : 6 : : C : D, 

A_C 
B ""B* 



A. 



B 

(a) V. 17. 
(6) V. B. 
(c) V. 18. 
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therefore A : A '^ 



therefore ■— 
B 



1 = g~ 1, 



and 



A '^ B G ^^ 



B "" D ' 

therefore A^ B _B ^ 
C '^ D ^ * 



T> 



therefore ^ '^ ^ _ ^ 

C ^D ^ 

, A O 
and =s J 

A '^ B 0*^0 
B ;:C rC'-' D. 
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PROPOSITION XX. 

Theorem. — If there he three magnitvdeSf and other three, 
which f taken two and tiiVy have the same ratio; then if the first 
be greater than the thirds the fourth shall be greater than the 
sixth ; and if equals equal ; and if less, less. 

Let A, B, be three magnitudes, and D, E, P other three, which, 
taken two and two, have the same ratio, viz. as A is to B, so is D 
to E 'f and as B is to C, so is E to F ; then if A be 
greater than 0, B shall be greater than F ; and 
if equal, equal ) if less, less. 

Demonstbation. First, let A be greater than 
; D shall be greater than F. For because A is 
greater than 0, and B is any other magnitude, 
and that the greater has to the same magnitude 
a greater ratio than the less has to it {a) ; there- 
fore A has to B a greater ratio than has to B : 
but as D is to E, 80 is A to B (f) ; therefore I) has 
to E a greater ratio than C has to B (c) ; and be- 
cause B is to 0, as E is to F, by inversion, is to 
B as F is to E ; and I) was shown to have to E a 
greater ratio than to B ; therefore D has to E a 
greater ratio than F to E {d) ; but the magnitude r^) V. 8. 
which has a greater ratio than another to the (lA Hypoth. 
same magnitude, is the greater of the two {e) ; M V. 13. 
therefore f> is greater than F. W V- 13, cor 
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Secondly, let A be equal to ; then D shall be 
equal to £\ Because A and are equal to one 
another, A is to B as is to B (/) : but A is to B 
as D is to E ; and OistoBasFistoE; where- 
fore D is to E as F is to E (^) ; and therefore D 
is eqtiol to F (A). 



A B 

D E 



C 

V 



Thirdly, let A be less than ; then D shall be 
less than F : for is greater than A, and, as was 
showik in the first case, is to B, as F is to E, and 
in like manner B is to A, as E is to D ; therefore 
F is greater than B, by tiie first case ; and there- 
fore D is less than F. 

Scholium. The foregoing proposition may be alge- 
braically expressed as follows : — 

Theorem. 7/" A, B, G be three vAagnitudeM^ and D, £, 
F three others, and t/" A : B :: D : E, and B : C :: E : F; 
then, if Abe > C, D is also > F; and if equal, equal; 
if less, less. 

Because A : B :: D : E, 



and because B : C :: E : F, 



A 
B 


= 


D; 

E 


B 




E 


C 




F' 




A B 

D E 



C 
F 



therefore ^ ' J = 1 ' f' 

A D 
or. — = tt; 
' C F' 

therefore A : C :: D : F, 

whence by the 5th definition it follows that if A is >> C| D is >- F; and if 
equal, equal ; and if less, less. 
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PROPOSITION XXI. 



Theorem. — If tJiere be three magnitudes, and otJier thre 
whicJi liave the same ratio taken two and two, hut in a em 
order; then if the first magnitude he greater than the third, th 
fourth shall be greater than the sixth ; and if equal, equal 
and if less, less. 



Let A, B, be three magnitudes, and D, E, F 
other three, which have the same ratio, taken two 
and two, but in a cross order, viz. as A is to B, 
so ii E to F, and as B is to C, so is D to E ; then 
if A be greater than C, D shall be greater than 
F ; and if equal, equal ; and if less, less. 



Bemoitotbation. First, let A be greater than 
; then D shall be greater than F : for because 
A is greater than 0, and B is any other magnitude, 
A has to B a greater ratio than has to B (a) : 
but as E is to F, so is A to B (5) ; therefore E has 
to F a greater ratio than to B (c) ; and because 
B is to 0, as I) is to E (5), by inversion, is to B, 
as E is to I) : and E was shown to have to F a 
greater ratio than to B ; therefore E has to F a 
greater ratio than E to I) (c?) ; but the magni- 
tude to which the same has a greater ratio than 
it has to another, is the lesser of the two {e) ; 
therefore F is less than D ; that is, D is greater 
than F. 

Secondly, let A be equal to ; then J> shall bo 
equal to F. Because A and are equal, A is to 
B, as C is to B (/) : but A is to B, as E to F ; and 
is to B as E is to B ; wherefore E is to F as E 
is to B {g) ; and therefore B is equal to F (A). 



A B 

I> E 
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a) V. 8. 

6) Hypoth. 
>) V. 13. -. 
(d) V. 13, cor. 
(<?) V. 10. 
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Thirdly, lei A be less than C ; then D shall be 
less than F. For is greater than A, and, as was 
shown, C is to B, as E is to D, and in like manner, 
B is to A, as F is to E ; therefore F is greater 
than D, by the first case ; and therefore D is less 
thanK 

ScHOUUM. This proposition may be algebraicaUy 
expressed as follows : — 

Theorem. 7/* A, B, C he three magnitudes, and D. E 
F three others, such that A : B : : E : F, and B : C : ; 
D : E; M«fi if Abe > C, D is also > F; and if equal, 
eqnal ; if less, less. 

Because A : B :: E : F, 



and because B : C :: D : E, 



thcng 



A E 
B "■ F' 




B __ D 
C "" E' 




B E 
'C - F 




A D 
^^C = F' 





A 
D 



B 
E 



C 

F 



therefore A : C :: D : F, 

whence by the 6th definition it foUows that if A is > C, D is > F; and if 
equal, equal; if less, less. 



PROPOSITION XXII. 

Theorem. — If there he any nwnber of magnkudes, and as 
many others, which, taken two and two in order, have the same 
ratio ; the first has to the last of the first magnitudes the same 
ratio which the first has to the last of the others. 



Demonstbatioit. First let there be three magnitudes A, B, 0, 
and as many others B, E, F, which, taken two and two, have the 
same ratio, that is, such that A is to B, as I) is to E ; and that B 
is to 0, as E is to F ; then A shall be to 0, as I) is to F. 

T%ke of A and D any equimultiples whatever G and K \ \wxv^ ^^ 
B and E any equimultiples whatever K and li -, axid oi C^ '^.tA ^ 
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any vhateTer M and N. IFhsii, bBCBuw I 
A is to B, Bs D is to E, and that G, H 
arc equimultiplea of A, D, and K, L 
equimultiples of B, E ; m is to K, ao I 

is H to L (a) : for the game Tealon, K is ^ 
to SI, as L is to N : and because there ^ 
are three magnitudes Q, K, M, and other | 
three, H, L, N, which, two and two, have 
the tame ratio ; if Q be ^eater than M, 
II is greater thw S ; and if equal, equal ; 
if less, lees (b) : and 0, H are any equi- 
multiples whatever of A, D, and M, N I 
are anj equimultiples whatever of C, F ; 
therefore, a* A « (o C, m w D (o P (c). 

Next, let there ha four magnitudes A, 
B, G, D, and other four E, F, 0, H, which, 
two and two, have the same ratio, viz. as 
A is to B, so is E to F ; and as B is to C, 
so is F to G; and as Cis to D, so is Q to 
U : then shall A he to D, as E Is to II. 

Because A, B, C are three magnitudes, 
and E, P, Q other three, which, taken two 
and two, have the same ratio ; by tbefore- 
going case, A is to C, as E is to G : but 
is to D, as Q is to U ; wherefore again, by the first case, i 
' T>, as E is to U ; and so ott, ichaCever be Vie numher of n 

Scholium. This 
prtsscd as follows :— 




Mhcrt, pJcA (*n( 



li, C, D ie any Taajmtade!, and E, F, G, H ie nj 
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therefore A : D :: E : H. 



PROPOSITION XXIII. 

Theobem. — If there be any number of magnitudes, aiid as 
many othersy which, taken two and two, in a cross order, have 
the same ratio ; the first has to the last of the first magni- 
tudes the same ratio which the first has to the last of the 
others. 



A 
G 



H 



C 
L 



D 
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Demonstration. First, let there be 
three magnitudes A, B, 0, and other 
three, D, E, F, which, taken two and two, 
in a cross order, have the same ratio ; 
that is, such that A is to B, as E is to F ; 
and that B is to 0, as I) is to E ; then 
shall A be to C, as D is to F. 

Take of A, B, I) any equimultiples 
whatever G, H, K ; and of U, E, F any 
equimultiples whatever L, M, N ; and be- 
cause G, H are equimultiples of A, B, 
and that magnitudes have the same ratio 
which their equimultiples have (a) ; as 
A is to B, so is G to H : and for the same 
reason, as E is to F, so is M to N : but as 
A is to B, so is E to F ; as therefore G is 
to H, so is M to N (fi). And because as 
B is to 0, so is D to E, and that H, K are 
equimultiples of B, D, and L, M of C, E ; 
as H is to L, so is K to M (c) : and it has 
been shown that G is to H, as M is to N : 
then, because there are three magnitudes G, H, L,and other three 
E, M, N which have the same ratio taken two and two, in a cross 
Older ; if G be greater than L, K is greater than N ; and if equal, 
equal ; if less, le^s {d) ; and G, E are any equimultiples whatever 
of A, D ; and L, N any whatever of C, F ; therefore as A is to C, 
90 is J) to V (e). 



V. 15. 

V. 11. 

V.4. 

V. 21. 

» V. Def. 5. 
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A. B. C. D. 
E. F. G. H. 



Next, let there be four magnitudes, A, 
B, C, D, and other four E, F, G, H, which, 
taken two and two, in a cross order, have 
the same ratio, viz. A is to B, as G is to 
H ; B is to 0, as F is to G ; and is to 
B, as E is to F : then shall A be to D, as 
E is to H. 

Because A, B, arc three magnitudes, and F, G, H other thre^ 
which, taken two and two, in a cross order, have the same ratio ; 
by the first case, A is to 0, as F is to H : but is to D, as E is to 
F ; wherefore again, by the first case, Ai8to'D,as'K istoH: and 
so on, whatever be the number of Tnagnitudes, 

ScHouuM. This proposition is expressed by the terms, ex cequali mpro- 
portioneperturbataj or ex o^fuo />erfuroafo, as explained in the 21st definition. 
Algebraically expressed, it is as follows : — 

Theorex. If A, B, C, D be any magnitudeg, and E, F, G, H iw mmnf 
others, such that 



then, ex asquo periurbatey 



A : B :: G : H, 
B : C :: F : G, 
C : D':: E : F, 






A : D :: E : H. 






_ A G 
^'' B " 1' 






B F 
C G* 






C _ E 
D F' 






&c. 






B C ^ G 
• C • D "" H • 


F 
G 


E 
F' 


A E 







> . 



Theng 



therefore A : D :: E : H. 

PROPOSITION XXIV. 

Theorem.— TjT the first have to the second tJie same ratio 
which the third has to the fourth ; and the fifth to the second, 
the same ratio which the sixth has to the fourth ; the first and 
fifth together shall have to the second, the same ratio which 
the third and sixth together have to the fourth. 



E- 
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Let AB the first, have to the second^ the same ratio which 
DE the third, has to F the fourth ; and let BG the fifth, have to 
the second, the same ratio which EH the sixth, has to F the 
fourth : then, AQ the first and fifth together, shall have to the 
second, the same ratio which DH, the third and sixth together, 
has to F the fourth. 

Demonstration. Because BG is to C, as 
EH is to F; by inversion, C is to BG, as P 
is to EH : and because AB is to 0, as DE is 
to F ; and C is to BG, as F is to EH ; ex B- 
cequali, AB is to BG, as DE is to EH (a) : 
and because these magnitudes are propor- 
tionals, they shall likewise be proportionals 
when taken jointly {f>) ; therefore as AG is 
to BG, so is DH to EH ; but as BG is to C, a c d p 
so is EH to F. Therefore, ex cequcdi, as AG (a) v. 22. 

is to C, so is DH to F (a). (6) V. 18. 

OoROLLABT 1. If the same hypothesis be made as in the pro- 
position, the difference of the first and fifth shall be to the second, 
as the difference of the third and sixth to the fourth : the demon- 
stration of this is the same with that of the proposition, if 
"rfiVmon" be used instead of ^'composition,^* 

CoBOLLABY 2. This proposition holds true of two ranks of 
magnitudes, whatever be their number, of which each of the 
first rank has to the second magnitude the same ratio that the 
corresponding one of the second rank has to a fourth magnitude ; 
as is manifest. 

Scholium. The foregoing proposition, algebraically expressed, is as 
follows: — 

Theorem. If A : B :: C : D, an<; E : B :: F : D; then A 4- E : 
B :: C -f F : D. 

.V i. A B 
therefore p^ = - ; 

Ai E F 
Al80 5j.= -, 

^ E B 
and — =: — • 
F D' 

therefore ^j = p; 



6d 
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Adding miitj to mdti sde. 



, A C 

ft— .-I .^ — _ 

E'^F* 



A C 

5 + i = f^i, 



and 


A-rE C 
£ 


+ F 
F * 


therefore ^ ;j; j,= 


E B 

"f""5' 


therefcr 


A + E 
re = 


C + F 



B 



D 



aalA + E:B::C + F:D. 



D, 
H- 

A C- E F 



PROPOSITION XXV. 

Theorem. — If four magnitudes of the same kind af^ 
proportionals, the greatest and least of them together aT^ 
greater than the other two together. 

DEMoysTRATiox. Let the four magni- | 

tude3 AB, CD, E, F he proportionals, riz. 
AB to CD, as E to F ; and let AB be the 
greatest of them, and consequently F the 
least (a) ; then shall AB t<^ther with F, be 
greater than CD together with E. 

Take AG equal to E, and CH equal to F : 
then, because as AB is to CD, so is E to F, 
and that AG is equal to £, and CH equal to 
F ; AB is to CD, as AG is to CH; and be- 
cause AB the whole, is to the whole CD, as 
AG is to CH, likewise the remainder GB 
shall be to the remainder UD, as the whole 
AB is to the whole CD (l) : but AB is greater than CD, therefore 
GBis greater than HD (c).; and because AG is equal to £, and 
CH to F, AG and F together are equal to CH and E together. 
If therefore to the unequal magnitudes GB, HD, of which GB is 
the greater, there be added equal magnitudes, viz. to GB the two 
AG and F, and to HD the two CH and E ; AB and F together 
are greater than CD and E. 

ScnoLiuif. This proposition, may be algebraically expressed as 
followa: — 

Theorem. If A : B :: C : D, and if A is the greatest oj ftoi, then 
A + D is > B + C. 




KUaiBMTS or OEOiatTBT. 



«9 



For I 



c 



multiplying by B, 



adding D, 



and subtracting B -f* CS, 



C.B 

D ' 



A+T).= £^+D, 



C.B 



A + D-.(B+C)==-^ + D-(B + C) 



= C.(^.l)+D. 



B 



= C.2^-(B-D) 

= (§-l).(B-D) 

: _ (C - D) . (B - D) 
■" D 

Now by the 6th Definition if A is > B, and also > C, then C.is > D, 
and B is > D, therefore both (C - D) and (B — D) are positive; therefore, 

A4-Dis>B + Cby <^-^>^^"-^\ 



PROPOSITION F. 

Theorem. — If ratios are compounded of the same ratios, 
they are the same with one another. 

Demonstration. Let A be to B, as D is to 
£ ; and B to 0, as £ is to F : then the ratio 
which is compounded of the ratios of A to B, 
and B to 0, which, by the definition of com- 
pound ratio, is the ratio of A to C, is the same 
with the ratio of D to F, which, by the same 
definition, is compounded of the -ratios of t) to £, and E to 1?. 

Because there are three magnitudes A, B, 0, ^iTidL ^x^^ ^**^^t& 




i 
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D, E, F, which, taken two and two in order, hare the same ratio ; 
ex cequaliy A is to 0, as D is to F (a). 

Next, let k be to B, as E is to F, and B to C, 
as D is to E ; therefore, ex ceqiudi in prapor- 
tione perturhatd, as A is to 0, so is D to F {b) ; 
that is, the ratio of A to C, which is com- 
pounded of the ratios of A to B, and B to 0, 
is the same with the ratio of D to F, which is Cjj) ^* ||* 
compounded of the ratios of D to E, and E to ^^^ ^* ^^' 
F; and in like manner the proposition may be demonstrated, 
whatever be the number of ratios in either case« 

ScHOLTUM. This and the three following propositions have been added 
by Simson; the two last, propositions H and K, are not read at the Uni- 
versities. 

The foregoing proposition may be algebraically expressed as follows, and 
its truth is then evident: — 

Theorem. If A :B::E:F 
B : C ::F:G 
C : D :: G : H, 
&c. 

Or if A : B :: G : H 
B : C ::F :G 
C : D :: E : F, 
&c 

then ex aquoy or ex aquo perturhate, 

A : D :: E : H. 



PROPOSITION G. 

Theorem. — Jf several ratios he the same with several ratios, 
each to each ; the ratio which is compounded of ratios which 
are the same with the first ratios, each to each, is the same 
with the ratio compounded of ratios which are the same with 
the other ratios, each to each. 



A B C D K L M 

E F O H NOP 



Demonstbation. Let A 
be to B, as E is to F ; and 
to B, as G is to H : and let 
A be to B, as E is to L ; and 
to D^ as L is to M: then 
the ratio of K to M, by the definition of compound ratio, is com- 
pounded of the ratios of K to L, and L to M, which are the same 
with the ratios of A to B, and C to D : and as E is to F, so let N 



A B C D K li M 
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be to ; and as G to H, so let be to P ; then the ratio of N to 
P is compounded of the ratios of N to 0, and to P, which are 
the same with the ratios of E to F, and G to H : and it is to be 
shown that the ratio of E to M, is the same with the ratio of N 
to P, or that K is' to M, as N is to P. 

Because K is to L, as (A is 
to B, that is, as £ is to F, 
that is, as) N is to ; and L 

is to M, as (C is to D, that is, | E p G H nop 

as G is to R, that is, as) is 
to P : therefore, ex cejualif K (a) V. 22. 

is to M, as N is to P (a). 

Scholium. This proposition may be algebraically expressed as follows :— 

Theorem, y A : B :: E : P 

ofMf G :D::G :H 

AUojifA'.B ::K:L 

C : D :: L : M 

E : F :: N : 

and G:R::0 :T 

<Aen K:M::N:P 

^ A K ^ C L 
Forg-^,and^ --, 



therefore 



A C ^ K L ^ K 
B • D " L • M " m' 



, E N ^ G 
^^F " 0'*°^H " P' 



therefore 



E G _ N N 
F • H " * P ■ P' 



. . A E , C G 
Again g - pand^ - g, 

,^ . A C EG 
• therefore g • 5 - p • g; 

therefore ir* *" p> 
andK:M::N:P. 



PROPOSITION H. 



Theobeh.— 2jr a ratio compounded of several ratios he the 
same with a ratio compounded of any other ratios, and if one 
(ff the first ratios, or a ratio compowq^ded oj ttu\j oj tA\e jW^t,, 
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be the same with one of the last ratios^ or trith the ratio com- 
pounded of any of the last ; then the ratio compounded of 
the remaining ratios of the iirst, or the remaining ratio of 
the first, if but one remain, is the same with the ratio com- 
pounded of those remaining of the last, or with the remain- 
ing ratio of the last 

Demonbtration. Let the first ratios be those of A to B, B to 
C, C to D, I) to E, and E to F ; and let the other ratios be those 
of G to H, H to E, E to L, and L to M : also, let the xatio of Ato 
F, which is compounded of the first 
ratios, be the same with the ratio of 
to M, which is compounded of the 
other ratios: and besides, let the 
ratio of A to I), which is com- 
pounded of the ratios of A to B, B 
to C, and C to B, be the same with the ratio of G to E, which is 
compounded of the ratios of G to H, and H to E : then the ratio 
coinpounded of the remaining first ratios, viz. of the ratios of J> 
to E, and B to F, which conipounded ratio is the ratio of D to F, 
is the same with the ratio of E to M. which is compounded of th© 
remaining ratios of E to L, and L to M, of the other ratios. 

Because, by the hypothesis, A is to J), as G is to 
E ; by inversion, D is to A, as E is to G (a) ; and M V. b. 
as A is to F, so is G to M ; therefore, ex CBqualiy D W V. 22. 
is to F, as E is to M (J). 

Scholium. The foregoing proposition, algebraically expressed, is as 
follows: — 




Theorem. If A:F he compounded o/* A : B, B : C, C ; D, D : 
and G : M, be compounded </ G : H, H : K, K : L, L : M; 



E, E : F, 



andifAiF :: G : M, 

and A:D ::G :K, 

then D : F :: K : M, 

r- A G 
^'' D = K' 

therefore - = -, 

and - = -, 
A G' 

, A G 

^ F = Bl» 

*"®"^ • F G • M» 
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^ F = M' 



therefore D : £ :: E : M. 



PBOPQSITION K. 

Thbobbm. — If there be any number of ratios f and any 

number of other ratios such that the ratio compounded of 

ratios which ure the same with the first ratioSy each to each, is 

the same with the ratio confounded of ratios which are the 

iame, each to each, with the last ratios ; and if one of the first 

ratios, or the ratio -which is compounded of ratios which are 

the same with several of the first ratios, each to each, be the 

same with one of the last ratios, or with the ratio compounded 

of ratios which are the same, each to each, with several of the 

last ratios : then the ratio compounded of ratios which are 

the same with the remaining ratios of the first, each to each, 

or the remaining ratio of the first, if hut one remain ; is the 

Sftme with the ratio compounded of ratioB which are the same 

^th diose remaining of the last, each to each, or with the 

remcdning ratio of- the last. 

^HDKSTBATIOK. Let the ratios of A to 3, Oio D, E to F he 

tefint ratios ; and the ratios of G to H, £ toL, M to N, to P, 

Q'to B^ he the other ratios : and let A he to B, as S is to T ; and 

C'top, as T is to V; and E to F, as V is to X ; therefore, hy the 

definition of compound ratio, the ratio S to X is compounded of 



h, k, 1. 


« 


A, B; C, D; E, F; 


S, T, V, X. 


G, H; K, L; M, N; 0, P; Q, R. 


Y, Z, a, b, c, d, 


c, f, g. m, n, 0, p. 





the ratios of S to T, T to V, and V to X, which are the same with 
the ratios of A to B, to I), E to F, each to each ; also, let G be 
to H, as Y is to Z ; and E to L, as Z is to a ; M to N, as a is to b ; 
to P, as h is to c ; and Q to K, as c is to d : therefore, by the 
same definition, the ratio of Y to d is compoimded of t^^ t^\K.^^ 
of Y to Z, Z to a, a to b, b to c, and c to d, w\i\<i\i ^x^ VXj^^ ^asaa^ 
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each to each, with the ratios of G to H, K to L, M to K, to P, 
and Q to R : therefore, by the hypothesis, S is to X, as Y is to D: 
also, let the ratio of A to B, that is, the ratio of S to T, which is 
one of the first ratios, be the same with the ratio of e to g, which 
is compounded of the ratios of e to f, and f to g, which, by the 
hypothesis, are the same with the ratios of G to H, and K to L, 
two of the other ratios ; and let the other ratio of h to 1 be that 
which is compounded of the ratios of h to k, and k to 1, which are 
the same with the remaining first ratios, viz. of to D, and £ to 
F ; also, let the ratio of m to p be that which is compounded o£ 
the ratios of m to n^ n to o, and o to p, which are the same, each 
to each, with the remaining other ratios, viz. of M to N, to P, 
and Q to R : then the ratio of h to 1 is the same with the ratio of 
m to p ; that is, h is to 1, as m is to p. 



h, k, 1. 




A, B; C, D; E, F; 


S, T, V, X. 


G, H; K, L; M, N; 0, P; Q, R. 


Y, Z, a, b, c, d, 


e, f, g. m, n, o, p. 





(a) V. 11. 

Because e is to f, as (G is to H, that is, as) Y is to Z ; and f is 
to g, as (K is to L, that is, as) Z is to a ; therefore, ex ce^^ualiy e is 
to g, as Y is to a : and by the hypothesis, A is to B, that is, S is 
to T, as e is to g ; wherefore S is to T, as Y is to a ; and, by in- 
version, T is to S, as a is to Y ; and S is to X, as Y is to I) ; there- 
fore, ex cBqualiy T is to X, as a is to d : also, because h is to k, as 
(0 is to B, that is, as) T is to Y ; and k is to 1, as (E is to F, that 
is, as) V is to X ; therefore, ex ceqtuzli, h is to 1, as T is to X : in 
like manner it may be demonstrated, that m is to p, as a is to d : 
and it has been shown, that T is to X, as a is to d ; therefore h is 
to 1, as m is to p {a). 

The propositions G and K are usually, for the sake of brevity, 
expressed in the same terms with propositions F and H ; and 
therefore it was proper to show the true meaning of them when 
they are so expressed ; especially since they are very frequently 
maae use of by geometers. 



ScHOLiiDi. This proposition may be algebraically expressed : — 

Theorem.— 7/* there le a number of ratios A : B, C : D, E : F, and {f 

A : B :: S : T 

C : D :: T : V :: A : jb 

E : F :: V : X :: jfe : i 
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and also a member of other ratios G : H, K : L, M : N, : P, Q : B, anc^ if 

G:H:: Y:Z:: e:/ 
K : L :: Z :a :: /:g 



andi/SiXiiYid; 



^mip ,.hil 



M : N :: a : 6 
0: P :: 6 : c 
Q:E :: c:,d 


::m :n 
::n :o 
:: :p 


and A : B :: e : g; 
h I I :: m :p. 


then shall 


For| = 




But 5 =^,aiid-- -, 


therefore - 


Y 


, S 
and ^ 


a' 


Then J 


h 
" 1* 


s 

X 


Y 

" "d 


and Y 


X 

" d' 


T 

therefore — 
a 


X 

" d' 




m 


therefore - 
P 





J M 
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BOOK VI. 
DEFINITIONS. 



1. Similar rectilineal figures are those which have their severar 
angles equal, each to each, 
and the sides ahout the equal 
angles proportionals. 





ScHOMUM. In the case of tri- 
angles it would have been suffi- 
cient to state that * similar trian- 
gles are those which have two of 
their aoj^les equal,' because it is 
evident irom I, 32 b, the third sides must also be equal, and it is shown in 
the fourth proposition of this book that the sides about tiie equal angles of 
equiangular triangles are proportionals. But in the case of rectuineal 
figures having more than three sides both the conditions expressed above 
are necessary, because, as in the case of a square and rectangle, the 
angles are equal, each to each, but the sides about the equal angles are not 
proportional. 

2. Two magnitudes are said to be redprooaUi/ proporttorudixi 
two others, when one of the first pair is to one of the second, as 
the remaining one of the second is to the remaining one of the 
first. 

• 

3. A straight line is said to be cut in extreme and mean ratio, 
when the whole is to one of the segments, as that segment is to 
the other. 

ScHOMUM. A straight line is said to be divided harmonicalXy, when it is 
divided into three parts, such that the whole line is to one of the extreme 
segments, as the other extreme segment is to the middle part. Three lines 
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nre e&fd to be in iamonixil prt^xinioit, wbta the first (AB) ia to tbe UiirJ 
(CD), oa the ditTFruaoa between the Snti 
(AB) and fecoad iIIC), is to the diSerence 
between the eeoond (BC) and third (CDj; 
fmd the eecond (BC) is ealled a hormone 
mean between the flnt (AB) and third (CD) 
Fonr divergent iine> (EA, EB, EC, ED) 
which cnt a line (AD) in haimoDicsl pro- 
portion, are called karmoKlcali; and thii 
mode of dividing a line i> termed komometd 
leetioa, while that described in die third 
definition ia termed medial taction. 

4. Tha altitude of txtj figure is the 
itraigbt line dmm from its vertex per- 
>eTidiculai to ite bow. 

ScHOUtm. Any aide erf' a ^era* may ba 
annmed as ita hue, and its aTlltnde is the 
qrpandicnkr distance from snob side 1« the 
lost raoiDte pdnt in Che figure. 




PE0P08ITI0N. L 

Tetbossu. — TriangUt (ABC, AOD) and paraU^grams 
(SIC, OF) which haee th* tame altitude, are to oae another rs 
tlieii: bases. 

CoHBTBiiOTioir. Prodaee BD 
"OtA iBOgt to ikt poirOa H, L, 
^»wl (oie at^nmaUr of araigkt 
*»»w BQ, Cm, ioch eqii/O, to the 
*0« BC ; oTid DK, KL, any 
**-Knier of them, each equal to 
^hthaneCD; and join AG, AH, 

ak,ai,. 

ScBOHSTitATioir. Then be- 

^>aoM OB, BQ, GH are all (0)1.88. 

*qiuil, the trianglefl ABC, 

*-QB, AHG are aJl equal {a) ; therefore whatOTor moltiple the 
owe HC is of the base BC, the Buroe multiple is the triangle AHG 
*tf the triangle ABC : for the same reason, whateyer multiple 
Uie base CL is of the base CD, the same multiple is the triansle 
ALC of the triangls ADC : and if the bwe HO be equal to the 
bise CL, the tiiangle AHC is also «qual to the triaa^e ALC (a) ; 
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ftDgle AHC ia greater 
triaogle ALO ; and if lesa, 
leas : therefore, aince there are 
four mognitudea, viz. the tno 
bases B(^ CD, and the tvo tri- 
angles ABC, ACD ; and of the 
base BC, and the triangle 
ABC, the first and third, any 
equimultiples whatever have 
been taken, viz. the base HC, 
and the triangle AEC ; aod 
also of the base CD and the 
triangle ACD, the second and 
fourw, any ec[uimultiples 
whatever have been taken, viz. the base CL, and the triangle 
ALC ; and since it has been shown, that if the base HC be greater* 
than the base CL, the triangle AEC is greater than the triangle 
ALO; and if equal, equal; and if feaa, less; ther^ort, at the 
ban BC M to the bcut CD, m it the triangle ABC to the triangle 
ACD (i), 

And because the parallelogram GE u double of the triangle 
ABC (c), and the parallelc^am CF double of the triangle ACD (ej, 
and that magnitudes have the same ratio which thuir equimul- 
tiplea have {a) ; as the triangle ABC is to the triangle ACD, so 
ia the paiallelogram C£ to the parallelogram CF ; and l>ecauBe it 
has been shown, that, as the base BC is to the base CD, so is the 
triangle ABC to the triangle ACD ; and as the triangle ABC is 
to the triangle ACD, so is the parallelogram CB to the paral< 
lelogram CF ; ther^ore, ai the btue BC ia to the bate CD, to it the 
pamlidogram, OE to the paraSdoffram OF («). 

CoEOLL&KT 1. From this it is evident, that trianglet aaJ pardr 
Idogrami which have equid altituda, are to one another as their 

For, let the figures be so placed as to have their bases in the 
same straight line, and draw perpendiculars from the vertices of 
the triangles to the bases, then, because the perpen- 
diculars are both equal and parallel to one another {a), \^ I' li- 
the straight line wnich joins the vertices is parallel -^ 
to that in which their bases are (#). Then, if the same construc- 
tion be made as in the proposition, the demonstration will be ideu- 
ticol. 



le another as their altitudes. 
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CoxsTRUCTioN. Let DBC be so placed that 
its iMse shaU coincide with that of ABC, hut their 
vertices shaU be on opposite svaes; through the 
vertices draw EG ana DH parallel to BG, and 
ihrowh B and G draw £F and GH perpendicular 
toBG. 

Demoxstbation. Then because the parallel- 
ograms GB and BU have the same altitude BG, 
as the parallelogram GB is to the parallelogram 
BU, so is the b^ GC to the base GH (a) ; but 
the parallelogram BG is double of the triangle 
ABC, and the parallelogram BH is double of tne 
triangle DBG, and magnitudes have the same 
ratio which their equimultiple^ have ; therefore, 
the triangle ABC is to the triangle DBG as the 
altitude GC is to the altitude GH. 



E Jig 




(a) VI. 1. 



CoROLLABT 3. THEOREM. If neither the bases nor altitudes of triangles 
and parallelograms are equals they are to one another in the compound 
ratio of their bases and altitudes. 



PROPOSITION II. 

Theobeu [1.] — If a straight line (DE) be parallel to the 
hose (BG) of a triangle (ABC), it cats the other sides, or those 
sides produced, so that their segments hetween the parallel 
and the hase (BD and CE) have the same ratio to their seg- 
ments between the parallel and the vertex (DA, EA); that is, 
BD is to DA, as CE is to EA. 

[2.] — In a triangle (ABC) if the sides, or sides produced, he 
cut by a straight line (DE), so that their segments between the 
straight line and the basj (BD, CE) ^at;^ the same ratio as 
their segments between the straight Urn and the vertex (DA, EA); 
the straight line is parallel to the base. 

COKSTEUCTION. Joiu BE, CD. 



Demonstration. [1.] The triangles BDE and ODE are equal, 
because they are on the aame base PE, and between the same 



R 
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[a) T. 37. 
6) V. 7. 
c) VI. 1. 



c) Hypoth. 
^) V. 9. 



parallels DE and BC (a). Kov, At>E k anoih«r tmnffk, and 
equal magnitudes have to the same the same mtio (h), oierefdre 
the triangle BDE is to the triangle ABE, as the triangle CDE is 
to the triangle ABE : but as the triangle BBE is to the triangle 
ABE, so is BB to BA, because, having the same altitude, viz. the 
perpendicular drawn from the point E to AB, they are to one 
another as their bases (c) ; and fcrthe same reason, as the triangle 
CBE is to the triangle ABE, so is CE to EA : therefore^ asBDis 
to BA, 80 is CE to EA (ch. 

[2.] Beoause BB is to PA, as OE is to EA (e) ; and BBis to iDA, 
as the triangle BBE is to the triangle ABE (e); andOE is.to EA, 
as the triangle CBE is to the triangle ABE (c) : therefore, the 
triangle BBE is to the triangle ABE, as the trian^e OBE to' the 
triangle ABE (d) ; that is. the triangles BBE, QBE have the 
same ratio to the triangle ABE-; therefore the triangle BBE is 
equal to the triangle CBE (/) ; and they are on the same base : 
but equal triangles on the same base tfre between the same 
parallels (^), therefore BE is paralld to BO. 

Scholium. This proposition consists of two distinct theorems, each the 
converse of the other. The enuneiation of this 
proposition, as given by Simson, is very defective, 
inasmuch as he omits to state which of the seg- 
ments of the sides are homologous to one another* 
in the proportion : and that of the converse theorem 
is, strictly spet^ung, false, since a straiffht line may 
cut the sides of a triangle projwrtionaily, without 
being parallel to the base ; as in the fignre, where 
AD IS to DB, as CE is to £A. The necessity for 
three figures in the foregoing proposition arises 
from the varying position which the line Dfi may- 
have in reference to the triangle, viz. beyond either 
the vertek or the base, or between them. 
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CoROLi-ARY. Theorem. l[f §weral paraUtU (BE, PQ, HI) he draum 
to the base of a triangle (ABC), eveiy pair 
of corresponding segments in each side will 
be proportional; that is, as AD is to DF, so 
is AE to EG, and as FH is to HB, so is 
GI to IC. />/ \Er 

Demonstration. For, draw HK and FL 
^rallel to AC. Then in the panillelognnnB 
FI, MC, the opposite sides are equal (a), 
therefore, FM eqnal GI, and ML equal IC ; 
and in the triangles AFG and FBL. AD 
is to DFj as AE 18 to EG (b); and FH is 
to HB, <» FM » to ML (d), that is, as GI 
is to 10, 

(a);L 94. 
lb) VJ. 2. 

PROPOSITICm m. 

The6rem [1.] — Jy the angle of a triangle (ABC) he bisected 
hy a straight Une (AD) iMah also outs the itue, the segments 
of the base (BD, DC) shall have the same ratio which the 
other sides of the triangle (AB, AC) have to one another. 

[2.] And if a straigfit Une (AD) drawn from any angle of a 
triangle (ABC) divide the opposite side into segments (BD, DC) 
which have the same ratio as the adjacent sides (AB, AC)^ it 
bisects the langle. 

CoKSTBUOTiON. Through C draw CE par- 
dUd to DA (a) ; then BA produced wiU meet 
(^ (5), la mem meet in £. 

Demonstration. Because the straight 
line AO meets the parallels A3>, EC, the 
toigle ACE is equal to the alteznate angle 
CAD ((?) : but CAD, by the hvpothesis, is 
equal to the angle BAD : therefore the 
angle BAD is equal to the angle AC^ {d). 
Again, because the straight line BAE meets 
the parallels AD, EC, the external angle ^?)I,V^^* 
BAD is equal to the mtemal and opposite (*> ^^t''^ a^Jached 
angle ABC (c) : but the angle ACE has been (c)L29. 
proved equal to the angle BAD ; therefore (df) I. Ax. 1. 
also ACE^ is equal to the angle AEC (d), 
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and consequently the side AE is equal to 
the side AC (e) : and because AD is drawn 
parallel to EC, one of the sides of the tri- 
angle BCE ; therefore BD is to DC, as AB 
is to AE (/): but AE is equal to AC; 
therefore BD is to DC, as AB is to AC. 

[2.] Because AD is parallel to EC, BD is 
to DC, as AB is to AE (/) ; and BD is to 
DC, as AB is to AC (y) ; tnerefore AB is to 
AC, as AB is to AE (A) ; consequently AC 
is equal to AE (t), and therefore the angle 
AEC is equal to the angle ACE (k) ; but i^lJJ; *> 
the angle AEC is equal to the external and }'Qw ^h 
opposite angle BAD ; and the angle ACE is >^j v??! ' 
equal to the alternate angle CAD (c) ; where- A-) y. 9. 
fore also the angle BAD is equal to the {k) 1. 5. 
angle CAD (d) ; that is, the angle BAC is 
bisected hy the straight line AD. 

Corollary. From this proposition it follows that if the same straight 
line bisects the angle and the base the triangle is isosceles. 




PROPOSITION A. 

Theorem [1.] — If an exterior angle of a triangle (ABC) 
"he bisected hy a straight line (AD) which also cuts the base 
prodiLced, the segments between the bisecting line and the 
extremities of the base (DB, DC), have the same ratio to one 
another, as the other sides of the triangle (AB, AC) have. 

[2.] And if the segments (BD, DC) of the base produced, 
have the same ratio which the other sides of the triangle 
(AB, AC) have, the straight line (AD) drawn from the vertex 
to the point of section bisects the exterior angle (CAE) of 
the triangle. 

Demonstration [1.] Let the exterior angle CAE of any 
triangle ABC, be bisected by the straight line AD which meets 
the base produced in D ; then BD is to DC, as BA is to AC. 
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For, through C draw CF 
paraUd to At) (a) ; and be- 
cause the Btraiffht line AC 
meets the paraflels AB, FO, 
the angle AOF is equal to 
the alternate angle CAD (b) : 
but CAD is equal to the 
angle DAE (c) ; therefore 
also DAE is equal to the 
angle ACF. Again, because 
the straight line FAE meets 
the panulels AD, FC, the 
exterior angle DAE is equal 
to the interior and opposite 
angle CFA : but the anele 
ACF has been proved to oe 
equal to the angle DAE ; 




[a) I. 31. 

h) I. 29. 
Jc) Hypoth. 

/) 1. 6. 
:e) VI. 2. 
•) V. 11. ' 

Ml 



therefore also, the angle ACF is equal to the angle CFA, and, 
consequently, the side AF is equal to the side AC (d) ; and be- 
cause AD is parallel to FC, a side of the triangle BCF, BD is to 
DC, as BA is to AF (e) ; but AF is equal to AC ; therefore, as BD 
i^to DC, so is BA to AC. 

[2.] Next let BD be to DC, as BA is to AC, and join AD ; then 
the angle CAD is equal to the an^le DAE. 

^%e same construction heim made, because BD is to DC, as BA 
is to AC ; and also BD to DC, as BA is to AF {e) ; therefore BA 
is to AC, as BA is to AF (/) ; wherefore AC is equal to AF {g) ; 
and the angle AFC equal to the angle ACF {h) : But the angle 
AFC is equal to the exterior angle EAD, and the angle ACF to 
the alternate angle CAD ; therefore also, EAD is equal to the 
angle CAD. 

Scholia. 1. This proposition consists of two theorems, the converse of 
each other, and is really only a second case of the third proposition. It was 
inserted by Dr. Simeon, who imagines it to have been omitted from the 
Elements by some tinskilful editor. 

2. When the triangle ABC 
is isosceles, the line nrom the 
■vertex which bisects the ex- 
terior angle is parallel to the ^ 
base. 

Corollary. If both the 
exterior angle (CAE) and 
the adjacent interior angle 
(BAG) of a triangle be bi- 
tected by straight lines (AD 
and AG) which cut the base 
and its production, the base 

thus produced is harmonically divided, that is, BD, DG, and DC are in 
harmouical proportion. 
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PROPOSITION ly. 




TpEOREM. — Ij triangles (ABC, DCE) are equiangular, [1] 
the sides about the equal angles are psaportional ; [2] and 
the sides which are opposite to the equal an^es are homolo- 
gous, that is, are the antecedents or caosequents of the 
ratios. 

Demonsteation [1.] Let the trian- 
gles DOE and ABC ue so placed that 
the sides OE and BO which are opposite 
to the equal angles ODE and BAO, may 
be contiguous and in the same straight 
line ; then, because the angles ABO, 
AOB are together less than two right 
angles (a), ABO and DEO, which is 
equal to AOB, are also less than two 
ri^t an^es ; wherefore BA, ED pro- 
duced shall meet (J) : Zei them be pro- 
dticed BJid meet in liie point F ; and be- 
cause the angle ABO is- equal to the 
angle DOE (e), BF ispai»ilel to GD (rf). 
Again, because the angle AOB is equal 
to the angle DEO, AG is parallel to 
FE (d) ; tiierefore FAOD is a parallel- 
ogram ; and consequently AF is equal 
to OD, and AO to FD (e) : And because AC ispandlel to EE, one of 
the sides of the triangle FBE, as BA is to AI^ so ia BO to OE (/) - 
but AF is equal to OD ; therefore, BA is to CD a» BC » toiojE 
(g) ; and alternately, BA is to BO, as DC is to OB {k), 

r2j Again, because OD is parallel to BP, BO is to OB, as FD ia 
to JDE (/) ; but FD is equal to AO ; therefore BC.is to OE, as AG 
is to DE ; and alternately, BC is to OA, as OB is to ED. Thei»- 
fore, because it has been proved that AB is to BO, as DO is to OB • 
and BO is to OA, as OE is to ED, ea; asquali, BA is to AO, asCDu 
to DE. 

Scholium. This proposition may be considered as a generalisation of 
the twenty-sixth proposition of the first book, the former rating to Hmi- 
lar triangles, and the latter to those which tsre equal 



(a) 1. 17. 

(b) Theor. attached to 
L29. 

(c) Hypotii. 

(d) L 2a. 
(eJL84. 
go VI. 2. 
Q) V. 7. 
(A) V. 16. 
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PROPOSITION V. 

Theobem. — If two triangles (ABC, DEF) have their sides 
proportional (AB to BC as DE is to EF, and BC to CA as 
£F is to DF), they are equiangular, and the equal angles are 
suhtendeid by the. faoootologous sides. 

CoirsTRtrcTiON. At the points 
E, F, in the straight line EF, make 
the angle FEQ eqyxH to the angle 
ABC {a), and the angle EFG equ^ 
to BOA (a). 

HsMONBTSATiON. Then the re- 
maining angle BAO is equal to the 
remaining angle EGF (&), and the 
triangle ABO is therefore equian- 
gular to the triangle GEF ; and, 
consequently, they nave their sides 
opposite to the equal angles pro- 
portionals (c). Wherefore AB is to 
BO, as GE IS to EF ; but, by the 
hypothesis, AB is to BO, as BE is to 
EF^ therefore, BE ii to EF, as GE 
is to EF. Therefore, DE and GE 
have the same ratio to EF (d)^ and, 
coB8equently> are equal («). For 
the same^ retuaon, DF is equal to 
FG. And because, in the triangles 
PSF, GEF> BE is equal to EG, and EF common, and also the 
base BF equal to the base GF ; therefore the angle DEF is equal 
to t^ migle GEF (/), amd the other angles to the other angles, vnich 
ore 8Hi4mded by the equal sides {g). Wherefore the angle DEE is 
eqitti to the angle GFE, and EDF to EGF ; and because the 
angle DEF is equal to the angle GEF, and GEF to the angle ABO ; 
tiieiiefbre the angle ABO is equal to the angle DEF : For the 
same reason, the angle AOB is equal to the angle DFE, and the 
angle at A to the anele ajb D. Therefore the triangle ABO is equi" 
cm^ular to the triangk DEF;, 

Scholium. This proposition is the converse of the preceding, and bears 
the same relation to the eighth proposition of the first hook that the pre- 
ceding does to the twenty-sixth of the same book. 
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PROPOSITION VI. 

Theorem. — If two triangles (ABC, DEF) have one angle 
in each equal (BAG equal to EDF) and the sides about the 
equal angles proportional (BA to AC, as ED is to DF), the 
triangles are equiangular, and have those angles equal which 
the^ equal sides suhtend. 

CONBTRUCTION. At the 

?mnt8 D, F, in the straight 
ine DF, make the anaU FDG 
eqvxiL to either of the angles 
BAG, EDF (a) ; and the an- 
gle DFG eqwd to the angle 
ACB (a). 

DEMOifSTRATioN. Then the B C E 

remaining angle at B is equal {a) I- 23. 

to the remaining one at G (3), W h?\ 

and, consequently, the trian- (dV^ 11 

gle ABC is equiangular to the fe) V. 9. ' 

triangle DGF, and therefore \f\ f. 4, 

BA is to AC, as GD is to DF (^) Hypoth. 

(c). But, by the hypothesis, 

BA is to AC, as ED is to DF ; and therefore ED is to DF, as GD is 
to DF {d) ; wherefore ED is equal to DG (e) : And DF is common 
to the two triangles EDF, GDF ; therefore the two sides ED, DF, 
are equal to the two sides GD, DF ; but the angle EDF is also 
equal to the angle GDF ; wherefore the base EF is equal to the 
base FG (/), and the triangle EDF to the triangle GDF, and the 
remaining angles to the remaining angles, each to each, which are 
svUendedhvthe equal sides : Therefore the angle DFG is equal to 
the angle DFE, find the angle at G to the angle at E : But the 
angle DFG is equal to the angle ACB ; therefore the angle ACB 
is equal to the angle DFE, and the angle BAG is equid to the 
angle EDF {g) ; wherefore also the remaining angle at B is equal . 
to the remaining angle at E. Therefore the triangle ABO is equi- 
angular to the triangle DEF. 

Scholium. This proposition corresponds with the fourth proposition of 
the first book. 
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PROPOSITION Vil. 

;oBEM. — If two triangles (ABC, DEF) have two sides in 
r proportional to two sides in the other (AB to BO, as 
to EF) ; the angles (A and D) opposite to one pair of 
nologous sidles (BC and EF) equal; and those (C and F) 
e to the other pairy either both less, or both not less than a 
zngle; the triangles are equiangular, and the angles 
led by the proportional sides are equal. 

ONSTRATioN. For, if the ^ 

ABC, DEF be not equal, 
them is greater than the 
let ABC be the greater, 
the point B, in the straight 
I, make the angle ABQ epud 
'.ngle £ {a). Because the 
t A is equal to the angle 
), and the angle ABG to • 
;Ie at £, the remaining 
A.GB is equal to the re- C«) |; 23. 

5 angle at P {c) ; therefore Y\ f ^P*'^^- 

ingles ABG and DEF are (^) VI. 4. 

pilar ; wherefore as AB is (e) v. 11. 

so is BE to EF {d) : But (/) V. 9. 

bo EF, as AB is to BC {b) ; (ff) I. 6. 

re as AB is to BC, so is W I- 17. 

BG (e) ; and because AB 

same ratio to each of the lines BC, BG ; BC is equal to 
, and therefore the angle BGCiUqual to the angle at C (a), 
;h of them is less than a right angle {h). Then since BGC 
;han a right angle, BGA must be greater than a right 
ind also the angle at P which is equal to BGC ; but since 
;le at C is less than a right angle, the angle at P must be 
s than a right angle, which is absurd ; therefore the angle 
not greater than the angle at £, and in the same manner 
be shown that the angle at E is not greater than the angle 
therefore they are equal, and the angle at A is equal to 
^le at D, wherefore the remaining angle at C is equal to 
naining angle at F ; aTid the triangUs ABC and DBF are 
mlar, and therefore have the sides aboiU the equal angles pro- 
al {d), 

HUM. The demonstration of this proposition is considerably altered 
Lclid, who makes three cases of it, ana la unneoesftaxU.^ \K<^VkT.« 
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(a) L 32. 

b) VI. 4. 

c) VI. Def. 1. 



PROPOsiTioifr vni. 

Theorem. In a right-angled triangle (ABC), if a perpen- 
dicular (AD) he drawn from the right angle to the base ; the 
triangles on each side of it are similar to the ^Yhole triangle, 
and to one another. 

Demonstration. Because the 
angles BAO and ADB are equal, 
heing both right angles, and 
that the angle at B is common 
to the two triangles ABC and 
ABD ; the remaining angle at 
is equal to the remaining 
angle BAD {a) : therefore the 
triangles ABC and ABD are 
equiangular, and the sides about 
their equal angles are propor- 
tionals (b) ; wherefore the tri- 
angles are similar (c) : in the lijce manner it may be demonstrated, 
that the triangles ADC and ABC are equiangular and similar: 
and the triangles ABD and ADC, being both equiangular and simi- 
lar to ABC, are equiangular and simUar to each other. 

Corollary. From this it is manifest, that the perpendicular 
drawn from the right angle of a right-angled triiuigle to the base, 
is a mean proportional between the segments of me base : and 
also that each of the sides is a mean proportional between the 
base, and its segment adjacent to that side : beeaose in ther tiianr 
gles BDA, ADC, BD is to DA, as DA is to DC (i) ; and in the tri- 
angles ABC, DBA, BC is to BA, as BA is to BD (b) ; and in the 
triangles ABC, ACD, BG is to CA, as CA is to CD {b). 

PROPO&ITION IX. 



Problem. From a given finite straight line 
(AB) to cut off any required part, or snbmul- 
tiple. 

SoLDTiOK. IVom the point A draw a straight 
li'ne AC, making aohy angle with AB ; and in AC 
take any poitit D, and take AC the same multiple 
of AD J that AB is of the part which is to be cut off 
from it ; pin BC, ojnyi draw DE paraUd to it: 
then AE is the part required to be cut off. 




(a) VI. 2. 
(6) V. 18. 
(c) V. D, 



ViJSMESiTS OF OEOMJSTBI. 83 

Demonstbatiok. Because £D is parallel to BO, oxus of the 
sides of the triaug)* ABC ; as CD is to DA, so is BE to £A (a) ; 
and by compositiox^ CA is to AD, as BA is. to A£ (b) : but CA is 
a multiple of AD ; therefi)i>e BA is the same multiple of A£ (c) : 
whatever part, therefore, AD is of AC, A£ is the same part of 
AB : wherefore, from the straight line AB the part required i$ 
cut off. 



PROPOSITION X. 

Peoblem. To divide a given straight line (AB) similarly 
to a given divided straight line (AC) ; that is, into parts pro- 
portional to the parts of the given divided straight line. 

Solution. Let AC be divided in the points 
D, £ ; . and let AB, AC be placed so as to contain 
ofny an^, and Join BO, and through the points 
D, £, drato DF, E(l, paraJLLds to it (a) ; and 
through D draw DHK paraUd to AB. 

Demonstration. Because each of the 
figures FH, HB, is a parallelogram, DH is 
equal to FQ (*), and HK to GB {b) ; and be- 
caime H£ is parallel to EC, one of the sides 
of the trianffle DKC, as CE is to ED, so is KH 
to HD {e) : but KH is e^ual to BG, and HD 
to GF ; therefore, as C£ is to ED, so is BG to /^n j ^^ 

OF: again, because FD is parallel to EG, one (ps I * 34* 

of the sides of the triangle AGE, as ED is to (c) VI. 2. 

DA, so is GF to FA : but it has been proved 
that CE is to ED, as BG is to GF ; and as ED 
is to DA, so is GF to FA ; thecefore the given straight line AB is 
divided similarly to AC. 

PROPOSITION XL 

Problem. To find a third proportionftl to 
two given straight lines (AB and AC). 

Solution. Let the two given straight lines AB 
and AC be so placed as to contain any arwles, and 
produce iihem to thepo4nteJ>y 11 ; make BD efual 
to AC ; and having joined BC, through D draw 
DB paraUd to it (a). 
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Demonstbation. Because BC is parallel to 
DE, a side of the triangle ADE, AB is to BB, 
as AG is to CE (b) : but BD is equal to AC ; 
therefore, as AB is to AC, so is AC to OE. 
Wherefore to the two given straight liries AB, AC, 
a third proportional CE is found. 





PROPOSITION XII. 

Problem. To find a fourth proportional to three giv< 
straight lines (A, B, and 0). 

Solution. Take tvH> straight lines 
DE, DF, covJbaining any angle D, and ^ A 

upon these make DG ^ual to A, GE 
equal to B, and DH equal to C ; and 
having joined GH, wixiw EF parallel 
to it uirovigh the poirU E (a) ; then HP 
is the fourth proportional required. 

Demonstration. Because GH is 
parallel to EF, one of the sides of the r^) i 31 

triangle DEP, DG is to GE, as DH is (6) vi. 2. 

to HP (b) ; but DG is equal to A, 

GE to B, and DH to C ; therefore as A is to B, so is to H 
Wherefore, to the three given lines. A, B, C, a fourth proportion 
HP is found. 

PROPOSITION XIII. 

Problem. To find a mean proportional between two giv< 
straight lines (AB and BC). 

Solution. Place AB, BC 
in a straight line, and upon 
AC describe the se^nicirde ADC ; 
from the point B draw BD at 
right angles to AC (a), and join 
AD, DC. ThenDBts the mean 
proportional required. 

Demonstration. Because r^> 

the angle ADC in a semicircle n,{ m. 31. 

is a right angle (5), and be- (c) VI. 8, cor. 
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cause in the right-«tngled triangle ADO, DB is drawn from the 
right angle perpendicular to the base, DB is a mean proportional 
between AB BC the segments of the base (c). 



V 



PROPOSITION XIV. 

Theorem [I.]—!/' equal parallelograms (AB and BC) have 
an angle of the one equal to an angle of the other, their sides 
about the equal angles are reciprocally proportional (DB is to 
BE, as GB is to BF). 

[2.] And if parallelograms (AB and BC) have an angle of 
the one equal to an angle of the other , and their sides about the 
equal angles reciprocally proportional^ they are equal to one 
another. 

OoNSTBUCTiON. Let the sides 
DB, BE, he placed contigtious, in 
the same straight line, with the 
paraRdograms on opposite sides 
of DB ; then FB, BG are in one 
straight line (a). Complete the 
paraudogram JFE, 

Demonstbation [1 .] Because 
the parallelogram AB is equal to 
BC, and that FE is another pa- 
rallelogram, AB is to FE, as BC («) }- }}- 

> to FE (5) : but as AB is to FE, W ^j ^j 

so is the base DB to BE (c) ; and, ?/v y ' i{^ 

as BC is to FE, so is the base GB («) v. 9. 

to BF ; therefore, as DB is to 
BE, so is GB to BF ((?). Where- 
fore the sides of the paraSMograms AB, BC, aUnyuit their equal angles 
are reciprodmy proportional. 

[2.] Let the same construction remain, then, because DB is to 
Be, as GB is to BF ; and DB is to BE, as the parallelogram AB 
is to the parallelogram FE, and GB is to BF,as the parallelogram 
BO is to the parallelogram FE ; therefore AB is to £jS, as BC is to 
F£ (d) : wherefore, the paraUdogram AB is equal to the parcdU^ 
ogram BC («). 
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PROPOSITION XV. 



Theorem [1 .] — If equal triangles (ABC and ADE) have an 
angle of the one equal to an angle of the other, their sides about 
the equal angles are reciprocally proportional (CA is to AD, 
as EA is to AB). 

[2-] And if triangles (ABC and ADE) Imve an angle in the 
one equal to an angle in tlie other, and their sides about tlie 
equM angles redjprocally proportional, they are equal to one 
another. 



Construction. Zet the 
sides CA, AD, be placed con- 
tiguous, in the same straight 
line, with the triangles on 
opposite sides of CI) ; then 
EA, AB are in one. straight 
line (a). Join BD. 

Pemonbtration [1.] Be- 
cause the triangle ABC is 
equal to ADE, and that AB1> 
i^ another triangle, the tri- 
angle CAB is to the triangle 
BAB, as the triangle EAD 
is to the triangle PAB (b) : 
but as the triangle CAB is 
to the triangle BAD, so is the base CA to AD (c) ; and, as tha tri- 
angle EAD is to the triangle DAB, so is the baae EA to AB {c) ; 
• therefore, as CA is to AD, so is EA to AB {d), WhjBrefore, me 
sides of Uhe trianales ABO« ADE, dbQUt the eqtud a/ngUs are recipro- 
cally proportioncu, 

[2.] Let the sam^ construction remain, then, because CA 13 to 
AD, as EA is to AB ; a»d OA is to AD. as the triangle ABC is to 
the trian^.BAD (§) r and EA is to AB, as the triangle EAD Is to 
th* tfiaiiflfiLBAD yp) ;. tlMKMfore the triangle BAC is to the trtan- 
-ffle BAD^ 9a'ii»m»ngh EAD m to the tnaagle BAD (,d); wh«059- 
lore the triangle ABC is squalto the triangle ADE {e}.. 
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PROPOSITION XVI. 



Theorem [1.] — If four straight lines (A B, C D, E & F) 6^ 
proportionals^ the rectangle under the extremes (A B and F) 
is equal in area to the rectangle under the means (C D and 
E). 

[2.] — And if the rectangle under the extremes he equal in 
area to the rectangle under the means, the four straight lines 
are proportional. 



JB 



P 






Construction. From the 
poitvtsKfj, drawkQsfjR^atright 
angles to K&, CD ; and make AG 
equal to P, and GH emml to E, 
and complete the parwldograrM 
BG,DEt: 



Demonstration [1.] Be- 
cause AB is to CD. as E is to 
F ; and that E is equal to OH, 
and F to AG; AB is to CD, as 
CH is to AG (ft) ; therefore the 
sides Off- the parallelograms BG, 
DH, about the equal angles are 
reciprocally proportional; and 

therefore the piurallelograms BG and DH are e^ual in airea (c) : 
and the parall^ogram BG is contained by the straight lines AB, P ; 
becftuse AG is equal to F ; and the parallelogram DH is contained 
By CD and E ; because CH is equal to E. Therefore the rectanSe 
under the straight lines AB, F, is equal in area to that under CD 
and E. 

[2.] The same construction being made, because the rectangle 
under the straight lines AB, P, is equal in area to that under 
CD, E, and that the rectangle BG is under AB, P, because AG is 
equal to P; and the rectangle DH under CD, E, because CH is 
equal to E; therefore the parallelogram BG is equal in area to 
the parallelogram DH ; and they are equiangular. But the sides 
abottb the equal angles of equal parallelograms are recdprocally 
prwK>rtional (c). "Vlilierefore, AB is to CD, as CH is to AG ; and 
Cll is equal to E, and AG to F ; therefore, as AB is to CD, sois'St 
toF. 
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PROPOSITION XVJI. 

Theorem [1.] — If three straight lines (A, B, and C) be pro- 
portionals, the rectangle under the extremes (A and C) is 
equal in area to the square on the mean (B). 

[2.] And if the rectangle under the extremes be equal in area 
to the square on the mean, the three -straight lines are pro- 
portionals. 

Demonsteation. Take J> ^ 

€qwd,to B; and because A is ~ — 

to B, as B is to G, and that B 2 

is equal to D ; A is to B, as B £ 

is to C (a). But if four straight ^ 

lines be proportionals, the rect- 
angle under the extremes is 
equal in area to that under 
the means (5). Therefore the _ 

rectangle under A, C is equal ( \y 7 

in area to that under B, B. (6) VI 16 

But the rectangle under B, D \ ) ' ' 

is the square on B ; because B is equal to D. Therefore the rect- 
angle under A^Q is equal in area to the sqv/ire on B. 

[2.] The same construction being made, because the rectangle 
under A, G is equal in area to the square on B, and the square on 
B is equal to the rectangle under B, D, because B is equal to D ; 
therefore the rectangle under A, G is equal in area to uiat under 
B, B : But if the rectangle under the extremes be equal in area 
to that under the means, the four straight lines are proportionals 

a: Therefore A is to B, as B is to G ; but B is equsd to B : 
erefore as h. is to 'R^ so is ^ to Q. 

SoHOLZUM. The foregoing proposition is really only a particular case of 
the sixteenth proposition. 



PROPOSITION XVIII. 

Problem. — On a given straight line (AB) to construct a 
rectilineal figure similar, and similarly situated to a given 
rectilineal figure. 
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1. Let the given 
rectilineal figure be 
the quadrilateral 
(CDEF). 

Solution. t/biwDP, 
and at the points A, B, 

in the straight limAB ,. I 23 ,^ ^ 22 

form the angle BAG >j< i. 32. (e) VI. def. 1. 

Mtm to the angle at (c) VI. 4. 

C (ct), and the angle 

AB4 «S^ to the angle CDB (a) ; cu^ain, at the points G, B, in the 
straight line GB, form the cmgle BGb eqiud to the angle DFE (a) ; 
aru^ the angle GBH €$^2^0^ to fl)E (a) ; t^ r^ quadriUOeral ABHG 
is similar and similarly situated to the quadrilateral CDEF. 

Demonstration. Because the angle A is equal to the angle 0, 
and the angle ABG to CDF, therefore the. remaining angle AGB 
is equal to the remaining angle CFD (J>\ wherefore the triangles 
AGB and CFD are equiangular ; again, because the angle BGH is 
equal to the angle DFE, and the angle GBH to FDE, therefore 
the remaining angle GHB is equia to the remaining angle 
FED {h) ; wherefore the triangles BGH and DFE are equiangumr. 
Then because the angle AGB is equal to the angle CFD, and 
BGH to DFE, the whole angle AGH is equal to the whole 
CFE: For the same reason, the angle ABU is equal to the 
angle CDE ; also the angle at A is equal to the angle at C, 
and the angle GHB to FED. Therefore the rectilineal figure 
ABHG is equiangular to CDEF. But likewise these figures nave 
their sides about 4ihe equal angles proportionals; because the 
triangles GAB, FCD, being equiangular, BA is to AG, as DC is to 
OF (e) ; and because AG is to GB, as OF is to FD ; and as GB to 
GH, so, by reason of the equiangular triangles BGH, DFE, is FD 
to FE; therefore, ex cequcUi, AG is to GH, as OF is to FE {d). 
In the same manner it may be proved that AB is to BH, as CD is 
to DE ; and GH is to HB, as FE is to ED (c). Wherefore, because 
the rectilineal figures ABHG, CDEF are equiangular, and haye 
their sides about the equal angles proportion's, they are similar 
to one another (e). 
2. Next let the giyen rectilineal figure be CDEEF. 

Solution. Join DE, and vq>on the given straight line AB describe 
the rectilineal figure ABHG, similar, and similarly situated to the 
Quadrilateral jfigure CDEF, by the former ease; and at the points 
D, H, in the straiaht line BH, make the angle HBL muoI to the 
angle EDE, and the angle BHL equal to the angle DEK (a) ; then 
ihe rectilineal figttre ABlHG is similar, and simttaf^ situated to the 
fgwe CDKEF. 
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(b) I. 32. (4) 

Cc) VI. 4. (e) 



V.22. 
VI. Dfif. 1. 



Demonsteation. Be- 
cause the angle HBL is 
equal to EDK, and the 
angle BHL to EDK, 
therefore the remain- 
ing angle L is equal 
to the remaining an- 
gle K.(b) : and because 
the figures ABHG, 
ODEF are similar, the 
angle GHB is equal to 
the angle FED (e) ; 
and the angle BHL is equal to DEK ; therefore the whole aogle 
GHL is equal to the whole aiM^eFBK ; and for the same reason 
the angle ABL is e^id to me angle ODE : therefore the five- 
aided figures ABLHG, OBKHF are equiangular. And because 
the figures ABHG^ ODEF are similar, GH is to HB, as ?^ is to 
ED (e) ; but as HB is to HL, so is ED to EK (c) ; therefbre, er 
(gauali, GH is to QL,. a« FS is to EK (d) ; for the same reason, 
Ab is to BL, as CD is to DK ; and because the tmngles HjH 
and DKE are equiangular, BL is to LH, as^ DK is to KB (e). 
Therefore, because the rediltneal figwei ABLH0, CDKEF are 
«^uiangular| and have tiusur sides al)out the equsd angles propor- 
tionais, iibAj,are similar to one another (e). 

Scholium. ^Similar figures are said, to be. " smularly sitnated" when 
their homologous sides are pan^el. 



PROPOSITION XIX 

Theorem. — If triangles (ABC, DEF) arcfdmilar, they are 
to one another in the duplicate ratio of their homologoos 
sides (BC, EF). 

CoNSTKUOTioir. Take BG a 
third proportional to BC, £F 
\a),8othat BC is to EF,a< EP 
td to BG : andjoi^i GA. 

Demonstratiok. Then^ be- 
cause AB is to BC, as DE is to 
EF ; alternately, AB is to DE, 
as BC is to EF (fi) ; but aaBC 
is to EF, so is EF to BG ; 
therefore as- AB is to DE, so is 
BF to BG (c) ; and the sides 
of the triangles ABG, DEF 




e 

a) VI. 11, 
h) V. 16. 
c) V. 11. 
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which are about the equal 
angles, are reciprocally pro- 
portional. But triangles 
which have the^ sides about 
two equal angles recipro* 
cally proportiomtl are equal 
to one anotiier (d) ; therefore 
the triangle ABG is equal to 
the triangle DEP. And be- 
cause as fiO is to BF, so is ,^ yj ^^ 
:EF to BG ; and that if three k<y^ Def^ 10. 
straight lines be proper- (/)V1. 1. 
-tionius, the first is said to 

liave to the thkd the duplicate ratio of that which it has to 
tihe second (^) ; tharefore BC has to BG the duplioate ratio of 
tha,t which BO has to £F. But as BO is to BG^ so is the triangle 
ABC to thft tri^ngla ABG (/) ; therefore the txiangle ABO has 
to the txiangle ABG the duplicate ratio of that, which BO has 
to SF ; but the triangJk ABG is equal to the triangle DBF ; where- 
fore also the triangle ABO has to the triangle D£F the duplioate 
ratio of that tahioh BG hoe to ISiF. 

CoBOiiiiAET* From iHua it is manifest, that if three straight 
lines he proportionals^ as the first is to the thirc^ so is as^ triajigJe 
\u)oa the &st to a sunilar, and similarly-descnhed triangle ufon 
t&ft second. 



PBOPOSITTON XX. 



Theoeem.— ^ polygons (ABODE, FGHKL) are similar, 
tbey may be divided into the same number of similar trian- 
^68, having the same ratio to one another that the polygons 
h\e; and the polygons have to one another the duplicate 
ratio of that which their homologous sidiBs (AB, FG) have. 

CoKsrauoziQX.. Join BB^ £0, GL^ LH. 

BsMoirsntA^iON. Because the polygon ABODE is, similar 
^ the polygon FGHKL, the angle A ia equal to the an^e 
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(a) VI. Def. 1. 

[b) VI 6. 
cj VI. 4. 
/) V. 22. 

[e) VI. 19. 
V. 11. 
0V.12. 



F, and BA is to AE, as GF is 
to FL (a) ; and because the 
triangles ABE, FGL have an 
angle in one equal to an angle 
in the other, and their sides 
about these equal angles pro- 
portionals, the triangles are 
equiangular (h), and therefore 
similar (c) ; wherefore the angle 
ABE is equal to the angle 
FGL. And, because the poly- 
gons are similar, the whole 
angle ABC is equal to the 
whole angle FGBL (a) ; there- 
fore the remaining angle EBO 
is equal to the remaining 
angle LGH. And because the triangles ABE, FGL are similar, 
EB is to BA, as LG is to GF (a) ; and also, because the polygons 
are similar, AB is to BO, as FG is to GH (a) ; therefore, e^ 07^*^0^', 
EB is to BO, as LG is to GH (d) ; that is, the sides about the 
equal angles EBO, LGH are proportionals ; therefore the triangles 
EBO and LGH are equiangular (b), and similar (c). For the same 
reason, the triangle jSOD is similar to the triangle LHK: there- 
fore the similar ^mons ABODE, FGHEL are divided into the 
sanie nwmher of mawir triangU%. 

Also these triangles have, each to each, the same ratio which 
the Dolygons have to one another, the antecedents being ABE, 
EBO, EOD, and the consequents FGL, LGH, LHK : and the poly- 
gon ABODE has to the polygon FGHKL the duplicate ratio of 
that which the side AB has to the homologous side FG. 

Because the triangles ABE, FGL, are similar, ABE has to FGL 
the duplicate ratio of that which the side BE has to the side 
GL (e). For the same reason, the triangle BEO has to GLH the 
duplicate ratio of that which BE has to GL. Therefore, as the 
triangle ABE is to the triangle FGL, so is the triangle BEO to 
the triangle GHL (/). Again, because the triangles EBO, LGH 
are similar, EBO has to LGH the duplicate ratio of that which 
the side EO has to the side LH. For the same reason, the trian- 
gle EOD has to the triangle LHK the duplicate ratio of that 
which EO has to LH. As therefore the triangle EBO is to the 
triangle LGH, so is the triangle EOD to the triangle LHK (/) ; 
but it has been proved that the triangle EBO is likewise to 
the triangle LGH, as the triangle ABE to the triangle FGL. 
Therefore, as the triangle ABE is to the triangle FGL, so is 
the triangle EBO to the triangle LGH, and the triangle EOD to 
the triangle LHK. And because, as one of the antecSents is to 
one of the consequents, so are all the antecedents to all the con- 
sequents {jg\ therefore as the triangle ABE is to the triangle 
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FGL, 80 is the polygon ABODE to the polygon FGHKL ; but the 
triangle ABE dm to the triangle FGL the duplicate ratio of that 
which the side AB has to the homologous side FG. Therefore, 
also, the polygon ABODE hu to the polygon FGHKL the du^icate 
ratio of that which AB has to the homologoua side FG. 

OoBOLLABT 1. In like manner it may be proyed, that similar 
four-sided figures, or figures of any number of sides, are to one 
another in the duplicate ratio of their homologous sides, as has 
already been proyed in the case of triangles. Therefore, uniyer- 
sally, similar rectilineal figures are to one another in the duplicate 
ratio of their homologous sides. 

OoBOLLABY 2. And if to AB, FG, two of the homologous sides, 
a third proportional M be taken, AB has to M the duplicate ratio 
of that which AB has to FG (a) ; but the four-sided 
figure^ or polygon upon AB has to the four-sided M V. Def. 10. 
figure or polygon upon FG likewise the duplicate (*5 VI. 19, cor. 
ratio <tf tnat which AB has to FG ; therefore, as 
AB is to M, so is the figure upon AB to the figure upon FG, 
which was also proyed in the case of triangles (6). Therefore, 
tmiyersally, it is manifest that if three straight lines be propor- 
tionals, as the first is to the third, so is any rectilineal figure upon 
the first, to a similar and similarly-described rectilineal figure 
upon the second. 

CoBOLLABT 8. From the foregoing it follows, that the perimeters of 
liimlar rectilineal figures are as their homologous sides. 



PROPOSITION XXI. 

Theobem.o— i/ rectilineal figures (A and B) are similar to 
ih$ same rectilineal figure (C), they are also similar to one 
another. 

Demonsthatioit. Because 
A is similar to 0, they are 
equian^lar, and also haye 
their sides about the equal 
an^es proportionals (a), 
Agfldn, because B is similar 
to 0, they are equiangular, 
and haye their sides about 
-the equal angles propor- 
tionals (a). Therefore the (a)yi.DetL 
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figures A, B axe jeach of 
them equiaagttlar to G, and 
have the sides about the 
equal angles of each of them 
and of C proportionals. 
Wherefore the rectilineal 
figures A and B are equian- 
gular (b), and hove their 
sides about the equal angles 
proportionals (e), Theref<Hre 
A is simiiar to B. 




I 



«)LAx.l. 

[4 V. 11. 



PROPOSITION XXII. 

Theorem [l.y^If four straight linss{AiB, OB, EF, GH) 
be proportionaU, the similar rectilineal figures ^milariy de- 
scribed upon them shall also be properiioiMds ; [Si] tmd ij 
the similar rectilineal figures similarly described upon four 
straight Unes be proportionals, those straight lines shall also 
be proportionals. 

Construction. Upon AB, CD 
let the similar rectilineal figures 
KAB, LCD be similarly described; 
and upon EP, GH, the similar rec- 
tilineal figures MP, NH, similarly 
described. 



Demonstration [1.] To AB, 
CD, take a third proportional 
X {a) ; and to EP, OH, a third 
proportional 0. And because AB 
is to CD, as EP is to GH, and that 
CD is to X, as GH is to {b) ; 
therefore, ex cequali, as AB is to X, 
so is EF to (<;). But as AB is 
to X, so is the. rectilineal figure 
EAB to the figuie LCD ; and as 
EF is to 0) so IS tlM figure MP to 
the figure NH (d) ; therefore, 
as KAB is to LCD, so is MF to 
NH(5> 

l%Y2bke a line FB^sothatAB 

isto CD,as EFis toFK (e), and 

upon PR desoribe the rectilineal 

^ure 8R similar and similarly 




[d) VI. 20, cor. 2. 
r«) VI. 12. 
/) VL 18. 

r) V. 9, 

0V.7. 



^ ii to CD, BO is EF to pa, and Ha^ upon JiB, CD are deiaiib«d 
ilie limiUc utd Bimilarly-utwitcd leciilinMJ Sguree KAfi, LCD, 
Aid upon EF, PR, in like maiuieT the aunihtr rceiiliiwal figurM 
3dF, ^ ; KAR ia to LCD, ms HF ia to SK ; and therefore ilie rec- 
tilineal figure MF having the same ntio to wch of the two KH, 
£K, these are equal to one another (y) ; thej are alio Hiailar and 
^milarlj rituatod; therefore QE is equal to PK. And beoauie as 
.ABi«toCD,w>i8BFtoPE,andthatPRU«qnaltoQH(A); AB 
-u to CD, <mEF if to QH. 



PROPOSITION XXIII. 



Thboebu . — ff partSUlogratM (AC, CF) are «quia»g}dar, 
thej have to one another the r&tio nhicfa i 
the ratioa of theiz eidea. 

CoHBiEnoTios. Let BC, CG, tvx of the 
fdu aiovt the eowjl atiglei be plaeedin a 
»raight line; titerefore DC and CE are 
qJw m a Araigkt Utu (a). Compete the 
rmtUeharatri DG; ikuL takim aim 
tmtgittituKimaieatWutom.iou 
iloh; andatDGu to CB, x make L to 

mi). 

DuoirsTK&TiON. The ratiOB of E to L, 
ud L to U, are the Bune with the ratios 
or the odM, namely, of BC to CO, and 
DO to CE. But the ratio of E to M ia 
that which iM laid to be coropounded of 
the raUos of K to L, and L to M (e) ; 
vheiefore also E has to M the ratio com- 
pounded of the latioB of the sideB. And 
because m BO ie to CG, so ia the pual- 
ltl(^;ram AC to tha paralielogntm CH (d) ; 
lod as BC is to CG, so is E to L; 
therefixe -E is'to I^ as the paraUelcgram 
AC ia to the parallelogram CH {e). 
Aguo, because aa DC is to CE, so la 
1m psraUelognun OH to the porallel- 
MnnitOF; aadasDOie toCE, solsL 
KM ; tbeiefore L ia to 3Wi as the panl- 
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lelogram CH is to the puaUelogram CF. 
^erefore, since it hu been proTed, that 
u E 19 to L, BO is the MrellelogTam AG 
to the paraUelogram CH ; and aa L b to 
M, BO u the pantllelograiD CH to the 
panllelogrftm OF ; ex amwdi, E is to M, 
&i the panllelogr&m AC is to the pval- 
HogTsm CF (/). But E has to M the 
ratio which ia compounded of the ratios 
of the sides ; therefore alao ike paralld- 
ogram AC lm» to. the parallelogram CF tht 
ratio which it eomponnded of the ratios 
of cht sides. 



CoBOU,AKr I. If triangle! have an angle o/lhe ant equal to a _ . 
tie i>ti«r, they are to one another as the cectuiglea uudoi the eides about 
thoM angles. 




le lectaugiea under their Ivues and altitudes. 



PROPOSITION XXIV. 



Thbobeh. — If paraiUdogramt (£G, HK) are about the dia- 
meter of any paralUlogram (AfiCD), they are Bimilar to the 
vhole and to one another. 

DEKOHeiRATiOB, Bccsuse DO, GP are 
parallels, the angle D it equal to the 
ftngle AGF (a) ; and because BC, EF are 
paj^els, the angle B is equal to the 
angle AEF (a) ; also each of the angles 
BCD, EFQ are equal to the opposite 
angle DAB (b), and therefore are equal 
to one another; wherefore the parallelo- 

Sma ABOD, AEPG are equiangular. 
i because in the triangles BAG, EAF 
the angles B and AEF are equal, and the 
&ugle BAG common to both, they are 
equiangular to one another ; tlierefore aa 
AB is to BC, >o ia AE to EF (<;). And 

because the opposite sides of parallel ograms are equal to one 
another (% AB is to AD, as AE is to AG ((f) i ui^ DC is to OB, ■' 
QFia toFKi wd ftlsoCDu to DA, as FGuto ' 



A -B B 



li. 



Thoc^ire 
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tiie sides of the parallelograms ABCD, AEFQ about the equal 
angles are proportionals ; and they are therefore similar to one 
another (e) ; and for the same reason, the parallelogram ABOD is 
similar to the parallelogram EHOK. Wherefore each of the paraU 
Idograms GE, EH, is similar to DB ; but rectilineal figures which 
are similar to the same rectilineal figure are also similar to one 
another (/) ; therefore the paraUdogram GE is similar to KH. 



PROPOSITION XXV. 




Pboblem. To construct a rectilineal figure which shall be 
similar to one (ABO), and equal to another given rectilineal 
figure (D). 

Solution. Upon the 
straight line BO construct 
the parallelogram BE 
eqiud to the figure ABO . 
(a) ; also wpon OE conr 
strtict the paraUdogram 
CM equal to D, and hav- 
ing the angle FOE equal 
to the angle OBL (a) ; 
then BO and OF are in a 
straight line {b), as are 
dso LE and EM. Be- 
iween BO and G¥ find a 
mean proportional^^ (c), 
(md wpon GH construct 
the rectilineal figure EGH, 
sLmSiar and similarly 
situated to the figure 
ABO {d)f and it shale be the rectiliTiealfigwre required equal to D. 

Demonstbation. For BO is to GH, as GH is to OF, and if three 
straight lines be proportionals, as the first is to the third, so is the 
figure upon the first to the similar and similarly-described figure 
upon the second {e) ; therefore as BO is to OF, so is the rectilineal 
figure ABO to EGH ; but as BO is to OF, so is the parallelo^am 
BE to the parallelogram EF (/) ; therefore as the rectilineal 
figure ABO is to EGH, so is the parallelogram BE to EF {g\ But 
the rectilineal figure ABO is equal to the parallelogram BE ; 
therefore the rectilineal figure EGH is equal to the parallelogram 
SF (A). But EF is equal to the figure D ; therefore also EGH is 
egfttal to D ; and it is similar to ABO. 



E M 

(a) I. 45, cor. 

[b) I. 29 and 14. 
:c) VI. 13. 

V) VI. 18. 

[e) VI. 20, cor. 2. 

(f) VI. 1. 



(/) VI. 1. 
W v! 14.* 
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SoHOLiirH. This propoation may be moro genarally emunoiated ** To 
constmct a figure of a gunaa. apedei and a given maguitudt!* 



PROPOSITION XXVL 

Thbobbm. IJ two swUlar paraUelogranu (A6GD, AEFG) 
have a common angle (DAB), and be similarly situated^ they 
are about the same diameter. 

Demonstbation. For, if not, let 
the panJlelogram BD have its dia- 
meter AHO in a different rtxaight 
line from AF the diameter of the 
parallelomm EG, and let OF meet 
AHC in H ; through H draw HK 
paraM to AD or BC (a). Then, 
oecause the parallelograms ABCD, 
AEHG are about the same diameter, 
they are similar to one another {b) ; 
therefore as DA is to AB, so is GA 
to AE {c) . But because ABOD and 
AEFG are similar parallelograms, 
as DA is to AB, so is GA to AE ; 
therefore GA is to AE, as GA is to 
AE {d) ; wherefore GA has the same ratio to each of the straight 
lines AE, AE, therefore they are equal {e\ the less to the greater, 
which is impossible. Therefore ABCD and AEHG are not about 
the same diameter ; wherefore ABCD and AEFG rmut he about 
the same diam^eter. 




(«) I. ai. 
:») VI. 24 

[e) VI. Def. 1. 

f) V. 11. 
[e) V. 9. 



PROPOSITION XXVIL 



Theorem. — Of all the paral- 
lelograms that can be inscribed 
in any triangle (NAB), that which 
is constructed on the half of one 
of the sides as hase, is the greatest. 

CbirsTEUOTiON. Let ACDM be a 
paraJUdogram constructed on half 
the base AB, anfid AEFG omy other 
paraSdogram inscribed in the 




(a) L 36. 
(6) I. 48. 



triangle a AB ; complete the pttraSelogram AB and produce GP and 
EF to L and H. 
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Demonstration. Because AC and CB are equal, the parallel- 
ogram AD is equal to the parallelogram OE, and the parallel- 
ogram AO to the parallelogram OH (a) ; and because OF and FE 
are the complements of the parallelograms OL and KH, OF is 
eqaal to FE {b) ; therefore, adding equals to equals, the parallel- 
ogram AF is equal to the gnomon LBO. But the parallelogram 
G£ is greater than the gnomon LBO ; therefore the parallelogram 
AB is also greater than the gnomon LBO. But the parallelogram 
AF is equal to the gnomon LBO ; therefore the parallelogram AD 
is greater than the parallelogram AF ; and in the same manner it 
may be shown that the parcdUloaram AD ia ffnaUr than any other 
'garaOdogram that can oe imcriJbed in the triangle NAB. 

ScBOLnnc The enunciation of this proposition, as given by Euclid, is as 
Mows : — '' Of all tiie parallelQ^irams applied to the same strai^t line, and 
deficient by parallelograms, similar and similarly situated to that which is 
described upon the half of the line; that whicn is applied to the half, and 
is similar to its defect, is the greatest." That which has been substituted 
above is not only more intell^ble but admits of a shorter prove 



PROPOSITION XXVIII. 

Pboblem. To divide a given straight line (AB) into tifo 
parts such that parallelograms of equal altitude may be con- 
strocted upon them, one equal to a given rectilineal figure (C), 
and the other similar to a given paraUehgram (D) ; the rectili- 
neal figuro (C) not being 

greater than the paral- M. « ^ 

lelogram constructed on 
Half the given line, and 
similar to the given pa- 
lallelogram. 

SoETWiOF. Divide AB 
te ivA> eqnalpartiB in the 
point E {a)f and tmm EB 
wu^tueethepardlu^ogram 
BBPG aimuar and dmir- 
hdy situated to D (h\and 
. comjplete the parallelogram 
AC, whichy hy the deter- 
Viinationy nvust he either 




(a) L 10. 

(b) YI. 18. 



"B ^ 
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(c) VI. 25. 

(d) VI. 21. 
(c) VI. 26. 
(/) I. 34. 
Q) I. 36. 
(A) VI. 24. 



e^'ZMi? ^0 C, or greater than 
it. If AG he equal to C, 
then what was required is 
already done. ¥ot, upon 
AE, one of the parts of 
AB, the parallelogram 
AG is constructed equal 
to the given rectilineal 
figure C ; and upon EB, 
the other part^ a parallel- 
ogram of equal altitude, 
has been constructed, 
similar and similarly situ- 
ated to the given paral- 
lelogram D. But if AG 
be not equal to 0, it is 
greater than it ; and be- 
cause EF is equal to AG, 
therefore EF is also 
greater than 0. Make 
the paraUdogram ELMN 
equal to the excess of EF 
above C, and similar and similarly situated to D (c) ; I 
similar to EF, therefore also the parallelogram KM is sii 
EF {d). Let EL be the homologous side to EG, and LM 
then because EF is equal to C and KM together, EF is 
than KM, therefore the straight line EG is greater than ] 
GF than LM. Make GX eqim, to LK, and GO equal to I 
complete the paralldogram AGOP. Then XO is equal and 
to KM ; but KM is similar to EF ; therefore also XO is si 
EF, and therefore XO and EF are about the same diagc 
Let GPB be their diagonal, and produce XP to T aTid R, < 
to S. Then because EF is equal to and KM together, ! 
a part of the one is equal to KM a part of the other, the 
der, namely, the gnomon ORE, is equal to the remainder < 
because OR is equal to XS (/), by adding SR to each, th 
OB is equal to the whole XB ; but XB is equal to TE (y), 
the bases AE and EB are equal ; wherefore also TE is e 
OB ; add XS to each, then the whole TS is equal to the 
ORE ; but it has been proved that the gnomon ORE is c 
S ; and therefore also TS is equal to 0. Wherefore the gx 
AB is divided into two parts AS, SB, sxich that the paraUelOi 
constructed on one of them is equal to C, and the paraUdog 
of the sam£ aUiiude, constructed on the other part, is simm 
given one D, because SR is similar to EF (fi). 
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PROPOSITION XXIX. 

Pboblem. To produce a given straight line (AB) so that 
a parallelogram similar to a given one (D) being constructed 
on the produced part, another parallelogram of equal altitude 
constructed on the whole line produced, may be equal to a 
given rectilineal figure (C). 

Solution. Bi- 
sect AB in the 
P^ £> and on 
M& construct the 
paraUdogram EL, 
^mUar and simi- 
^riy situated to 
1) (a) ; and make 
^he paraUdogram 
OH equal to EL 
Qni C together, 
und similar and 
similarly situated 
to D (^; where- 
fore GH is simi- 
lar to EL (c). Let 
£H be the side 
lunnologoiis to 
FL, and EG to 
^ ; then be- 
cause the paral- 
lelogram GH is greater than EL, therefore the side EH is 
greater than FL, and EG than FE. Produce FL and FE, and 
make FLM equal to EH, and FEN to EG, and complete the paral- 
Idof^ram MN. MN is therefore equal and similar to GH ; but GH 
is smiilar to EL ; wherefore MN is similar to EL, and consequently 
£SL and MN are about the same diagonal {d). Draw their diagonal 
FX, and complete the figure. Therefore since GH is equal to EL 
and together, and that GH is equal to MN ; MN is equal to EL 
and 0; take away the conmion part EL; then the remainder, 
namely, the gnomon NOL, is equal to C. And because AE is 
equal to EB, the parallelogram AN is equal to the parallelogram 
NjB (tf), that is, to BM (/). Add NO to each, therefore the whole 
parallelogTam AX, is equal to the gnomon NOL. But the gnomon 
NOL is equal to 0. Wherefore, u^f>on the whole produAxd tins AO 
there is constructed the paraUdogram AX equal to the given fi>gure C ; 
and the paraUdogram rO of the same altitude as AX, is constructed 
on the 'produAxd part BO, and is similar to D, because PO is similar 
toEL. 




VI. 18. 
VL 25. 
VI. 21. 
VI. 26. 



Ld6. 
1.43. 
VI. 24. 
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PB0P08ITI0N XXX; 

Pbobleii. To cut a given straight line (AB) in extreme 
and mean ratio. 



Solution. Divide AB in the point C, so 
tluzt the rectangle under AB, BC, may he 
eqxujtl to the square on AC {a). 



B 



(a) II. 11. 
(b^ VI. 17. 



(c) VL Def. 3. 



Demonstration. Then, because the rec- 
tangle AB, BO is equal to the square on 
AC, as BA is to AC, so is AC to OB (f>) ; therefore AB is cut in 
extreme and mean ratio in (c). 



PROPOSITION XXXL 



Theorem. — If a triangle (ABC) be right-angled, the rec- 
tilineal figure described upon the side opposite to the right 
angle, is equal to the similar and similarly-described figures 
upon the sides containing the right angle. 



Demonstration. Draw the 
perpendicvlar AD (a). Then, 
because in the right-angled 
triangle ABO, AD is drawn 
from, the right angle at A, 
)>erpendicular to the base BC, 
the triangles ABD, ADO ave 
similar to the whole triangle 
ABO. and to one another (^) ; 
and oecause the triangle ABO 
is similar to ADB, as OB is to 
BA, 80 is BA to BD {c) ; and 
because these three straight 
lines are proportionals, as the 
first is to the third, so is the 
figure upon the first to the 
B^Bular and similarly-described 
figure upon the second {d) ; 
therefore as OB is to BD, so 




» 1. 12. 
[h) VI. 8. 
\cS VI. 4. 
\d) VI. 20, cor. 2. 

C) V. B. 

•) V. 24. 
>)V.A. 



JELEMENTS Of aEOMETBT. 



103 



is the figure upon GB to tiie similar aad similarlj-described figure 
upon BA: and inversely, as DB is to BC, so is the figure upon 
BA to that upon BO {e) : for the same reason, as DO is to OB, so 
is the figure upon OA to that upon OB : therefore as BD and DO 
together are to BO, so are the figures upon BA, AO to that upon 
BO (/) : but BD and DC togetlier are equal to BO ; therefore^ ^A« 
figwe described on BO is eqtm to the similar and nndUtriy-'descrihed 
figwres tcpon BA, AO (y). 



PROPOSITION XXXII. 



Theorem. — If two triangles (ABC, DOE) which have two 
sides of the one (BA, AC) proportional to two sides of the 
other (CD, DE) he joined at one angle so as to have their 
homologous sides parallel to one another^ the remaining sides 
shall be in a straight line. 



DEMONSTBATiOTr. Because 
AB is parallel to DO, and the 
straight Hne AO meets them, 
the alternate angles A, AOD 
are equal (a) : for the same 
reason, the angle D is equal 
to the angle AOD; wherefore 
also JL is equal to D: and 
l>ecause the triangles ABO, DOE 
haye one angle at A equal to 
one at D, and the sides about 
these angles proportionals, yiz. 
BA to AC, as CD is to DE, the 
timngle ABO is equiangular to 




» I. 29. 

6) VI. 6. 

c) I. 32. 

:rf)1. 14 



the triai^le DOE (h) ; therefore the angle B is equal to tiM 
angle DOE : and the angle A was proved to be equal to AOD; 
th^efore the whole angle ACE is '€qual to the two ai^es B, 
A: add the common angle AOB, then the angles ACE, AOB 
are equal to the angles B, A, AOB: but B, A, AOB are 
equal to two right angles {c): therefore also the angles AOE, 
AOB are equal to two right angles ; and sinoe at the point 0, in 
the straight line AO, the two straight lines BO, 0£, which are en 
the opposite sides of it, make the adjacent angles AOE, AOB 
equal to two right angles, therefore BO a/nd <M <we m <x. «^ifa\^^ 
line (d). 
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PROPOSITION XXXIII. 
Theorem. — In equal circles, angles, whether at the centres 
or circumferences, have the same ratio which the circam- 
ferences on which they stand have to one another ; so also 
have the sectors. 

Demonstration. Let ABC, DEF be equal circles ; and at their 
centres the angles BGC, EHF, and the ancles BAG, EDF at their 
circumferences : as the circumference BO to the circumference 
EF, so shall the angle BGC be to the angle EHF, and the angle 
BAC to the angle EBF ; and also the sector BGC to the sector 
EHF. 

Take any number of cir- 
cumferences CK, KL, each 
equal to BC, and any nwmJber 
whatever FM, MN, ed^h equal 
to EF ; and join GK, QL, 
HM, HN. Because the cir- 
cumferences BC, CE, EL are 
all equal, the angles BGrC, 
OGE, EGL are also all 
equal (a) ; therefore what (a) III. 27. 

multiple soever the circum- / sv'iJf^'^' 

ference BL is of the circum- >^\ ttt on 

ference BC, the same multi- U)^^ 

pie is the angle BQL of the \f) JIL Def. 11. 

angle BGC: for the same (^)nL24. 

reason, whatever multiple 

the circumference EN is of the circumference EF, the same 
multiple is the angle EHN of the angle EHF : and if the cir- 
cumference BL be equal to the circumference EN, the angle BGL 
is also equal to the angle EHN (a) ; and if the circumference 
BL be greater than EN, likewise the angle BGL is greater than 
EHN ; and if less, less : therefore, since there are four magni- 
tudes, the two circumferences BC, EF, and the two angles BGKX 
EHF ; and that of the circumference BC, and of the angle B€K7, 
have been taken any equimultiples whatever, viz. the circumfer- 
ence BL, and the angle BGL ; and of the circumference EF, and 
of the angle EHF, any equimultiples whatever, viz. the circum- 
ference EN, and the angle EHN ; and since it has been proved, 
that if the circumference BL be greater than EN, the angle BGL 
is greater than EHN ; and if equal, equal ; and if less, less : 
therefore as the circumference BC is to the circumference EF, so 
is the angle BGC to the angle EHF {h) : but as the angle BGO is 
to the angle EHF, so is the angle BAC to the aagle EPF (c) ; for 
each is double of each (d) ; therefore cu the circumference BO is to 
EF, 90 is the an^le BGO to the angle EHF, and the angle BAO to the 
on^fe EDF. 
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Also, as the circumference BC is to EF, so shall the sector BGC 
be to tna sector EHF. Join BC, OK, and in the circurnferences 
BC, CK take any points X, 0, and join BX, XC, CO, OK : then, 
because in the triangles GBC, OOK, the two sides BG, QC are 
eqiial to the two OG, GK, each to each, and that they contain 
e^ual ancles (a) ; the base BO is equal to the base OK, and the 
triangle GBC to the triangle GOK (e) : and because the circum- 
ference BC is equal to the circumference CK, the remaining part 
of the whole circumference of the circle ABC is equal to the 
remaining part of the whole circumference of the same circle : 
therefore the angle BXC is equal to the angle COK (a) ; and the 
segment BXC is therefore similar to the segment COK (/) ; and 
they are upon equal straight lines, BO, CK : but similar segments 
of circles upon equal straight lines are equal to one another {g) ; 
therefore the segment BXC is equal to the segment COK : and 
the triangle B(K! was proved to be equal to the triangle CGK ; 
therefore the whole, the 
sector BGC, is equal to 
the whole, the sector CGK : 
for the same reason, the 
sector KGL is equal to 
each of the sectors, BGC, 
OQK: in the same man- 
ner, the sectors EHF, 
FBfM, MHN may be 
proved equal to one an- 
other : therefore, what 
multiple soever the cir- 
cumference BL is of the 
circumference BC, the 
aune multiple is the sec- 
tor BGL of the sector 
BGC; and for the same 
leason, whatever multiple 
the circumference EITis 
of EF, the same multiple 

is the sector EHN of the sector EHF ; and if the circumference 
BL be equal to EN, the sector BGL is equal to the sector EHN ; 
and if the circumference BL be greater than EN, the sector BGL 
is greater than the sector EHN ; and if less, less : since then, 
there are four magnitudes, the two circumferences BC, EF, and 
the two sectors BGC, EHF ; and that of the circumference BC, 
and sector BGC, the circumference BL and sector BGL are any 
^oimultiples whatever ; and of the circumference EF, and sector 
EHF, the circumference EN, and sector EHN are any equimulti- 
ples whatever ; and since it has been proved, that if the circum- 
ference BL be greater than EN, the sector BGL is greater than 
the sector EHN ; and if equal, equal ; and if less, less : therefore, 
OS the circumference BC is to the circwnvferefnM 1S»S, so \i^ «fc<A.w 
BOC to the sector EHF (5). 
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PROPOSITION B. 



Theorem. — IJ an angle (BAC) of a triangle (i 
bisected by a straight line (AD) ivhich likewise cuts the < 
rectangle under ike sides of the triangle (BA, AG) is 
the rectangle under the segments of the base (B 
together with the square on the straight line (AI 
bisects the angle. 



DsMONSTRATiON. Dcscrihe the 
circle ACB c^oiU the triangle (a), 
andproduce AD to the circumference 
in E, and join EC : then because 
the angle dAD is equal to the angle 
CAE, and the angle ABD to the 
angle A£0, for they are in the 
same segment {h), the triangles 
ABB, AEC ar6 equiangular to one 
another (c) : therefore as BA is to 
AD, so is EA to AC (d) ; and conse- 
quently the rectangle BA, AC is 
equal to the rectangle £A, AD (e) ; 
that is, to the rectangle ED, DA, 
together with the square on AD, 
(/) : but the rectangle ED, DA 
is equal to the rectangle BD, 
^^ (9) 1 therefore the rectangle BA, 
AC is eqiuil to the recta?igle BD, DC, 
together with the square on AD. 




» rv. 5. 
\h) III. 21. 
c) I. 32. 
[d) VI. 4. 
e^ VI. 16. 
II. 3. 
^g) III. 35. 



PROPOSITION C. 



Thborem. — If from atiy angle (A) of a triangle ( 
straight line (AD) be drawn perpendicular to the ba 
the rectangle, under the sides of the triangle (BA 
equal to the rectangle under the perpendicular (AD) 
diameter of the circle described about the triangle. 

Ik' . 
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DixoNSTBATioN. Describe the cir- 
de ACB ahotU the triangle (a), and 
draw its diameter AE, and join EO : 
because the right angle BDA is 
'ejual to the angle IRCA in a semi- 
cvde (b), and the angle ABD equal 
to the angle AEG in the same seg- 
ment (c) ; the triangles ABB, AEO 
are equiatigular : therefore, as BA 
istoAD, so isEAtoAC (d); and 
consequently the rectangle BA, AG 
is equal to the rectangle EA, 
AD(0. 




'a) VI. 6. 
[6) in. 21. 

[c) III. 81. 

[d) VL 4. 
>) VI. 16. 



PROPOSITION D. 

Theorem. — Uie rectangle under the diagonals of a qaadri-- 
lateral figure inscribed in a circle, is equal to both the rect- 
angles contained by its opposite sides. 

Bbmonsteatiok. Let ABCB be any quadrilateral figure in- 
Bcribed in a circle, and join AC, BB : the rectangle contained by 
AO, BB shall be equal to the two rectangles contained by AB, GB, 
and by AB, BC. 

Maiee the angle ABE equal to the 
<^le BBG (a); add to each of 
these the common angle EBB, 
then the angle ABB is equal to 
the angle ]&G : and the angle 
BDA is equal to the angle BCE, 
because they are in the same seg- 
ment (b) ; therefore the triangle 
ABB IS equiangular to the tri- 
angle BCE : wherefore, as BC is 
to CE, so is BB to BA (c) ; and 
consequently th/s rectangle BC, 
AD is equal to the rectangle BB, 
CE (d) : again, because the angle 
ABE is equal to the angle BBC, 
and the angle BAE to the angle 
BBC (J), the triangle ABE is 
equiangular to the triangle BCB ; 
therefore as BA is to AE, so is BB 




a; I. 28. 
6) III. 21. 
:c) VI. 4. 
f) VI. 16. 
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to DC (c); wherefore the rect- 
angle BA, DO is equal to the 
rectangle BD^ AE {d) : but the 
rectangle BO, AD has been shown 
equal to the rectangle BD, OE ; 
therefore the rectangles BO, AD, 
and BA, DO are together equal to 
the rectangles BD, OE, and BD, 
AE ; that is, to the whole rectan- 
gle BD, AO (e) ; therefore the whole 
rectangle AC, BD U eaual to the 
rectangle AB, DC, together with the 
rectangle AD, BO, 




[c) VI. 4. 
/) VI. IG. 
e) II. 1. 



Scholium. This proposition is a Lemma of 01. Ptolomseus, in p 
the Mtydxn 'Svyralif^ or " Great Construction,** 



THB 
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BOOK XI. 

DEFINITIONS. 




1. A Solid is a magnitude, hiving lengthy breadth, avid thickness. 
Corollary. All solids are bounded by superficies^ or swrfcbces. 



2. A straight line AB is said to be per^ 
Pffidictilar to a plane, when it makes 
right angles with all straight lines which 
meet it in that place. 



3. A plane is said to be perpendicular to a 
plane, when any straight Ime AB, drawn in 
one of the planes perpendicular to the common 
section of the two planes, is perpendicular to 
the other plane. 

Scholium. The common section of two planes is 
the line in which they mutually cut or intersect each 

other. 

4. The inclination of a straight line 
AC to a plane is the acute angle formed 
^7 that straight line, and another CB 
wawn from the point C, in which the first 
^6 meets the plane, to the point B in 
which a perpendicular AB to the plane 
^wn from any point A of the first line 
Aboye the plane, meets the same plane. 
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5. The indination of one plane to another 
is the acute angle ABC, formed by two 
straight lines drawn from any the same 
point B of their common section at right 
angles to it, one AB upon one plane, and 
the other BO upon the other plane. 

6. Parallel planes are such as do not meet one anoth 
though produced ever so far in every direction. 

7. A Solid angle is that which is made by the meeting in o: 
point of more than two plane angles, which are not in the sa 
plane. 

8. Equal and simi- 
lar SOLID FIGURES, 

CBBD, HGLK, are 
such as are contained 
by similar planes 
equal in number, 
magnitude, and inclination to one another. 

9. Similar solid fiottbes are such as have all their 
angles equal, each to each, and are contained by the same numl 
of planes similarly situated. 

10. A PYRAiOD is a solid figure contained by 
planes that axe constituted between one plane figure 
and a point 9hoTe it. 

ScHOLiTTM. The last-named plane figure is called the 
hose, and the point above it the vertex of the p3rramid ; and 
all the planes meeting together in the vertex are triangles. 
The altitude of a pyramid is the perpendicular drawn n-om 
its vertex to its base. 

11. A PRISM is a solid figure contained by plane 
figares, of which two that are opposite are equal, 
similar, and parallel to one another ; and the others 
are parallelograms. 

Scholia. 1. The opposite ends are termed the hases of the 
prism, and the parallelograms its sides; but the term base is 
sometimes applied to any side upon which it is supposed to 
stand. The attstaefe of a prism is a perpendicular from one of its ends oK 
bases to the other. 

2. A prism, the aids or bases of which are perpendicular to its sides, is 
said to be a righi prism ; any other is an dbUque prism. 

3.*PyTamids and prisms are said to be triangular, quadrar^lar, pentm 
gonaly or poli/gonal, according as their bases are triangles, quadrangles, pen- 
tagons, or polygons. 






13. A. apwEBX is « lolid figure described hj 
the revolution «£ a, Bemieucle (ABC) about 
its di&meteT (AC), which remoma uBmored. 

MA. Sie iia or a. bpbekb is the £xed 
staarigM liDc (AC) about which the 




16. The DiAXETEB or a bphebb is any Btraielit line which 
Mwaes through ita center, stnd u tenniiiated boUi ways by the 
luperficies of the sphere. 




a solid figure described by the revolutioi 



„-, . ,.h side remains fiied. If the fiied side (AB) be equal 

c« the otker side coutaioing the right angle (CB), the cone is said 
■M be nfkt-tinffled; if it (DF) be less than the other side (EF), 
"^ 'rf; and if greater (as GH and HI) aeate-angUi. 



17. Tbe AXIS or A c 
tlu triani^e revolTeg. 



is the fixed straight line about which 



K .%. onsKKEB is a solid figur 
lOTdMbn of a right-angled par 
about «■• of its sides (AB), which t< 
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22. SiMiLAB CONES AND cYLi]!n)ERS are those which have their 
axes and the diameters of their bases proportionals. 

23. A PABALLELOPiPED is a solid figure contained 
by six quadrilateral figures^ whereof every opposite 
two are paralleL 

Scholium. A parallelepiped is a prism with parallel- 
ograms for its base. When its sides are rectangles it is said 
to be r^fhtj if otherwise, oblique. 

24. A POLtHEDBON is a solid figure contained by plane figures. 

Scholium. When all. the plane figures are eqnal and similar, the poly- 
hedron is said to be regular. 

25. A CUBE, or hexahedbon, is a solid figure 
contained by six equal sqhares. 





26. A tetbahedbon is a solid figure con- 
tained by four equal and equilateral triangles. 



27. An ootahedbon is a solid figure contained 
by eight equal and equilateral triangles. 




28. A bodecahedbon is a solid figure con- 
tained by twelve equal pentagons which are 
equilateral and equiangular. 



29. An icosahedbon is a solid figure con- 
tained by twenty equal and equilateral tri- 
angles. 



PROPOSITION I. 




Thxobeh. — One part of a straight line cannot 
plane, if another part is above it. 

DnoKBTKATion. If it be 
pOMibl^ let AB, put of the 
•tniglit line ABC, be in the 
^Hi«, and the part BC abore 
it: and once the straight line 
AB ia in the plane, it can b« 
nndnced in that plane : la it 

iipntlveed to D ; and let any r 1 1 I) r r 

idane pass through the atraight vtl }' ^^ '^' 

Gm AJ>,_ and be turned about >. J ^' " ''°'- 

it until it pass through the point C ; and because the points B, C 
■n in this plane, tike straight line (a) BG is in it : therefore there 
an two ifaraight lines ABC, ABD in the same plane that have a 
eonunon sennent AB ; which is impossible {b). Therefore AB and 
CD are in Sie tame plofte. 



PROPOSITION II. 
Thzokbu. — If ttco itraight lines (AB, CD) cut one anoiher, 
ihey are in one plane; and if three itraight lines (EC, CB, BE) 
mtet one anotlter, thej are in one plane. 



plane pass through the 

abaight line EB, ana let the 

plane be turned about ER 

Jtroduced if necessary, until 

at pass through the point G : 

titen, because the points B, C 

ue in this plane, the atraight 

line EO is in it (a) ; for the 

(amereason, the straight line 

SO it in the same ; and by 

the hypothesis, EB is in it ; 

thorraore the tki-te straight 

Unet EC, CB, BE art in one 

fiane : but in the plane in 

Which EC, EB are, in the same are CD, AB (4); therefore A:^ CD 

onincmplaTK. 




PEOPOSITION III. 

Theobeu. — IJ tieo jiUmM (AB, BC) out one another, their 
commoa section (BB) is a stnugfat line. 

Dekonstbatioh. If it be not, from 
Ae point DioB, drnan, in ike ploMt 
AB, fle rirm^ ttw SBB, and tn the 
plane BO, the ^raiffkt Sme BFB : than 
two (tnug^t lioM DKB, fifB have 
the came n |— i"'**", aod tiieretbre 
isolude a VMS betwixt tbom; which 
it imposuhle (a) ; therefore BD, the 
commoD sacUon of the planeB AB, BC, 
eanaot but be a ttraightlint. 



^^^^ip 



PBOPOSITIOH IV. 
Thboeew. — If a siraight line (EF) stand at right anglea to 
each of two Uraight Unet (AB CD) in the pomt of their inter- 
section (E), it shall also be at nght angles to the jilane nhich 
passes through them, that is to the plane la \ihich they are, 

DSXOIIBTK&TtOR. tltka 

the ctm^t lines A£,SS^ 
CB, ED, lil oqati to one 

draUjin IhepUmein nhieh 
are AB, OD, any Mraiaht 
line QBE, ana Join AD, 
CB : then from onv peint 
F, u) m, «ka»p FA, FQ. 
PD, PC, PH, PB: ud 
because the two Btrught 
lines AE, ED ara equal to 
the two BE, EC, each to 
each, and that they eon- 
tuD equal angies AED, 
BEC (a), the base AD b 




trianglM £b6, BBH b^ie tiro tutglM of the'o__, 

angles of the otiur, Moh to each, and the tidcB AE, EB, ai^acent 
to the equal Higlci, eqiul to one another ; wherefore thej hare 
their other ndaa eqaal (a) ; therefore GE is eoual to EH, and AQ 
to BH : and beoMue AS is equal to EB, and FE conunon and at 
right angles to then, the base AE ia equal to the base FB (b) ; &a 
tha same re—, (IF ii equal to SD : and because AD is equal to 
BC,andAf loV%tiMtwostdMFA,ADaTeequaltothe two FB, 
B(^«aoh4e«Mh;Mi&ehMeIS' waspiorad equal to the base 
fO; 111 mf i> I <to«W^ gAD k equal to die angle FBCjd) ; agMa, 
itintMm«ltt«taM«|Mlto^H,aitdalsoAf toFfii there- 
fiaeUaB<A'Q,UB«|MltoFBaadBH, each to each; and the 
an^ FA& kM tem prored equal to the angle F3H ; therefore 
thff fl*T GF is -ecpul to the bMe FH (j^ : again, because it wh 
wored fliat QE is equal to EH, and EF is common, therefore G^ 
SF are equal to HE, EF, each to each ; and the baje GF is eqiuJ 
to the base FH ; thwefore the anzle GEF is equal to the angle 
HBF (d); and consequentlj each of these angles is a right 
angle (e) ; therefore FE makes right angles wi th GH, that is, irith 
"^j inUiep' 



5S[. 



itrught line drawn through E, ii 



_ It with every straight line which meets it in that plane. But 
artaight line ia at right angles to a plane when it makes right 
Mi§^w with every straight line which mei ' 
therefore EF is at right angles to the plane 



PROPOSITIOH T. 



Theorem. — If three 
ttraight lines (BC, BD, 
BE) m£et aUin one point 
(B), and a »tT<ught line 
(A3) ttand at right anyleg 
to mti of (Amr in Aat 
jMMt, tli«M tiiree fteugki 
lines WB in one end Uae 
same ^ane. 

DsuamTitATiMr. If not, 
flet, if it be possible, BD and 
BE be in one plane, and BO 
be above it ; and let a plane 
pass through AB, BC, the 




no 
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cominoa section of nhich, 
with the plane in which BD 
and BE are, is a straight 
line fa); let this be BF: 
therefore the three straight 
lines AI^ BC, BP are all in 
one plane, tiz. that which 
passes through AB, BC : and 
because AB atands at right 
angles to each ofthestraight 
lines BD, BE, it is also at 
right angles to the plane 
passing through them (b) ; 
ftnd therefore makes right 
angles vith ever; straight 
line in that plane which 
meets it (c) : hut BF, which 
is in that plane, meets it ; 
therefore the angle ABF is 
% right ansle : but the angle 
ABC, by tne hypothesis, is 
also a right angle ; there- 
fore the angle A^F is equal to the angle ABIl and they are both 
in the same plaae; which la impossible (rJ) :" therefore the straight 
line BC is not above the plane in which are BD and BB: where- 
fore the thru straight linet BC, BD, BE are in one and the tame 
plane. 




m XI. 4. 

!>XI.I>ef.8, 
I) L Az. ». 



PROPOSITION VI. 



Theohem. - 



-If two 

ttraight lines (AB, CD^ 
be at right angles to the 
same plane, thej shall 
bo parallel to one an- 
other. 

Dehonstkatioh. Let 
them meet the plane in 
the points B, D, anddrao) 
the itraighi line BD, to 
which draw DB at right 
angles (a), t'n the same 
plane; and maie DB 
tquid to AB (ft), and join 
BE, Al, AD. Then, be- 
cause AB is perpendi- 
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colftT to the plane, it ihall make right angles with ever; itiBisht 
line which meets it, and is in that plane (c) ; but BD, BE, which 
aze in that plane, do each of them meet AB ; therefore each of the 
angles ABD, ABE is a right angle ; for the same reason, each of 
the angles CDB, CDE is a right angle : and because AB it equal 
to DE, and BB common, the two aides AB, BD are equal to the two 
BD, DB, each to each; and they contain right angles; therefore 
the baaa AD is equal to the base BE (d): again, because AB 
is equal to DE, and BE to AD ; AB, BE are equal to ED, DA, each 
to each; and, in the triangles ABbl, EDA, the base AE is common; 
therefore the angle ABE is equal to the angle EDA («) ; but ABB 
ia a right angle ; therefore EDA is also a right angle, and ED per- 

Sandicular to DA ; but it is also perpendicular to each of the two 
D, DC; wherefore ED is at right angles to each of the three 
itrught lines BD, DA, DC, in the point in which the; meet ; 
therefore these three straight lines are all in the same plane (/) : 
but AB is in the plane in which are BD, DA, because any three 
■traight lines which meet one another are in one plane (ff); 
therwore AB, BD, DC are in one plane: and each of the angles 
ABD, BDG is a right angle ; ther^ore AB :m poro&f to CD (A). 



PROPOSITION VII. 



Theoreu. — If two straight Im«« (AB, CXi) he paToUel, tlie 
atraight line drawn from any point (E) in the one to any point 
(F) in the other, is in the same plane with the parallels. 

DEMOHSTaATioM. If not, let 

it be, if possible, abore the 

plane, as EGF ; and in the plane 

ABCD, in which the parallels 

are, draw the ttraight line EHF 
from B W F; and since EGF 

also is a straight line, the two 
.atraightlinflBEHFjEGFinclude 

a space between them ; whichis 

impossible (a): therefore tht 

ttrawht line joining the points 

E, F t» not above the plague in 

v^kidi the paraSeU AB, CD are, 

and it therefoTt in that plane. 




PROPOBITION VIIL 

Theobeh. — If two (tra^At linti (AB, CD) he fartiMA, and 
one of them (AB) u at right anghs to a ploM, the other (CD) 
shall bIbo be at right angles to the same plane. 

Sbmohbtbatiqit. Let 
AB, CD meet tbeplana 
in the poiatB B, S;a7td 
join BD : tbeTef<nra ABj 
CD, BD are in one 
jdane (<t). In, thtpkme 
to wh/UA AB ia at ri^ht 
an^idrme VSatn^ht 
angUa to BD (i), and 
mwifeB DE ejwrf (D AB (c), 
and join BE, AE, AD, 
AndWause ABU per- 
pendicular to the plane, 
it is perpendicular to 
' 67617 BtTBight line 
which meets it and is 
in that plane (if) ; 
therefore caok of the 
angles ABD, ABE ia a 
right angle: and be- 
cause the straight line 

BD meets the parallel straight lines AB, CD, the angles ABD, 
CDB are together equal to two right angles (e) : and ABD is a 
right angle; therefore also CDB is a right angle, and CD perpen- 
dicular to BD; and because AB is equal to DE, and BD common, 
the two AB, BD are equal to the two ED, DB, each to each ; and 
the angle ABD is eqoal to the angle EDB, because each of them 
is a right uigle; tiiereforc the base AD is equal to the base 
BB (/): again, because AB i# equal to DB, and BE to AD; the 
two AB^ BB are equal to the two ED, DA, each to each ; and the 
base AE is cenuaon to the triangles ABE. EDA ; wherefore the 
angje ABB is equal to the angle EDA (^) : but ABE is a right 
angle; and therefore EDA is a right angle, and ED psrpendicmar 
to DA: but it is also perpendicular to BD (A); theretore BD is 
perpendicnlar to the plane which passes through BD, DA (i) ; and 
therefore makes right angles with every straight line meeting' it 
in that plane {d) ; but DC is in the plane passing through BD, 
DA because all three are in the plane in which are the parallels 
AB,CD; wherefore BD is at right angles to DC; and therefore CD 
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ii It right angles to DE : but CD la aba at linht anglea to Dfi ; 
thenfore CD i* ■* nght angles to tho two itraight linei DB, DB, 
F in (h« poinl of lluir int«nectioa D ; and tliuefoio if at right 
rafia to the platu patting thrvmh DB, DB (t), vKxch it tit tamt 
fmt U> vhieh ABU at right angla. 



PROPOSITION IX. 



-If two ttraight lintt (AB, CD) a 
fmaHA to tib «mm ttraight li»» (EF), and m 
jitme wtA it, they are parallel to one another. 



DnroovnuTiov. In EF, 

lib onf po>n< G,/rom uAtcA 
iW, in the plant paaing 
limwA EF, AB, Ike Uraighi 
line QH at right angUt to 
IF (a) ; atui in the plant pati- 
iy tiavugh EF, CD, droK QE 
tright angltt to tkt lamt EF. 
ind because EF is perpendi- 
nlar both to Oil and QK, EF O 
M perpendictilar to the plane 
HOKpassing throughtbem (b): 
UulBFu parallel to AB ; there- 
bn AB 18 at right anf^lea to 
the plane EOK (c) : for ths 
vat reaion, CD is likewise at 
fterefore AB, CD 




')XI. G. 



right andes to the plane HGK ; 

im at ri^t angles to the plane 
uuo. But iX tiro stnui^t linei are at right angles to the same 
idue, ttiejH* pM^lal ta one another (i^); therefore AB it 
foraadtoW. 



PBOPOSmON X. 

Theoreu. — If t»o straight linei (AB, BC) meeting i 
mothtr be paraiid to (mo othtra (DE, EF) that meet i 
tnother, mid art not in the same plane with the first turo, I 
first two and the other two shall contaia eiiual angles. 
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Dekonst&atioh. Tate BA, BC, 
£D, EF all eqmd to one another; 
and join. AD, CP, BE, AC, DF: 
then because BA is equal and pa- 
uUel to ED, tberefQre AD is boUi 
equal luid parallel to BE (a): for 
the eame leasoo, CF ia equal and 
Miallel to BE ; therefore AD and 
CF are each of them ei^ual and 
parallel to BE. But straight lines 
that are parallel to the s&me 
straight line, and not in the same 
plane with it, are parallel to one 
another (S); therefore AD is 
parallel to CF ; and it ia equal to 
it (fi); and AC, DF join them 
towards the game parts ; and 
therefore AC is equal wid paraUel 
to DP (a). And tiecause AB, BC 
are equal to DE, EF, each to each, 
aod the base AC to the base DF, the angU ABC is equal to 
angle DEF (rf). 

TR0P08ITI0N XI. 

Fbobleu. — To draw a straight line perpendicular t 
plane (BH), from a giveu j)oin( (A) above it. 

SoLDTioff. In the 
plana, draw any 
alraight line BC, 
and from tJte point 
A, draw kX) perpen- 
dicular to BO (a): if ^ 
then AD be also per- 
pendicular to the 
plane BH, the thing 
required is already 
d^: bill if it be not, 
from the point D 
draw, in the jAine 
BH, the/traiffMline 
DE at right amlee 
(oBC(i)i and from, 
the point A, draiD 
AF perpendiffolaT to 
DE: AF AaU be 
perpendicular to tht 
plane Ba. 




(d) XI. 4. 

hyxLs. 

(/) XI. Dflf. S. 
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DEKOBnilATloEr. Through F, draw GH paralld to BC (c) : and 
becauM BC u »t right angles to ED and DA, BC id at right aueles 
to the plane pauing through ED, DA id) ; and Gil is parallef to 
BC : but, if two straight lues be {Mrollel, one of which is at right 
utgles to a plane, the other ia at right angles to the same plaue {e) : 
wherefoie QH ig at right angles to the plane through ED, DA; 
and is perpendiculu to ererj strnight line meeting it iu that 
plane (/ ) : but AF, which is in the pUno through ED, DA, meets 
it; therefore OH is perpendicular to AF ; and consequently AF is 
perpendicular to OH : aud AF Is perpendicular to DB; therefore 
AF is perpendicular to each of the straight liaea GU, DE. But if 
ft straight line ctand at right angles to each of two straight lines 
in the point of their intersection, it is also at right angles to tho 
tJuw nunng through them (li) : hut the plnne passing through 
ED, GE, is the plane BH ; therefore AF ia pcrpendicuj&r to tho 
plane BH: therefor^ /roin the given paita A, above the plane BII, 
Aettrat^Une AF it drawn perpendiaiiar U> that plane. 



EaOPOSITION XIL 



Pbobleu. To erect & straiglit line at right angles to a 
given plane, from & point (A) given in the plane. 



SoLriioH. From any point 
B above the plane, draw BC 
perpendicular to it (a) ; and 
from A, draw AD paralld to 
BC(J). 

Dbhohbtkatioit. BecBuae, 
therefore, AD, CB are two 
parallel stnught lines, and 
one of them BC is at right 
angles to the given plwe, 
the oUier AD is also at right 
angles to it (c) ; therefore, a 
ttraight line has been erected 
at right angles to a given 
plane, from a point given 
in it. 




BLEMEXTS OF OE0MET8T. 



PROPOSITION XIII. 

Thkorem. — From the same potnt m a qtven plane there 
cannot be two straight lines at nght angles to the plane upon 
the same side of it: and there can be but one perpendicular 
to a plane from a point ahove the plane 

Demonetbation. For, 
if it be poaaible, let the 
tno straight lines AB, 
AC be at right angles to 
a given plane, from the 
same point A in the plane, 
and upon the same aide 
of it. Let a plane pass 
through BA, AC; the 
conttaon section of this 
with the giTen plane is 
a straight line passing 
through A («); let DAB 
be their common section; 
therefore the straight lines 
AB, AC, DAE are in one 
plane: and because CA is 
at right angles to the 
given plane, it makes 
right angles with every straight line meeting it in that plane (b) : 
hut DAE, which is in that plane, meets CA; therefore CAE is a 
right angle : for the same reason, BAE is a right angle ; wherefore 
the angle CAB is equal to the angle BAE (c) ; and thej are in one 
plane, which is impossible. Also, from a point above a plane, 
there can be but one perpendicular to that plane; for if there 
could he tivo, they would be parallel to one another (<f); which b 
absurd. * 




PROPOSITION SIT. 

Theobem. — If the same straight line (AB) is perptndicuiar 
to eaek of two planes (CD, EF), they are parallel to one 
another. 

Dehokbtration. If not, thej shall meet one another when 
produced; let them meet; their common section is a straight line 
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GH.m which takeany point K, 
> ajuijoin A.K.,BK. Then, ho- 
CKiue AB ia perpendicular to 
the plane EF, it i» perpendi- 
cular to the Btnif^t line BK, 
iriueh u in that plane (a) ; 
thenfon ABK is a righ t nn^le : 
fee the Mma reason BAK u a 
ri^t ancle; whcreforo tba two 
■^^ ABE, BAK of the tri- 
■a^ ABK, ue equal to tvo 
richt aaglw; which is impot- 
abieJSii therefore the planei 
CD, sr, though produced, do 
not meet one another ; that it, 
thy an panBd (c. 




PaOPOSITION XV. 

Theosex. — If tieo itraiijht lines (AB, EC) meethifi one an- 
other, b* paratUl to tico other straight Una (DE, EF) ithkh 
meet one another, btit arc not in. the tame plane with ihejirat 
two, the plane which p:isso3 through these is parallel to the 
plane passing through tlio others. 



DXMOSSTBATIOS. 

JiVwn tAe point B, 
tlra» BG perpendt- 
adar to the plane 
wIteA pauet through 
DB, EF (a), and 'let 
it meet thai plane in 
G; and tkrotigk G, 
draw GH parallel to 
ED, and GK parallel 
to EP (S). And be- 
canse BG is perpen- 
dieular to the plaae 
thmngh BE, EF, it 
luakea light angles 
with evcrjr Etraight 
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line meeting it in 

that plane (c): but 

tbestmglit lines OH, 

GK in that plane 

meet it; therefore 

each of the angles 

BOH.BQEiaaright 

angle: and because 

BA IB parallel to 

GH (d) (for each of 

them is parallel to 

BE. and tncy are not 

both in the same 

plane with it), the 

HDgles GBA, BGH 

are together e^ual to 

two right anglea (e) : 

and BGH is a right 

nngle;. therefore also 

GBA is a right angle, and QB perpendicular to BA; for the same 

reason, OB JB pcr[)endtcular to BC; since therefore the stm^t 

line QB stands at right angles to the two straight lines BA, BC, 

that cut one another in B; GB ig perpendicular to the plane 

through BA, BC (/) : and it is perpendicular to the plane through 

DE, EF (j/)j therefore BG is perpendicular to each of the planes 

through AB, BC, and BE, EE; but planes to which the same 

straight line is perpendicular, are parallel to one another (k) ; 

therefore the plane thnmgh AB, BC, w parallel to the plaite thrvw/h 

DE, EF. 




PROPOSITION XVI. 



TheoheiiI. — If tivo parallel pUmei (AB, CD) be cut by an- 
other plane (EF, GH), their common sections (EF, GH). -with 
it are parallels. 



Dkkowbtration. For, if it is not, EF, GH shall meet if pro- 
duced either on the side of FH, or EG. First^ let them b« pro- 
duced on the side of FH, and meet in the point Kr therefore, 
since EFK is in the plane AB, every point in BFK is in that 
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plane (a]j and K u a 
point in£FK ; there- 
ion E ii in the pl&ne 
AB; for the ssnie 
iMaon, K ii also in 
the plane CD; nhere' 
tan the plane* AB, 
CD, pioduced, meet 
onaanother: but they 
donotmeet, since the j 
*m pu^lel bj the 
InpouuBH i therefore 
t£e etraight linei BF, 
OH do not meet when 
prodoeed on the mde 
of FH : in the Mune 
manner it ma; be w-.... 

moved, that EF, OH do not meet nhen produced on the tide 
EO. But straight lines which ore in the game pkne, and do i 
meet, though produced either way, Eiro piir&lleli theiefoie BS 
pandldtoQa. 

PBOPOSITION XVII. 
TheobeH.— iif two itraxght lates be cut by parallel plan 
they shall be cut in the same ratio. 

DBMOItsTEATIoiT. Let the 
■tzaight lines AB, CD ba cut bj 
the raraUel planes GH, KL, MN, 
inthepoiiit9A,E, BiC,F,D: as 

AE is to EB, BO BhaU CF be to FD. 
J«in AC, BD, AD, and let AB 
meet the plane KL intkepoiiit X; 
and join EX, XF. Because tlic 
two parallel planes KL, MN ore 
cut by tbe pkne EBDX, the 
common sections EX, BD are po- 
lallel (o) : for the same reason, 
because the two parallel planes 
QH, KL are cut by the plane 
AXPC, the common sections AC, 
XF are parallel : and because EX 
ia parallel to BD, a side of the (a) XI. 16. (6> VI. 2. 

triangle ABD; as AE to EB, so is («) V. 11. 

AX to XD (J) ; again, because XF is parallel to AC, a side of the tri- 
angle ADC; as AX to XD,bo is CF to FD ; and it was proved, that AX 
ii to XD, as AE to BB; therefore, tw AE W EB, w is CF to FD (c). 




OF OEOMETKT. 



ROPOSITION XVIII. 

Theorem. — Jf a straight line (AB) be at right angles to a 
plane (CK), every plane vihich passes through it shall be at 
right angles to that plane. 

Dhhoxbtbatiok. Let ]> 6- A tr 

anj plana DB paaa 
through AB, aad let CE 
be the common sectioD 
of the planea DE, CK ; 
take any point F in CE, 
from which draw FG, in 
the vlane DE, at right 
angles to CE (a) : and 
because AB b perpen- 
diculai to the plane CE, 
therefore it ia also per- 
pendicular to every 
BtrB,ight line in that 
place meeting it (i), 
aad consequently it is 
perpendicular to CE ; 
wherefore ABF is a 
light angle; but GFB 

is likenise a right angle (c) ; therefore AB is parallel to FO (d) ; 
and AB is atrlghtanglcs to the plane CK; therefore FQis alBO&t 
light angles to the same plane (e). But one plane is at i%ht 
angles to another plane, nlieii the straight lines drawn in one of 
the pUncs at right angles to their common BectioQ, are also at 
right angles to the other plane (/) ; and any straight line FG in 
the plane PE, which is at right angles to CE, the common section 
of the planes, has been proved to be perpendicular to the other 




PROPOSITION XIS. 

Theorem. — If two planes (AB, CD) which cut one another 
he each oj tliem perpendiadaT to a third plane, their c 
Bection (BD) shall he perpendicular to the same plane. 
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DEMomKATTOX. If it be not, from 
Ae point D, drav in the plane AB, the 
Mraiffht li»g DE at right anjlu to 
AS (a), the common section of the 
phuie AB with the tJiiid piano; and 
tn the plane BC, tfrvw JDF at right 
ungUt to CB, the ootmnon loction of 
the pl&ne BG with the third plane. 
And because tlw pbae AB it pcipcn- 
diculu to the Ulfid pbuc, and Di<: h 
dnwn in the plaae AB at right angles 
to AS their ocnmnan leetion, BE i 




pwyndiculK to the third plane (i) -. 
IS mt Hme manner it maj be proved, 
tiut DF ia perpendicular to the third 
idane; wherefore, from the point D, tn-o straight lines stand at 
ri^t aoKles to the third plAnc, u]iljii tiiQ sime side of it; which 
il impoamble (e) : therefore, from the point D, there cannot lie any 
ibnight line at right angles to the third plane, except BD the 
canunm section of tlie planes AB, BC; therefore BD is perpendi- 
eniar to lA« third plane. 



PROPOSITION XS. 
ThEobeu. — If a lolid amjU (A) be contained hy three plane 
angUt (BAG, CAD, DAB), any two at them are greater than 
lite tbird. 

Dbko-isthation. If the T) 

angles BAG, CAD, DAB 
be all equal, it is evident 
that anj tno of them are 
KTeater than the third : 
but if they are not, let 
BAC be that angle which 
is not less than either of 
the other two, uid is 
greater than one of them 
DAB; andattiu^taA., 

in the Mtraight Ixne AB, — — — 

maie in the plane whieh E *- 

pattei through BA, AC, (a) I 2Z. 

the anMe BAE ejimJ to the 

otMile DAB (a) ; and make AE eq-ual to AD, arid through E, draif 

BEC, cutti-ng AB, AC in the poirUs B, C, ajjd join DB, DC And 

because DA is equal to AE, and AB is common, the two DA, AB 
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are equal to the two EA, 
A6, each to each; and 

the aogle UAB is equal 
to the angle EAB_; there- 
fore the loaa DB ia equal 
to the base BE(#): and 
because BD, DC are 
greater than (TB (c), and 
one of them BD has been 
proved equal to BE a part 
of CB, therefore the other 
DO is ^eater than the 
remuning part EC (d) : 
amd because DA is equal 
to AE, and AC common, 
but the base DC greater ,••, , , r^--^ 05 

than the base EC; there- (ciizo ml Ai.4. 

fore the angle DAG is (iI)l.Ai.6. 

greater than the angle 

BAC («J : and, by the conBtruction, the anrfe DAB is equal to 
angle BAE ; wherefore the angles DAB, DAC are together grei 
than BAB, EAC (J), that ie, than the angle BAC : but BAG is 
less than either of the angica DAB, DAC ; therefore BAC t 
eith^ of them ia greater than tlu other. 

PBOPOSITION XXI. 

Theohem. — Every solid angle is contained by plane ang 
which together are less than four right anglea. 

Demonstration. First, 
let the solid angle at A 
be contained by three 
plane anglea BAC, CAD, 
DAB : these three to- 
gether shall be lesa than 
four right angle) 




Take, in each of the 
straight line» AB, AC, AD, 
any poinU B, C, D, and 
win BO, CD, DB. Then, 
Decause the solid angle at 
B is contained by the 
three plane angles CBA, "" '^ 

ABD, DBC, any two of (a) XI. 20. (i) 1. 32. 

them are greater than 
the third (a); therefore the angles CBA, ABD are greater than 
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u^eDBC: for the same reason, the luigles BCA, ACD ore greater 
thin the angle DOB; and the angles CVX, ADB greater than 
BDC; wherefore the six angles CBA, ABD, BCA, ACD, CD A, ADB 
ue eieater than the three angles DBC.DCB, BDC: hut the three 
ugjea BBC, DCB, BDC are equal to two right angles (A) : thcreforQ 
the MX angles CBA, ABD, BCA, ACD, CDA, ADB are greater than 
two right angles: and hecauee the three anales of each of the 
trinities ABC, ACD, ADB are equal to two ri;;ht angles, thereforo 
the Dine angles of these three triangles, viz. the angles CBA, BAG, 
ACB, ACD, CDA, DAC, ADB, DBA, BAD are equal to six riRbc 
■aglet: of these, the six angles CBA, ACB, ACD, CDA, ADB, DBA 
ue greater than two right angles ; therefore tie remaininif three 
IK^ BAC, DAC, BAD, which, coiUain t/ie loliil anjle aC A, are las 
Amfour right angles. 
Nest, let the solid angle at A be contained 1>; any number of 

Slsne angles BAC, CAD, DAE, EAF, FAB ; thc^o shall together 
e less than four right angles. 
let the planes in which the 
ugles are be cut bj a plane, and 
let the 1 * - ' - 




h those phincs be BC, CD, DE, 
or', FB. And because the solid 
angle at B is contained b.y three 
plane angles CBA, ABF, FBC, of 
which any two are greater than 
the third (a), the angles CBA, 
ABP are greater than the angle 
FBC: for the same reason, the 
two plane angles at each of the 
points C, D, E, F, vii. those angles 
which are at the bases of the 
triangles having the common ver- 
tex A, are greater than the third 
angle at the same point, which is 
one of the angles of tbe polygon ■'' 

BCDBFB; therefore all the angles (c) I. 32 n, cor. ~. 

at the bases of the triangles are (/) I. Ax. 1. 

together greater than all the 

angles of the polygon : and because all the angles of the triangles 
are together equal to twice as many right angles as there are 
triangles (J), that is, as there are sides in the polygon BCDEFB ; 
and that all the angles of the polygon, together with four 
right angles, are likewise equal to twice a.9 many right angles as 
there are sides in the polygon (c) ; therefore all the angles of the 
triangles are equal to all the angles of tbe polygon together with 
fonr right angles {d) : but all the angles at the bases of the 
' triangles are greater than all the angles of the polygon, as has 
heen proved ; wherefore tht remaining anglei of the triangle/, yii. 
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those at the vertex^ which contain the solid angle at A, are less than 
fowr right angles. 

Scholium. This proposition does not hold good if any of the angles ot 
the rectilineal figure BCDEFB be re-entrant^ the reason of which will be seen 
from the Scholia to Corollaries 7 and 8, Prop. 32 b, Book 1. 




^C 




PROPOSITION XXII. 

Theorem. — If every two of three plane angles (B, E, H) 
he greater than the third, and if the straight lines (AB, BC, 
BE, EF, GH, HK) which contain tJiem be all equal, a 
triangle may be made of the straight lines (AC, DF, GK) that 
join the extremities of those equal straight lines. 

Demonstration. If the 
angles B, E, H are equal, 
AC, DF, G-K are also equal 
(a), and aay two ©f them 
greater than ihe third : but 
if the an^^ are not all 
equal, let die aaigle ABO be 
not less thazi either of the 
two E, n ; therefore the 
straight line AC is not less 
than either of the other two 
DF, GK (5) : and therefore 
it is plain that AC, together 
with either of the other two, 
must be greater than the 
third: also DF, with GK, 
shall be greater than AC ; for at the point B, in the straight line 
AB, form the angle ABL equal to the angle H (c), and make BL 
eqym to one of the straight lines AB, BC, DE, EF, GH, HK, 
and join AL, LC. Then, because AB, BL are equal to GH, 
HK, each to each, and the angle ABL to the angle GHK, the 
base AL is equal to the base GK {a) : and because the angles 
E, H are greater than the angle ABC (c?), of which the angle 
H is equal to ABL, therefore the remaining angle E is greater 
than the angle LBC {e) : and because the two sides LB, BC are 
equal to the two DE, EF, each to each, and that the angle E 
is greater than the angle LBC, the base DF is greater than the 
base LC (/): and it has been proved that GKis equal to AL; 
therefore DF and GK are greater than AL and LC (y): but 
AL and LC are greater than AC {h) ; much more than are DF 



'a) I. 4. 

[h) I. 4 or 24. 

x) I. 2o. 

a) Hypoth. 

c) I. Ax. 0. 
S L 24. 

I. Ax. 4. 

L 20. 
;0 L 22. 
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md GK greater than AC. Wherefore, every two of these straight 
Unet AC, DF, 6K are greater than the third; and, therefore, 
a triancfe mew be made (i), tlie sides of ichich sliall be equal to 
AC, DF, GK. 




PROPOSITION XXIIL 

Pboblem. To make a solid angle \\hich shall be contained 
by three given plane angles (B, E, H), any two of them 
being greater than the third, and all three together less than 
four right angles. 

Solution. From the straight 

lines which contain the angles, 

cut of AB, BC, DE, EF, QH, 

HE, all eqwd to one another; and 

join AC, PF, GE : then a triangle 

may be made of three straight 

lines equal to AC, DF, GE (a) : 

let this be the triangle LMN, so 

that AC be equal to LM, DF to 

MN, and GK to LN (b); and 

about the trianj^le LMN dcKribe a 

circle (<?), andhnd its center X (d), 

which will oe either within the 

triangle, or in one of its sides, or without it. 

First, let the ce^Uer X be within the triangle, and join LX, ^LX, 
NX : AB shall be greater than LX. If not, AB must either be equal 
to, or less than LX : first let it be equal: tJien, 
'because AB is eqiial to LX, and that AB is also 
equal to BC, ana LX to XM, AB a7id BO are 
equal to LX and XM, each to each; and the base 
AC is, by contraction^ equal to the base LM ; 
wher^ore the angle B is equal to the angle 
JjXM (e) : for the same reason, tJie angle E 
is equal to the arwle MXN, and the angle H 
to the angle NXL; therefore the three angles 
B, E, n are equal to the three angles LXM, 
MXN, NXL: but the three angles LXM, 
MXN, NXL are equal to four riqht 



» Xr. 22. 
6) I. 22. 

[c) VI. 5. 

[d) III. 1. 
(c) I. 8. 




an- 



gles (/) ; therefore also the three angles B, E, 



^i^; 



13, Cor. 3. 

21. 



are eqttal to four right angles: but, by 
the hypothesis, they are less than four right angles; which is ahsurd: 
thergore AB is not equal to LX. BxU neither can AB be less than 
LX : f^or, if possiMe, let it be less: and wpon the straight line LM, on 
the 9hde of it on which is the center X, describe the triangle LOM (b), 
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of whichy two of the sides LO, OM are equal to AB, BC : a'nd 
the base LM w eqtud to the base AC, the angle is eqtial 
angle B (e) : and AB, that is LO, isy by the hypothesis^ le; 
LX: wherefore LO, OM fall within the triangle hXM.; for, . 
fell upon its sides, or without it, they would be equal to, or 
than, LX, XM {g) ; therdore the angle 0, that is, the ay 
is greater than the angle LXM {g) : in the same manner it '. 
proved, that the angle E is greater than the angle MXN, c 
angle H greater than the angle NXL; therefore the three 
B, E, H are greater than the three angles LXM, MXN, 
that is, than four right aiigles (/) : bvtt the same angles B, E. 
less than four right angles (h) ; which is absurd; tJierefore 
not less than liK: and it has been proved, that it is not e> 
LX; wherefore AB is greater than LX. 

JV^ea^, let the center X of the circle fall in 
one of the sides of the triangle, viz, in MN", 
and join XL : in this case also, AB shall be 
greater than LX ; if not, AB is either equal 
to LX, or less than it. First, let it be equal 
to LX; therefore AB and BO, that is, DE 
and EF, are equal to MX arid XL, that is, 
to MN : bv;t, by the cmistruction, MN is equal 
to DF; therefore DE, EP are equal to i)F; 
which is impossible (i) ; wherefore AB is not 
eqtial to LX : nor is it less; for then, much 
more, an absurdity would follow; therefore 
AB is greater than LX. 

£tU let the center X of the circle fall 
without the triangle LMN, aiid join LX, 
MX, NX:' in this case, likewise, A6 shall be 
greater than LX ; if twt, it is either equal 
to or less than LX. First, let it be equal: it may be proved, 
same manner as in the first case, that the angle B is equal 
angle MXL, and H to LXN; therefore 
the whole angle MXN is equal to the two 
angles B, U : but B and H are together 
greater than the angle E (A) : therefore also 
the angle MXN is greater than E : and be- 
cause 1)E, EP are equal to MX, XN, each 
to each, and the base D¥ to the base MN, 
the angle MXN is equal to the angle E («) : 
hut it has been proved, that it is greater than 
E; which is absurd; therefore AB is not 
equal to LX: neither \s it less; for then, as 
has been proved in the first case, the angle B is 

f eater than the angie MXL, and the angle 
greater than the angle LXN. At the point B, in the s 
line CB| maJte the angle GBP equal to tJie angle H, and mi 




h) Hypot; 
til. 20. 
jfe) I. 32. 
/) I. 24. 
m) 1. 25. 
n) XI. 12. 
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mfd to HE, and join CP, AP. And hecatue CB is equal to GU. 
GB^ 'S2 afteqwd to GH, HK, each to each ; and thet/ contain equcd 
angUi; vfherefort the base CP is mwiI to the base Glv, tJuU is, to LN. 
And in the isosceles triarigles ABO, MXL, because the angle ABC is 
SnaUr than the angle MXL, therefore the angle MLX at the base is 
greater than t/ie angle ACB at the base (X-) : for the same reason, 
tseause the angle H or CBP, 
is greater than the angle 
LXN , the angle XLN is greater 
than the angle BCP ; therefore 
Hie whole angle MLN is greater 
than the whole angle ACP. 
AnibeooMee ML, JjNare egtcal 
to AC, CP, each to each, but 
the angle MLN is greater than 
the angle ACP, the base U^ is 

greater than the base AP if) ; hut ^IN is equal to DF ; therefore also 
DV is greater than AP. Again, because I)E, EP are equal to AB, 
BP, each to each, but the base DF greater than the hose Ar, the angle 
E is greater than the angle ABr (77?): but ABP is equal to the 
two angles ABC, CBP, that is, to the two angles ABC, II : there- 
fore the angle E is greater tJian the two angles ABC, II : but it is 
also less than t/iese (A) ; which is impossible; therefore AB is not less 
than LX : and it has been proved, that it is not equal to it; therefore 
AB is greater than LX. 

Frorr^ the point X, erect XR at right angles to the plane of the 
circle LMN (n). And because it has been proved in all the cases, that 
AB is greater than 'LX,fi7id a square equal to 
the excess of the square on AB above the square 
on LX, and make RX equal to its side, and 
join RL, RM, RN : the solid angle at R shall 
be the angle required. 




Dexoxstration. Because RX is perpen- 
dicular to the plane of the circle LMN, it is 
perpendicular to each of the straight lines 
LX, MX, NX (0). And hecauso LX is equal 
to MX, and XR common, and at right angles 
to each of them, the base RL is equal to the 
base RM {p) : for the same reason, RN is 
equal to each of the two RL, RM ; therefore 
tbe three straight lines RL, RM, RN are all 
equal. And because the square on XR is 
equal to the excess of the square on AB above the square on LX ; 
therefore the square on AB is equal to the squares on LX, XR : but 
the square on RL is equal to the same souares, because LXR is a 
ri^t angle {q) ; therefore the square on AB is equal to the square on 
BIi, and the straight line AB to RL. But each of the straight 



» XI. Def. 3. 
/>) I. 4. 
[q) I. 47. 
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lines BC, BE, EF, GH, HK is equal to AB, and each of the two 
RM, RN is equal to RL ; therefore AB, BO, DE, EF, GH, HK are 
each of them ejual to each of the straight liiies RL, RM, RN*. 
And because RL, RM are equal to AB, BO, each to each, and the 
base LM to the base AC, the angle LRM is equal to the angle 
B (e): for the same reason, the angle MRN is equal to the 
angle E, and NRL to H. Therefore, there is made a soUd 
angle at R, wMck is contained hy three jilane angles LRM, MRN, 
NRL, which are eqmL to the three given plan,e angles B, E, H, 
each to each. 



PROPOSITION A. 

Theobem. — If each of two solid angles be contained by three 
plane angles, which are equal to one another , each to each, the 
planes in which the equal angles are, have the same inclination 
to one another. 

Demonstration. Let there be two solid angles at the points 
A, B ; and let the angle at A be contained by the three plane 
angles CAD, CAE, EAD ; and the angle at B by the three plane 
angles FBG, FBH, HBG; of which the angle CAD is equal 
to the angle FBG, and CAE to FBH, and EAD to HBG: the planes 
in which the equal angles are shall have the same inclination to 
one another. 

In the straight line AC, take 
any mint K, and from K draw, 
in the 'plane CAD, the straight 
line KD at right angles to AC (a), 
and in thejplaTie CAE, the 
straight line KJj at right angles 
to the same AC: therefore the 
angle DKL is the inclination 
of. the plane CAD to the plane 
CAE (J). In BF, tahe WA equal 
to AK, and from the point M, 
dravj in the planes FBG, FBH, 
tJie straight lines MG, MN at 
right angles to BF ; therefore 
tlie angle GMN is the inclina- 
tion of the plane FBG to the 





» L 11. 
\})\ XI. Def. 6. 
c) Hypoth. 
/) L 26. 
e) 1.4. 

!/) I. 8. 
ig) XI. Dcf. 3. 



plane FBH (b). Join LD, NG. And because in the triangles KAD, 
MBG, the angles KAD, MBG are equal (c), as also the right angles 
AKD, BMG, and that the sides AK, BM, adjacent to the equal 
angles, are equal to one another, therefore KD is equal to MG (cH, 
and AD to BG: for the same reason^ in the triangles KAL, MBN, 
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KL is equal to M2^, and Alt to BX ; therefore in the triangles LAB, 
"SBGt, TiAj AD are equxd to NB, BG, each to each ; and they con- 
tain equal angles ; therefore the base LI) is equal to the base 
NG {e). Lastly, in the triangles KLD, 3ING, the sides DK, KL 
are equal to GM, MN, each to each, and the base LD to the base 
KG; therefore the angle BEL is equal to the angle GMN (/) : but 
the ang^e BKL is the inclination of the plane CAB to the plane 
GAB, and the angle GMN is the inclination of the plane FBG to 
tiie plane FBH, which planes have therefore the same inclination 
to one another (a). And in t/te same manner it may he demonstrated, 
that the other planes in whicli the equal angles are, have the same 
indination to one another. 



PROPOSITION B. 

Theorem. — If two soli! angles he contained, each by three 
plane angles which are equal to one another , each to each, and 
aUke situated^ these solid angles are equal to one another. 

Demonstration. Let there be two solid angles at A and B, of 
which the solid angle at A is contained by the three plane angles 
CAD, CAE, EAB; and that at B by the three plane angles FBG, 
FBH, HBG ; of which CAB is equal to FBG ; CAE to FBH ; and 
EAB to HBG: the solid angle at A shall bo equal to the solid 
az^e at B. 

Let the solid angle at A be applied 
to the solid ansle at B : and first, the 
pLuie angle CAD being applied to the 
plane angle FBG, so tlmt the point A 
may coincide with the point B, and the 
straight line AC with BF; then AD 
coincides with BG, because the angle 
CAD is equal to the angle FBG: and („) XI. a. 

because the inclination of the piano (b) I. Ax. 8. 

CAE to the plane CAD, is equal (a) to 

the inclination of the plane FBH to the plane FBG, the plane CAE 
coincides with the plane FBH, because the planes CAB, FBG 
coincide with one another : and because the straight lines AC, B^ 
coincide, and that the angle CAE is equal to the angle FBH ; 
therefore AE coincides with BH: and AB coincides with BG; 
wherefore the plane EAD coincides with the plane HBG : there- 
fore, the solid angle A coincides with the solid angle B, and con- 
dequenUy they are equal to one another (h). 
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PROPOSITION C. 

Theorem. — Solid figures which are contained by the same 
number of equal and similar planes alike situated, and having 
none of their solid angles contained by more than three plane 
angles, are equal and similar to one another. 

Demoxstration. Let AG, KQ be two solid figures contained 
by the same number of similar and equal planes, alike situated, 
viz. let the plane AC be similar and equal to the plane KM ; the 
plane AF to KP; BG to LQ; GD to QN; DE to NC); and, lastly, 
FH similar and equal to PR. ; the solid figure AG shall be equal 
and similar to the solid figure KQ. 

Because the solid angle 

at A is contained by the ir a JR Q 

three plane angles BAD, 
BAE, EAD, which, by the 
hypothesis, are equal to the 
plane angles LKN, LKO, 
OKN, which contain the 
solid angle at K, each to 
each, therefore the solid 
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JB 




(O) XI. B. 



angle at A is equal to the solid angle at K (a) : in the same 
manner, the other solid angles of the figures are equal to one 
another. Let, then, the solid figure AG be applied to the solid 
figure KQ: first, the plane figure AC being applied to the plane 
figure KM, so that the straight line AB may coincide with KL, 
the figure AC must coincide with the figure KM, because they are 
equal and similar ; therefore the straight lines AD, DO, OB coin- 
cide with KN, NM, ML, each with each ; and the points A, D, C, 
B with the points K, N, M, L : and the solid angle at A coincides 
with the solid angle at K (a) : wherefore the plane AF coincides 
with the plane KP, and the figure AF with the figure KP, be- 
cause they are equal and similar to one another: therefore the 
straight lines AE, EF, FB coincide with KO, OP, PL ; and the 
points E, F, with the points 0, P : in the same manner, the figure 
AH coincides with the figure KR, and the straight line DH, with 
NR, and the point H with the point R. And because the solid 
angle at B is equal to the solid angle at L, it may be proved in 
the same manner, that the figure BG coincides with the figure LQ, 
and the straight line CG with MQ, and the point G with the point 
Q. Therefore, since all the planes and sides of the solid figure 
AG coincide with the planes and sides of the solid figure KQ, AG 
is equal and similar to JS[Q. And in the same tnanner, any other 
solid figures whatever, contained by the same number of equal and 
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nmilar plftnes, alike situated, and having none of their solid angles 
eontained by more than three plane angles, may he proved to be 
eqwd and nmxlar to one another. 



PROPOSITION XXIV. 

THEOBEif. — If a solid he contained hy six planes, tico and 
two of tchich are parallel ; the opposite planes are similar and 
equal parallelograms. 

BnoHSTSATioN. Let the solid CDGII be contained by the 
ptnllel planes AC, GF; BG, CE; FB, A£: its opposite planes 
shall be similar and equaJ paiullelograms. 

Because the two parallel planes BG, CE 
are cut bj the plane AC, their common sec- 
tions AB, CD are parallel (a) : again, because 
the two parallel planes BF, AE are cut by the 
plane AC, their common sections AD, BC are 
parallel (a) : and AB is parallel to CD ; there- 
fare AC is a parallelogram. In like manner 
it may be proved, that each of the figures ^ s 

d^ FG, G6, BP, AE is a parallelogram. r ^ YT le. 

Join AH, DF : and because AB is paraUel to ^< ^ [^^ 

DC, and BH to CF; the two straight lines (A 1. 4. 

AB, BH, which meet one another, are paral- (/) l. 34. 

lei to DC and CF, which meet one another, 
and are not in the same plane with the other two : wherefore they 
contain eoual angles {J>) ; therefore the angle ABH is equal to the 
anffle DCF : and because AB, BH are equal to DC, CF, each to 
eadi, and the angle ABH equal to the angle DCF ; therefore the 
base AH is equal to the base DF (c), and the triangle ABH to the 
triangle DCF: but the parallelogram BG is double of the trianele 
ABH (d[), and the parallelogram CE double of the triangle DuF ; 
therefore the parallelogram BG is equal and similar to the paral- 
lelogram CE. In the same manner it may be proved, that the 
paraUdogram AC is equal and similar to the paraUdogram GF, arid 
the parcludogram AE to BF. 

PROPOSITION XXV. 

Theobem. — If a solid parallelopiped he cut hy a plane pa^ 
rdllel to two of its opposite planes, it divides the whole into two 
solids, the base of one of which shall be to the base of the 
other, as the one solid is to the other. 
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DBHOHBTKi.TioH. Let the solid parallel opided ABCD be cut by 
the pluie £7, which is pfuiiUel to the opposite planee, AB, BD, 
and diridea the whole into the two solids ABEV, EGCD: as the 
base AEFT of the first is to the base EHCF of the other, so shall 
the solid ABFY bo to the solid EQCD. 

Prodiice AH, hotK 
vmys, and take any ~ 

nmiier of straight 
lines HM, MN, each 



the iolid»'L'P,KSi,W3, 
MT. Then, because 
the straight lines LK, 
EA, AE are all equal. 



-y^Tkr 


yv.N.i\, 
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the parallelogTams LO, KT, AF b 
paralleloEramB KX, KB, AQ: aleo 
-~i equfJ, because tbej i 



e equal (a) ; and likewise the 
a the paraUdograms LZ, KP, AB 
» opposite pJanes (i) ; for the same 
reasoi^ the parallelogr&ms £C, IIQ, MS are equal (a), and the 
parallelogramB HO, HI, IN : aa also HD, MU, NT (i) : therefore 
three planes of the solid LF are equal and similar to three planec 
of the Bolid KB, as also to tluree planes of the solid AT: but the 
three planes opposite to these three are equal and similar to them 
in the several solids (J), and none of their solid angles are cott- 
tained b; more than three plane angles; therefore the three Bolkis 
IjF, KB, AT are equal to ona another (c): for the same reason, 
the three solids ED, HU, MT are equal to one auother: 
therefore what multiple soerer the base LF is of the base AF, the 
same multiple is the solid LV of the solid AT ; and whateTer 
multipla the base NF is of the base HF, the same multiple is the 
solid KV of the solid ED ; and if the base LF be equal to the basa 
HP, the solid LT is equal to the solid KV (c); and if the base 
LF be gr eater than the base NF, the solid LT is greater than the 
solid NT ; and if less, less. Since then there are four magni- 
tudes, viz. the two bases AP, FH, and the two solids AT, ED ; and 
that of the base AF and solid AT, the base LF and solid LT are 
any equimultiples whatever ; and of the base FH and solid ED, 
. the base FN and solid NT are anv equimultiples whatever i and 
since it has been proved, that if the base IiF is greater than the 
base FN, the solid LT is greater than the solid NT; andif equal, 
equal; and if less, leas ; therefore at the ham AF itlOt/t« &ZM FH, 
to it (he tolid AT to the lolid ED {d). 
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PROPOSITION XXVL 

Pboblem. At a given point (A) in a (^ivcn straight line 
(AB) to make a solid angle equal to a given solid angle (D) 
contained by three plane angles (EDC, EDF, FDC). 

SonjTioJT. In iJie straight line DF take any point ¥,from which 
draw FG perpendicular to the plafie £DC (a), meeting that plane in, 
Gy and join DQ : at the point A, in the straight line AB, fomi tJie 
angie BAL e^iual to t/ie arCgle EDG {b) ; aixd in the plane BAL, form 
the aaMle BAK tmud to tke angle EDG ; Hien make AK eqwd to BG, 
and from thepouU K, erect KH at right awjUs to the plane BAL (c), 
and make 1^ equal to GF, and join All : £^itf «o^m^ angle at A t^AtV^ 
u contained by the three plane angles BAL, BAH, UAL, shall be 
mid to the edtd angle at J) contained by the tliree plane angles EDO, 
£DFy FDG. 

BsMOirsTBATioN. Take 
the equal straight lines 
AB, i>£. and join HB, 
KB, FE, GE. And be- 
cause FG is perpendi- 
cular to the plane EDO, 
it makes nght angles 
with eyerj straight line 
meeting it in that 
plane (3); therefore each 
of the angles FGB, FGE 
is a right angle: for the 
same reason, HEA, HKB 





[a) XI. 11. 
6) I. 23. 
cj XL 12. 
[d) XL Def. 3. 




are right angles. And because KA, AB are equal to GD, DE, 
each to each, and that they contain equal angles, therefore the 
base BK is equal to the base EG {e) ; and KH is equal to GF (/), 
and HKB, FGE are right angles, therefore HB is equal to FE {e). 
Again, because AK, KH are equal to DG, GF, each to each, and 
contain right angles, the base AH is equal to the base DF ; and 
AB is equal to DE ; therefore, HA, AB are equal to FD, DE, each 
to each ; and the base HB is equal to the base FE ; therefore the 
angle BAH is equal to the angle EDF {a) : for the same reason, 
tiie angle HAL is equal to the angle FDC: because if AL and 
DC be made equal, and KL, HL, GC, FG be joined; since the 
whole angle BAL is equal to the Tvhole EDG, and the parts of 
th^n BAK, EDG are, bj the construction, equal, therefore the re- 
maining angle KAL is equal to the remaining angle GDC : and 
because KA, AL are eqtial to GD, DC, each to each, and contain 
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equal angles, the base 
£lL is equal to the base 
60 {e) ; and KH is equal 
to GF ; so that LK, KH 
are equal to CG, GF, each 
to each; and they con- 
tain right angles (d), 
therefore the base HL is 
equal to the base FC (e) : 
again, because HA, AL 
are equal to FB, BO, each 
to each, and the base HL to the base FO, the angle HAL is equal 
to the angle FBO (^). Therefore, because the three plane angles 
BAL, BAH, HAL, wnich contain the solid angle at A, are equiJ to 
the three plane angles EDO, £DF, FBO, which contain the solid 
angle at B, each to each, and are situated in the same order, the 
solid angle at A is equal to the solid angle at B (A). Therefore 
at a given point in a given straight line, a solid angle has been made 
eqym to a given solid angle contained by three plan>e angles. 



(d) XI. Def. 3. 

(e) 1. 4. 



(^7) I. 8. 
(A) XL B. 



PROPOSITION XXVIL 



Problem. To describe, from a given straight line (AB), a 
solid parallelepiped similar and similarly situated to one 
given (CD). 

Solution. At the point A 
of the given straight tine AB, 
form a solid angle equal to the 
solid angle at (a), and let 
BAK, KAH, HAB he the three 
plane angles which contain it, 
so that BAK be equal to the 
angle EOG, and KAH to GOF, 
and HAB to FOB : and as EO 
is to OG, so make BA to AK (b) ; 
and asGGis to OF, so make KA 
to AH (b) ; wherefore, ex cequali, 
as EO is to OP, so is BA to 





(a) XI. 26. 
(6) VI. 12. 
(d V. 22. 
(d) VI. Def. 1. 



(e) XI. 24. 
(/) XI. B. 
Xg) XI. Def. 11. 



AH (c) : complete the parallelogram BH, and the solid AL : AL shall 
be similar and similarly sitTiated to OB. 

Bemonstbation. Because, as EO is to GO, so BA to AK, the sides 
about the equal angles EOG, BAK, are proportionals ; therefore 
the parallelogram BK is similar to EG-((Q : for the same reason, the 
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pandlelogram KH is similar to GF, and HB to F£ ; wherefore 
three p^ndlelograms of the solid AL are similar to three of the 
solid CD: and the three opposite ones in each solid are equal and 
similar to these, each to each (e). Also, because the plane angles 
which contain the solid angles of the figures are equal, each to 
each, and situated in the same order, the solid angles are equal, 
each to each (/) : therefore the solid AL is similar to the solid 
CD (a). Wherefore, from a given straight line AB, a solid paral- 
Idopiped AL has been described similar and similarly situated to tlie 
given o7ieQJ>. 



PROPOSITION XXVIII. 

Theobem. — If a solid parallelopiped he cut by a plane passing 
thrgugh the diagonals of two of the opposite planes, it shall be 
cat into two equal parts. 

DsKOHSTRATioN. Let AB be a solid paral- 
lelepiped, and DE, CF the diagonals of the 
opposite parallelograms AH, GB, viz. those 
which are drawn Betwixt the equal angles in 
each : and because CD, FE are each of them 
parallel to GA, and not in the same plane 
with it, CD, FE are narallel (a) : wherefore 
the diagonals CF, DL are in the plane in 
which the parallels are, and are themselves 
paiallels (o): and the plane CDEF shall cut 
the solid AB into two equal parts. 

Because the triangle CQF is equal to the 
triangle CBP (c), and the triangle DAE to \e) S. c. 

DHE; and tnat the parallelogram CA is 
equal and similar to the opposite one BE {d) ; and the parallel- 
ogram GE to CH ; therefore the prism contained by the two trian- 
gles CGF, DAE, and the three parallelograms CA, GE, EC, is equal 
to the prism contained by the two triangles CBF, DHE (e), and 
tlie three parallelograms BE, CH, EC ; because they are contained 
by the same number of equal and similar planes, alike situated, 
and none of their solid angles are contained by more than three 
plane angles. Therefore, the solid AB is cut into two ec[aal parts 
hf tlie plane CDEF. 

ScHouTM. The inststtng str^ght lines of a parallelopiped, mentioned in 
some of the foUowing propositions, are the sides of the parallelograms 
betwixt the base and uie opposite plane parallel to it 
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PROPOSITION XXIX. 

Theorem. — If solid paraUelopipeds are upon the same base, 
and of the same aUitvidey the insisting straight lines of which 
are temiinated in the same straight lines in the plane opposite 
to the base, they are equal to one another. 

Demonstbation. Let the solid parallelepipeds AH, AK be upon 
the same base A6, and of the same altitude, and let their insist- 
ing straight lines AF, AG, LM, LN be terminated in the same 
straight line FN, and OD, CE, BH, BK be terminated in the same 
straight line DK: the solid AH Shall be equal to the solid AE. 

First, let the parallelograms DG, HN, 
which are opposite to the base AB, have 
a common side HG. Then because the 
solid AH is cut by the plane AGHC 
passing through the diagonals AG, CH 
of the opposite planes ALGF, CBHD, 
AH is cut into two equal paxts by the 
plane AGHC (a) ; therefore the solid AH 
is double of the prism which is con- 
tained betwixt the triangles ALG, CBH : 
for the same reason, because the solid AK 
is cut by the plane LGHB, through the 
diagonals LG, BH of the opposite planes 
ALNG, CBKH, the solid AK is double of 
the same prism which is contained be- 
twixt the triangles ALG, CBH : there- 
fore the solid AH is ecrual to the solid 
AK (b). 

Next, let the parallelograms DM, EN, opposite to the base, hare 
no common side. Then, because CH, CK are parallelograms, CB 
is equal to each of 
the opposite sides 
DH, EK (c) : where- 
fore DH is equal to 
EK: add, or take 
away the common 
part HE; then BE is 
eaual to HK (d) ; 
wherefore also tne 

triangle CDE is equal to the triangle BHK (e), and the parallel- 
ogram DG is equal to the parallelogram HN (/) : for the same 
Teason, the triangle AFG is equal to the triangle LMN: and the 
jMuraUeJogra^m OF i^ equal to the parallelogram BM, and OG to 



a) XI. 28. 
[b) I. Ax. 6. 
>5 I. 84. 

I. Ax. 2 or 3. 
[e) I. 88. 
') I. 36. 
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j); for theyufl opposite. Therefore the priim whick iicoD> 
1 trr UkB two triaagleE AFO, CDE, knd the three panllel- 
tgmds AD, DG. OC u equal (At to the priim contMaed bj tho 
tn tn&nglea LMH, fiHK, and tbe three parallcloerams BM, MK. 
EL. "iS, therefbre, tlko prism LMN, BEIK be taken from the nolid 
of which the hue if the pM»llclogram AB, and in which FIiKN 
ii the one oppoutc to it^ and if from thii nme lolid there be 
taken the pnam AFQ, CD£ ; the rcmoiniDR lolid, vix. the tAtnO- 
Ul^ped £E ii tqu^ to the Ttmaining panMdopipeil AK (i). 



raoposmos xxx. 

Theorem. — If lolid parallelopipeds are upon the same liiue, 
and of tke tame altitude, the iimst'iiig straight lines of uhifk are 
not terminated in the laate ttraight lines in the plane opposite 
to the base, they are equal to ono another. 

DmiOKSmATIos. Let the porallclopipeds CM, CN be upon tho 
ame bate AB, and of tho eame altitude, but thuir iiisisCins 
strught lines AP, AQ, LM, LN, CD, CE, BU, BE not tcrminatL-d 
in the Bame ttnugnt lines : the lolids CM, ON ihall be equal to one 
another. 

Prodtm FD, ME,<ztu{ . v k 

HG, KE, and Ut them 
met one another in the 
peinU O, P, Q, B; afid 
)<na AO, LP, EQ, OB. 
And because the piano 
LBHM is parallel to tho 
opposite plane ACDP, 
uid that the plane 
LBHM is that in which 
•re the parallels LB, 
MEPQ, in which also is 
the figure BLPQ; and 
the plane ACDF is that 
in Which are the paral- 
lels AC, FDOB, in which 




<n) Hj-potli. 



s the figure CAOB; thercfeio the figures BLPQ, CAOB, aje 
in parallel planes: in like manner, because the plane ALNG is 
pwillel to the opposite piano CBKE,and that the plane ALNG is 
that in which are the paralleh AL, OPGN, in which also is the 
figure ALPO; and the plane CBEE is that in which are the 
pmllels CB, RQEK, in which also is the figure CBQR; therefore 
tlie figures AfiPO, OBQB are in parallel planes: and the planes 
AGBL, OBQF are parallel (a) ; therefore the solid CP is a paral- 
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lelopipedi but the solid 
CM ii eaaai to the solid 
CP {b), becBiue thej sia 
upon the moe base 
ACBL, and their insiat- 
ing straight lines AF, 
Ad, CD, CR, LM, LP, 
BH, BQ ue in the s&me 
straight lines FB, MQ; 
and the solid CP is equal 
to tho solid CN (b), for 
they are upon the sama 
base ACBL, and their 
insistiiig stnughC lines 
AO, AG, LP, LN, CR, 
OB,B(J, BK are ir "^- 




PROPOSiTiON yyTtr. 

Tbeorbu. — If iolid partdUlopiptds {AE, CF) are upon egu 
hatti (AB, CD), aTtd of the same altitude, they are equal 
one another. 

SsiiORBTBATiOK. First, let the 
insisting straight lines be at right 
angles to the bases AB, CD, and 
let the baees be placed in the same » i> -» 

plane, and so that the aides CL, 
LB ma; be in a straight line ; 
therefore the straight line LM, 
irhicb is at tight angles to tho 
plane in nhich the b^es a 



D the ti 



the point L, i 

insisting lines of the solids 
AG, HK, BE; DF, OP, CN: and 
first, let the angle ALB be equal 
to the angle CLD : then AL, LD 
are in a straight line (b). Pro- 
duce OD, HB, and let them meet 
in Q, and complete the solid 
parallelepiped LR, the base of 
irhich is the parallelogram' LQ, 
and of ivhich XM is one of its 
jiatittingetnugbtUiiw. Therefore, 
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beeaiiBe the Mrallelogram AB is equal to OD, as the base AB is to 
the base LQ, so is the base CD to the base LQ (c). And because 
the toHd pandlelopii>ed AR is cut by the plane LMEB, which is 
prallel to the opposite planes AK, DR ; as the base A B is to the 
oase LQ, so is the solid A£ to the solid LR (</) : for the same rea- 
son, because the solid parallelopiped CR is cut by the plane 
LAUPD, which is parallel to the opposite planes CP, BR; as the 
base CD is to the base LQ, so is the solid CF to the solid LR : but us 
the base AB is to the base LQ, so the base CD to the base LQ, as 
before was proyed: therefore, as the solid A£ to the solid LR, so is 
the solid CF to the solid LR (e): and thereiore the solid Ah isffjnal 
to the 9olid CF (f). 

But let the solid parallelopipeds SE, CF bo upon equal bases 
SB, CDy and be of the same altitude, and let their insisting 
straight lines be at right angles to the bases ; and place the bases 
8B, GD in the same plane, so that CL, LB may be in a straight 
line ; and let the angles 8LB, CLD be unequal : the solid SE shall 
be equal to the solid CF. Produce DL, TS until they meet in A ; 
and nrom B, draw BH parallel to DA ; and let HB, OD produced 
meet in Q, and complete the solids AE, LR: therefore the solid AE 
is equal to the eolia SE (g), because they are upon the same base 
LE^ and of the same altitude, and their insisting straight lines, 
yiz. LA, LS, BH, BT, MG, M V, EK, EX, are in the same straight 
lines AT, GX: and because the parallelogram AB is equal to 
8B (A), for they are upon the same base LB, and between the 
same parallels LB, AT : and that the base SB is equal to the base 
CD ; therefore the base AB is equal to the base CD ; and the angle 
ALB is equal to the angle CLD; therefore by the first case, the 
solid AE IS equal to the solid CF : but the solid A£ is equal to the 
solid SE, as was demonstrated ; therefore the solid SE is equal to 
the solid CF. 

But if the insisting straight lines AG, UK, BE, LM ; CN, RS, 
DF, OP be not at right angles to the bases AB, CD ; in this case 



It JB 




■^ H Q V 




likewise, the solid AE shall be equal to the solid CF. From the 
points G, K, E, M; N, S, F, P, draw the straight lines GQ, KT, 
EV, MX ; NY, SZ, FI, PU, perpendicular to the planes in which 
are the bases AB. CD (i) ; and let them meet them In the points 
Q, T, V, X; Y, Z, I, U; and join QT, TV, VX, XQ; YZ, ZI, lU, 
UY. Then, because GQ, KT are at right angles to the same plane, 
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they lire parallel to one anotiier (k): and MG, EK are paral- 
lels; therefore the planes MQ^ ET (of which one passes through 
MGy GQ, and the other through EE, ET, which are parallel to 
MG, GQ, and not in the same pliuie with them) are parallel to one 
another (I) : for the same reason, the planes MY, GT are parallel 
to one another : therefore the solid QE is a parallelopiped. In like 
manner it may be proved, that the solid YF is a parallelopiped. 



jtf 








(h) XI. 6. 





c 

(0 XI. 16. 



-11 Y 

(w) XI. 29 or 80. 



But, from what has been demonstrated, the solid EQ is equai to 
the solid FY, because they are upon equal bases MK, PS, and of 
the same altitude, and have their insisting straight lines at right 
angles to the bases : and the solid EQ is equal to the solid AE (m), 
and the solid FY to the solid OF, because they are upon the same 
bases and of the same altitude ; therefore the solid AE u equal to 
the solid OF. 



\^\. 




PROPOSITION XXXII. 

Theoeem. — If solid paraUelopipeds (AB, CD) have th^ same 
altitude, they are to one another as their bases. 

DemonstbatioiT. Jf 2f JC 

To the straight line 
FG, appl^ the paral- 
lelogram FH, equal to 
AE (a), so that the 
angle FGH Toay he 
equal to the angle 
LOG; and upon the 
base FH, complete the 
solid parallelopiped 



X-" 0' \ \ 




^ \J 


i 


G H 



(a) I. 45 cor. 
(6) XI. 31, 



(c) XT. 25. 
{d) XL 28. 



GK, one of whose insisting lines is FD, whereby the solids CD, 
GK must be of the same altitude : therefore the solid AB is equal 
to the solid GK (5), because they are upon equal bases AE, FH, 
and are of the same altitude: and because the solid parallel- 
epiped OK is cut by the plane DG, which is parallel to its opposite 
^anes, the base HF is to the base FO, as the solid HD to the solid 
DO (c) : but the base HF is equal to the base AE, and the solid 
GK to the solid AB ; therefore as the base AE to the base OF, so is 
/^f ^oiidAB to the solid CD. 
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GosoLLABT. From this it is mftiiifest, that prisms upon trian- 
ffolar bases, of the same altitude, arc to one another as their 

DtSQI. 

Let the mrisms, the bases of which arc the triangles A£M, CPO, 
andNBO, l^DQ the triangles opposite to them, haye the same 
altitude : they shall be to one another as their ba!>es. Complete 
the jpurallelofframs AE, CF, and the solid parallelepipeds Ab, CD, 
in the first of which let MO, and in the other let G(j be one of the 
insisting lines. And because the solid parallelopi[)eds AU, CD 
hare the same altitude, they aro to one another as the base AK is 
to the base CF: wherefore the prisms, which are their (^) haWes, 
are to one another, as the base A£ to the base CF ; that is, as the 
triangle A£M to the triangle CFG. 



\: 
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PROPOSITION XXXIII. 

Theobem. — 1} solid par allelopi pals (AB, CD) are similar, 
they are one to another in the triplicate ratio of their homo- 
logous sides (AE, CF> 

DxXOKSTRATIOir. PfO- 

iiMAE,G£,UE; and 
in these produced, take 
£K equal to CF, EL 
ejwd to FN, and EM 
1 to FB; and conv- 
the paraUeioaram 
and the solid KO. 
Because KE, EL are 
equal to CF, FN, each 
to each, and the angle 
KEL equal to the angle 
(JP^f because it is equal 
toihe angle AEG. which (a) XI. 24. (b) XI. c. 

is equal to CFN, by 

reason that the solids AB, CD are similar; therefore the paral- 
lelogram KL is similar and equal to the parallelogram CN: for 
the same reason, the parallelogram MK is similar and equal to 
CR, and also OE to FD. Therefore three parallelograms of the 
solid KO are equal and similar to three parallelograms of the solid 
OD : and the three opposite ones in each solid are equal and simi- 
lar to these (a) : therefore the solid KO is equal and similar to the 
solid CD (b). Complete the parallelogram GK ; and upon the 
}meB GK, KL, complete the solids EX, LP, so that EH be an in- 
sisting straight line in each of them, whereby they must be of the 
same altitude with the solid AB. And because the solids AB, CD, 
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ar« Bimilar, and b; per- 
iQutfttion, aa AE is to 
CF, io ifl EG to FN, 
and BO is EH to FB: 
but FC is equal to EK, 
and FN to EL, and FR 
to EM ; tlierefore, as 
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ABh 



aEE,E> 



EL, and i^ .^ ^^ ^ 

EM:butaBAEistoEK, 
so is the parallelogram 
AG to the paraUelogram 
6E(a;aQdasGEi8to 
EL, BO is GK to EL (c) ; 
and as HE is to EM, so 
.0 KM {<:) : thers- 



(c) I. 6. 



V^ V 


1 1 


^^J^ 


k'- x 


- -U.ia 


-M\ 



the solid EX (d) ; and aa GE is to EL, so is the solid EX to the solid 
PL (d); and as PE is to KM, so is the aolid PL to the solid 
EO (d): and therefore as the solid AB to the solid EX, so is EX 
to PL, and PL to KO; hut if four magnitudes be continual pro- 
portionals, the first is said to hare to the fourth, the triplicate 
ratio of that which it has to the second [e) ; therefore the solid 
AB has to the solid KO, the triplicate ratio of that which AB has 
to EX: but as AB is to EX, eo is the parallelogram AG to the ra- 
i&llelogram GE, and the strught line AE to the straight line EK ; 
vrherefore the solid AB has to the solid KO, the triplicate ratio 
of that which AE has to EK : but the solid KO is equal to the 
solid CD, and the straight tine EK is equal to the straight line CF; 
therefore tU solid AB Atw lo tht solid 01), the triplicate ratio of that 
which the side AB Aim to the homaloffOia side CF. 

CoBOLLAar. From this it is manifest, that, if four straight 
lines he continual proportionals, as the first is to the fourth, so is 
the aolid parol 1 el opiped described from the first to the similar 
solid similarly described from the second; because the Srst 
straight line has to the fourth, the triplicate ratio of that which 
it has to the second. 

PROPOSITION D. 

Thkobeh. — If tolid paralUlopipeda are contained by paral- 
Ulograms equiangviar to one another, each to each, that is, of 
which the aolid anglet are equal, each to each, they have to one 
another the ratio which is the same with the ratio com- 
poanded of the ratios of their sides. 
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Dexonstbatiov. Let AB, CD he solid parallelopipeds, of which 
AB is contained by the parallelograms AE, AF, AG, which are 
equiangular, each to each, to the parallelograms OH, CK, CL, 
wnich contain the solid CD : the ratio which the solid AB has to 
the solid CD, shall be the same with that which is compounded of 
the latios of the sides AM to DL, AN to DK, and AO to DH. 

Ok to T, CI, K, so 
that AP he equal to 
DI^ AQ to Dk, and 
AR to DH; and 
complete the eolid 
pafmtdopived AX 
eontainei hy the pa- 
rdldograms AS, AT, 
AY, similar and 
eanal to CH, CK, 
Oil, each to each: 
therefore the solid 
AX is equal to the 
solid CD (a). Com- 
pute likewiee the 
solid AY, the base 




h 
e 
d 




» XI. r. 
6) VI. 12. 
[c) XI. 32. 



g 



rf) XI. 25. 
Y. Def. A. 



of which is AS, and AO one of its insisting straight lines. Take any 
straight line a, and as MA is to AP, so make a to b (6) ; and as NA is to 
AQ, so 9naib0 b to c ; andaskOistoKR^soniakecto^. Then, because 
the parallelogram A£ is equiangular to AS, A£ is to AS, as the 
straight line a is to c, as is demonstrated in the 23rd Prop. Book YI. : 
and the solids AB, AY, being betwixt the parallel planes BOY, 
EAS, are of the same altitude ; therefore the solid AB is to the 
solid AY, as the base A£ to the base AS {c) ; that is, as the 
straight line a is to c. And the solid AY is to the solid AX, as the 
base OQ is to the base QB {d) ; that is, as the straight line OA to 
AR ; that is, as the straight line c to the straight line d. And 
because the solid AB is to the solid AY, as a is to c, and the solid 
AY to the solid AX, as c is to d ; ex csquali, the solid AB is to the 
solid AX, or CD which is equal to it, as the straight line a is to d. 
But the ratio of a to d is said to be compounded of the ratios of a 
to b, b to c, and c to d {e), which are the same with the ratios of 
the sides MA to AP, NA to AQ, and OA to AR, each to each : and 
the sides AP, AQ, AR are equal to the sides DL, DK, DH, each to 
each ; therefore the solid AB has to the solid CD, the ratio which is 
the same with that which is compounded of the ratios of the sides AM 
to DL, AN to DK, and AO to DH. 
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Theobem [1.] — If solid paraUdopipeds are equal, their 
bases and altitudes are reciprocally proportional ; [2.] and if 
the hoses and altitudes he reciprocally proportional, the solid 
parallelopipeds are equal. 

Demonstration Fl.] Let AB, CD 
be two solid parallelopipeds : and 
first, let the insisting straight 
Unes AG, EF, LB, HK ; CM, NX, 
OD, PB* be at right angles to the 
bases. If the solid AB be equal 
to the solid CD, their bases shall 
be recii)rocally proportional to 
their altitudes ; that is, as the base EH is to the base NP, so shall 
CM be to AG-. If the base EH be equal to the base NR then be- 
cause the solid AB is likewise equal to the solid CD, CM: shall be 
equal to AG : because if the bases EH, NP be equal, but the alti- 
tudes AG, CM be not equaJ, neither shkll the solid AB be equal to 
the solid CD: but the solids are equal, by the hypothesis; there- 
fore the altitude CM is not unequal to the altitude AG ; thai ifL 
t^iey are equal. Wherefore, as the base EH to the base NP,40 w CM 
to AG. 

Kext, let the basM £H, NP not 
be equal, but EH greater than 
the other; then, since the solid 
AB is equal to the solid CD, CM 
is therefore greater than AG : for 
if it be not, neither abo in this 
ease would the solids AB, CD be 
equal, which, by the hypothesis, 
are equal. Make then CT eqtud to 
AG, and complete the soUd paraUdr 
opiped CY, of which the base is 
rCP, and (dtitude CT. Because the 
solid AB is equal to the solid CD, 
therefore the s<^d AB is to the 
solid CV, as the solid CD to the 

solid CV (a): but as the solid AB to the solid. CV, so is the base 
EH to the base NP (b) ; for the solids AB, CV are of the same 
altitude: and as the solid CD to CV, so is the base MP to the base 
PT (c), and so is the straight line MC to CT (d) : and QT is equal 
to AG; therefore as the base EH to the base NP, so is MC to AG 




» V. 7. 
6) XI. 82. 

[c) XI. 25. 

[d) V. 1. 



(e) V. A. 
(/) XI. 31. 
(S) V. 9. 
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Wksffefove tke kaa of tke solid paraUehpiped* AB, CD are recip- 
r o mU w proportional to their aUitudu, 

rs.] Lti now the bftsee of the 
sofid parallelopipedf AB, CD be 
SMipMeftll J proportional to their 
altitudes, viz. aa the base £H is 
to the base NP, so let CM be to 
AG : the solid AB shall be equid 
to the solid CD. 

If the base £H be equal to the 
base NP^ then, since £H is to NP as the altitude of the solid CD 
is to the altitude of the solid AB, therefore the altitude of CD is 
equal to the altitude of AB (e) : but solid parallelepipeds uDon 
equal bases, and of the same altitude, are equal to one another (f) ; 
therefore the ootid AB is equal to the solid CD. 

But let the bases EH, NP be un- 
eaual, and let £H be the greater 
of the two : therefore, sinee, as the 
hsm SH to the base KP, so is CM 
the Altitude of the solid CD to AG 
the altitude of AB, CM is ereater 
thaA AG {e). Therefore, as hcKfore, 
tfttfe or o^ual to AG, and complete 
ifte mlid CY. And because the 
teae SH is to the base KP, as CM 
to A€k and that AG is equal to CT, 

tiMNfore the base SH is to the base IfP, as MC to CT. Butasthe 
kwe BH b to NP, so is the solid AB to the solid CV (h) ; for the 
solids AB, CY are of the same altitude: and as MC is to CT, so is 
the hase MP to the base PT (^), and the solid CD to the solid 
or (c) : therefore as the solid AJB is to the solid CY, so is the solid 
(H> to the solid CY ; that is, eadi of the solids AB, CD has the 
same ratio to the solid CY ; and therefore ^ solid AB is equal to 
tke solid CD {g), 

Seoond genmd oase. Let the insisting straight lines FE, BL^ 
GA, KH ; XN, DO, MC, BP not be at right angles to the bases of 
the solids. 

[1.] In this case, likewise, if the solids AB, CD be equal, their 
shall be red- 




preoallj proportional 
to their altitudes, tIz. 
the-baseEH shall be 
to the base KP, as 
tiM altitude of the 
soUd CD is to the alti- 
tude of the solid AB. 
From the poirUs F, 
B, K,G; X,D,R,M, 
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(A) XI. 29 or 30. 



draw perpendiculars to the planes in which are the bases EH, NP, 
meeting those planes in the points S, Y, V, T; Q, I, U, Z; and 
complete the solids FY, XU, which are parallelopipeds, as was 
proved in the last part of Prop. 31, of this book. 

Because the solid AB is equal to the solid CD, and that 
the solid AB is equal 
to the solid BT (A), 
for they are upon the 
same base FK, and 
of the same altitude ; 
and that the solid CD 
is equal to the solid 
DZ (A), being upon 
the same base XR, 
and of the same alti- 
tude; therefore the 
solid BT is equal to 

the solid DZ : but the bases are reciprocally proportional to the alti- 
tudes of equal solid parallelopipeds of which the insisting straight 
lines are at right angles to their bases, as before was proved ; there- 
fore as the base FK to the base XB, so is the altitude of the solid 
DZ to the altitude of the solid BT : and the base FK is equal to the 
base EH, and the base XB to the base NP ; wherefore, as the base 
EH is to the base NP, so is the altitude of the solid DZ to the alti- 
tude of the solid BT ; but the altitudes of the solids DZ, DO, as 
also of the solids BT, BA, are the same ; therefore as the base EH 
to the base NP, so is the altitude of the solid CD to the altitude 
of the solid AB ; that is, the bases of the solid parcdldopipeds AB^ 
CD are reciprocally proportional to their altitvdes. 

[2.] Next, let the bases of the solids AB, CD be reciprocally 
proportional to their altitudes, viz. the base EH is to the bisuie NP, 
as tne altitude of the solid CD is to the altitude of the solid AB : 
the solid AB shall be equal to the solid CD. The same construction 
being made ; because, as the base EH is to the base NP, so is the 
altitude of the solid CD to the altitude of the solid AB ; and that 
the base EH is equal to the base FK, and NP to XR ; therefore the 
base FK is to the base XR, as the altitude of the solid CD to the 
altitude of AB ; but the altitudes of the solids AB, BT are the same, 
as also of CD and DZ ; therefore as the base FK is to the base XRy 
so is the altitude of the solid DZ to the altitude of the solid BT : 
-wherefore the bases of the solids BT, DZ are reciprocally propor- 
tional to their altitudes : and their insisting straight lines are at 
right angles to the bases ; wherefore, as was before proved, the 
solid BT is equal to the solid DZ : but BT is equal to the solid 
BA (A), and DZ to the solid DC, because they are upon the same 
bases, and of the same altitude ; therefore the solid AB is equal to 
the solid CD. 
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PROPOSITION XXXV. 

Theobem. — IJ^ from the vertices (A and D) of two equal 

fkne angles (BAG, EDF), there be drawn two straight lines 

(AG, DM) elevated above the planes in which the angles are, 

and containing equal angles with the sides of those angles, each 

to each (GAB to MDE, and GAG to MDF); and if in the 

Unes (AG, DM) above the planes there be taken any points 

((j, M), and from them perpendiculars (GL, MN) be drawn to 

the planes in which are the first-named angles (BAG, EDF) ; 

and from the points (L, N) in which they meet the planes, 

ttraight Unes (LA, ND) be drawn to the vertices of the angles 

first-named; these straight lines shall contain equal angles 

(GAL, MDN) with the straight lines which are above the. 

planes of the angles. 

Dexonstbatioit. 
Make AU equal to 
J>}/Ly and through H 
draw HK parallel 
to GL : but GL is 
perpendicular to the 
plane BAC; where- 
fore HK is perpen- 
dicular to the same 
plane (a). From the 
points K, K, to the 




[a) XI. 8. 
6) XI. 18. 
c) XI. Def. 4. 



(d) XI. Def. 3. 

(e) Hypoth. 



Straight lines AB, AG, 
DE, DP, draw per- 
pendiculars KB, KG, 
NE, NF, and join HB, BC, ME, EP. Because HK is perpen- 
dicular to the plane BAG, the plane HBK which passes 
through HK is at right angles to the plane BAG (b) ; and AB is 
drawn in the plane BAG at right angles to the common section BK 
of the two planes ; therefore AB is perpendicular to the piano 
HBK (c), and makes right angles with every straight line meeting 
it in that plane {d) : but BH meets it in that plane ; therefore 
ABH is a right angle : for the same reason, DEM is a right angle, 
and. is therefore emial to the angle ABH : and the angle HAB is 
equal to the angle MDE (e); therefore in the two triangles HAB, 
MDE, there are two angles in one, equal to two angles in the 
other, each to each, and one side equal to one side, opposite to one 

H 3 



154 



ELBlfEKTS OF dEOHBT&T. 




(c) Hypoth. 
(/) I. 26. 
Or) I. 4. 



(A) I. 47. 
• (0 1. 8. 



of the equal angles in each^ viz. HA equal to DM ; therefore the 
remaining sides are equal, each to each (f), Tvherefore AB is equal 
to DE. In the same 
manner, if HO and 
MFbe joined, it may 
be demonstrated, 
that AG is equal to 
DF : therefore, since 
AB is equal to DE, 
BA and AC are equal 
to ED and DF, each 
to each; and the 
angle BAO is equal 
totheangleEDF(<?); 
wherefore the base 
BC is equal to the 

bftse EF (^), and the remaining angles to the remaining angles ; 
therefore the angle ABO is equal to the angle DEF : and the right 
angle ABK is equal to the right angle DEK ; whence the remain- 
ing angle CBK is equal to the remaining angle FEN: for the 
same reason, the angle BOK is equal to the angle EFN ; therefore 
in the two triangles BOK, EFN there are two angles in one, equal 
to two angles in the other, each to each, and one side equal to one 
side adjacent to the equal angles in each, viz. BO fiqual to £F ; 
therefore the other sides are equal to the other sides ; BK then is 
equal to EN : but AB is equal to DE ; wherefore AB, BK are equal 
to DE, EN, each to each; and tbej contain right angles ; wherefore 
tbe base AK is equal to the base DN. And since AH is equal to 
DM, tbe square on AH is equal to the square on DM: but the 
squares on AK, KH are equ^ to the square on AH, because AKH 
is a right angle (A) ; and the squares on DN, NM are equal to the 
square on DM, for DNM is a right angle: wherefore the squares on 
AK, KH are equal to the squares on DN, NM : and of these the 
square on AK is equal to the square on DN ; therefore the remain- 
ing square on KH is equal to the remaining square on NM ; and 
the straight line KH to the straight line NM ; and because HA, 
AK are equal to MD, DN, each to each, and the base HK to the 
base MN, as has been proved, therefore the angle HAK, UuU is, 
QAIiy is equal to the angle MDN (i). 

OoBOLLABY. From this it is manifest, that if from the yeitioes 
of two equal plane angles, there be elevated two equal straight 
lines containing equal angles with the sides of the angles, each to 
each ; the -perpendiculars drawn from the extremities of the equal 
straight lines to the planes of the first angles, are equal to one 
another. 

Scholium. Of this Corollary another demonstnitioQ mi^ be giyen, as 
fbUovrs : — 
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Let the plane angles BAG, EOF be equal to one another^ and let AH, DM 
be two eqnal straight lines above the p&nes of the angles, containing equal 
ai^es with BA. AC ; ED, DF, each to each, viz. the ancle HAB equal to 
MDE, and HACI equal to the ande MDF^ and from H, M let HK, MN be 
perpendiculars to the planes BAG, EDF: HE shall be equal to MN. 

^cause the solia 
angle at A is contained 
by the three plane an- 
^es BAG, BAH, HAG, 
which are, each to each, 
equal to the three piano 
angles EDF, EDM, 
MDF, containing the 
8<^d angle at D; the 
lolid angles at A and 
D «re equal, and there- 
fogre coincide with one 
another; to wit, if the 
plane angle BAG be 
xpp&sd to the plane 
angle EDF, the straight line AH coincides with DM, as was shown m 
Prop. B, of this book: and because AH is equal to DM, the point H coincides 
with the point M: wherefore HK, which is perpendicular to the plane BAG, 
coincides with MN, which is perpendicular to the plane EDF, because these 
planes coincide with one another (a). Therefore HE is equal to MN. 




(a) XI. 13. 



PROPOSITION XXXVI. 

TaEOB.^M,—!/ three straight lines (A, B, G) be proportionals, 
the solid parallelepiped described from all three, as its sides, 
is equal to the equilateral parallelopiped described from the 
meau proportional (B), one of the solid angles of which is 
contained by three plane angles equal, each to each, to the 
three plane angles containing one of the solid angles of the 
other' figure. 



Mr 



^ 



M: 



-IjP 



JB JD 



Demonstration. Take a solid angle 
D, contaitied hy three plane angles EDF, 
FDG, GDE; and make each of the 
straight lines ED, DF, DG equal to B, 
and complete the solid paraUelopiped 
DH : ma%e LK eqtud to A, and at the 
point K, in the straight line LK, rnake 
a solid angU contained hy the three 
plane angles LKM, MXN, NKL, equal 
to the amies EDF, FDG, GDE, each to each (a) ; and make EIN 
e(pMil to % cmd KM equal to G ; and complete the solid parallel' 
opiped KO. Ajod hecause, as A is to B, so is B to 0, and that A is 



(a) XI. 26. 
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B 



equal to LK, and B is equal to each 
of the straight lines DE, PF, and C is 
equal to KM ; therefore LE is to ED, 
as DF to EM ; that is, the sides about 
the equal angles are reciprocally pro- 
portional ; therefore the parallelogram 
liM is equal to EF (5) : and because 
EDF, LKM are t-vro equal plane 
angles, and the two equal straight 
lines DG, KN are drawn from their 
vertices above their planes, and con- 
tain equal angles with their sides; 
therefore the perpendiculars from the points G, N, to the planes 
EDF, LEM are equal to one another (c) : therefore the solids EO, 
DH are of the same altitude; and they are upon equal bases LM, 
EF ; and therefore ^y are eqtud to one another (d) : Imt the solid 
EO is described from the three straight lines A, B, C, and the solid 
DUfrom the straight line B. 



;6) VI. 14. 
\cS XI. 35, cor. 
[d) XI. 31. 



PROPOSITION XXXVII. 

Theorem {I. I—If four straight lines (AB, CD, EF, GH) 
he proportionals, the similar solid parallelopipeds (AK, CL, 
FM, HN) similarly described from them shall also be propor- 
tionals : and if the similar parallelopipeds similarly described 
from four straight lines he proportionals, the straight lines 
shall be proportionals. 

Demonstration [1.] jc 

Make AB, CD, 0, P, 
continual proportion- 
als, as also EF, GH, 
Q, R (a) : and because 
as AB is to CD, so is 
EF to GH; and that 
CD is to 0, as GH to 
Q (5), and is to P, as 
Q to R ; therefore, eji: 
cequali, AB is to P, as 
EF to R (c) ; but as 
AB is to P, so is the 
solid AE to the solid -^ ■*' 

CL (d) ; and as EF is ^^n y£ j j 

toR,so is the solid FM (6)V.ll. 

to the solid HN {d) : (c) V. 22. 
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therefore as the idid AK is to the solid CL, so is the solid Y^ to the 
ssUd HK (&). 

[2.] Next, let the solid AK be to the solid GL, as the solid FM 
is to the solid HN: the straight line AB shall be to CD, as EV 
istoGH. 

Take as AB is to CD, so is EF to 8T,andfrom ST describe a solid 
paralldopiped SY similar and similarly situated to either of the 
solids FM, HK (e). And because AB is to OD, as £F is to ST, and 
that from AB, UD the solid parallelopipeds AK, OL are similarly 
described ; and in like manner the solids FM, SY from the straight 
Imes £F, ST ; therefore AK is to CL, as FM is to S Y ; but, by the 
hypothesis, AK is to CL, as FM to HN ; therefore UN is equal to 
8Y (/) : but it is likewise similar and similarly situated to SY ; 
tiierefore the planes which contain the solids UN, SY are similar 
and equal, and their homologous sides GH, ST equal to one an- 
other: and because as AB is to CD, so is £F to ST, and that ST is 
equal to GH, therefore AB is to CD, as £F is to GH. 



PROPOSITION XXXVIIL 

Thboreh. — "TjT a plane (CD) be perpendicular to another 
plane (AB), and a straight line be drawn from a point (E) in 
one of the planes (CD) perpendicular to the other plane (AB), 
this straight line shall fall on the common section (AD) of the 
planes." 

Dbmoitstration. "For if it does 
not, let it, if possible, fall elsewhere, 
as £F ; and let it meet the plane AB 
in the point F ; and from F draw, in 
the plane AB, a perpendicular FG to 
DA (a), which is also perpendicular to 
the plane CD (f) ; and join £G. Then, 
because FG is perpendicular to the 
plane CD, and the straight line £G 
which is in that plane, meets it, there- 
fore FG£ is a riglit angle (c) : but EF S«) \^'^' 
is also at right angles to the plane AB, >^< ^i* pef 3 
and therefore EFG is a right angle : (d) 1. 17. 
wherefore two of the angles of the 

triangle EFG are equal together to two right angles ; which is 
absurd {^ ; therefore the perpendicular from the point E to the 
plane AB^ does not fdU dsewhere than upon the straight line AD ; 
that is, it therefore falls upon it,** 
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PROPOSITION XXSIX 
Theokeu. — In a mlid paTallelopiped, if the sides of two of 
the opposite pUtaei ^ divided, «aeh into two equal purU, the 
common section of the'plEtaes pasaing through the poiotB of 
division, imd the £ameter of die ioiid parallelopiped, cut each 
other into two e^ual parts. 

I>BMDirBTRA9iox. Let the 
Bklea of the opposite phmes 
CV, AH of the BoUd paral- 
Idopiped AF, be diyided each 
iuto'two equal pitrbi in the 
points K,Ii,M,TS; X, 0, P, 
R; andjoifi KL, M», XO, 
PR I and because BE, CL 
are equal and parallel, KLia 
pwaira to DO (a): for the 
s&ne reason, MN is parallel 
t«BA: and BA ia puallel to 
DO; therefore, because KL, 
BA are each of them paral- 
lel to DC, and not in the 
same plane nith it, KL ii pa- 
rallel to BA (b) : and because (a] 
KL, MN are each of them \b) 
parallel to BA, and not in (c) 
the same plane with it, KL W 
is parallel to MN (i) ; where- 
fore KL, MN are in one plane. In like 
that XO, PR are in one plane. Let YS be thi 
the planes KN, XR; and DO the diameter 
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!r it may beproTed, 
I common section of 
f the solid peisllel- 
opiped AF : YB and DO shall meet, and cat one another mto tiro 
equal parts. 

Join DY, TE, BS, SG. Because DX ie parallel to OE, the alter- 
nate angles DXY, YOK are equal to one another (c): andbeanue 
DX is equal to OE, and XY to YO, and that they contain eqnsl 
angiles, tlie baeo DY is equal to the base YE (d), and the other 
a^les are equal ; therefore the angle SYD is equal to the angle 
OYE, and DYE is a straight line W: -for the same reason, BSG is 
a straight line, and BS equal to SO. And because CA is eqnalsnd 
parallel to DB, and also equal and narallel to EG, ther e f o re DB ia 
equal and parallel to EG (8) ; and DE, BG join their eitremilfieB ; 
therefore BE is eqiial and -parallel to BG (a): and DO, TS are 
drann from points in the one, to points in the oitret, had are 
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therefore in one plane : whence it is manifest, that DG, TS must 
meet one another: let them meet in T. Aud because DE is paral- 
lel to BG, the alternate angles EDT, BGT are equal {c) : and the 
angle DTY is equal to the angle GTS (/): therefore in the 
triangles DTY, GTS, there are two angles in the one, equal to two 
angles in the other, and one side equal to one side, opposite to two 
of the equal angles, yiz. PY to GS, for they are the halves of DE, 
BG; therefore the remaining sides are equal, each to each (g): 
wherefore PT is equal to TG, and YT equal to TS. 



PROPOSITION XL. 

Theorem. — If there be two triangular prisms of the same 
altitude, the base of one of which is a parallelogram, and the 
hose of the other a triangle : if the parallelogram be double of 
the triangle, the prisms shall be equal to one another. 

Dbmonsteation. Let the prisms ABOBEF, GHKLMN be of 
the same altitude, the first whereof is contained by the two trian- 
gles ABE, CDF, and the three parallelograms AI), DE, EC; and 
tiie other by the two triangles GHK, LMN, and the three paral- 
kiogiams LH, HK, NG; and let one of them have a parallel- 
ogram AF, and the other a triangle GHK, for its base : if the pa- 
r^elogram AF be double of the triangle GHK, the prism 
ABODEF shall be equal to the prism GHKLMN. 

Complete "the solids AX, GO : 
and because the parallelogram 
AF is double of the triangle 
GHK, and the parallelogram 
HK double of the same triangle, 
therefore the parallelogram AF 
is equal to HK {(£): but solid 
paiallelopipeds upon e^ual bases, W }i^' 

and of the same altitude, are MXI 28 

equal to one another if) ; there- ^^^ ' 

tore the solid AX is equal to the solid GO: and the prism 
ABCDEF is half of the solid AX (c) : and the prism GHKLMN half 
of the solid GO (c) : therefore the prism AdCDEF is equal to the 
prwm GHKLMN. 




THE 

ELEMENTS OF EUCLID. 



BOOK XII. 
LEMMA I. 



TflEOBEM. — If from the greater of two unequal magnitudes, 
there be taken more than its half and from the remainder more 
than its half and so on ; there shall at length remam a mag- 
nitude less than the least of the proposed magnitudes. 

Behonstbatiox. Let AB and be two unequal magnitudes, of 
which AB is the greater: if from AB there be taken more than 
its half, and from the remainder more than its half, and so on ; 
there shall at length remain a magnitude less than 0. 

For may be multiplied so as at length to be- 
come greater than AB. Let it be so multiplied, 
and let DE its multiple be greater than AB, and 
let BE be divided into DF, FG, GE, each equal to 
0. From AB, take BH greater than its half; and 
from the remainder AH, take HE greater than its 
half, and so on, until there be as many diyisions in 
AB as there are in DE. And because PE is greater 
than AB, and that EG taken from DE is not greater 
than its half, but BH taken from AB is greater 
than its half, therefore the remainder GD is greater 
than the remainder HA. Again, because GD is 
greater than HA, and that GF is not greater than the half of 
GD, but HE is greater than the half of HA ; therefore the 
remainder FD i^ greater than the remainder AE. And FD 
is equal to C, therefore C is greater than AK ; that is, AK is less 
than 0. 
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OoBOLLABT. And if only the halycs be taken away, the aame 
thing may, in the same way, be demonstrated. 

Scholium. This is the first proposition in the 10th book, nnd being no- 
oessary to some of the propositions of this book, it is liere iuserted. 



PROPOSITION I. 



Theobem. — Similar polygons (ABODE, FGHKL) inscribea 
in drcUSy are to one another as the squares on their dia* 
meters. 

Bexonstbation. Let 
BM, ON be the diame* 
ters of the circles; /9m 
BE, AM; GL,FN:and 
because the polygon 
ABODE is similar to 
the polygon FOHEL, 
the angle BAE is equal 
to the angle GFL (a), 
and as BA is to A£, 
10 is GF to FL : there- 
fore the two triangles 
BAE, GFL haying an 




» VI. Def.a. 
;6) III. 21. 
[c) m. 81. . 



;<0vi.4. 

>) V. Def. 10 and 22. 
') VI. 20. 



angle in one, equal to an angle in the other, and the sides about 
the equal angles proportionals, are equiangular ; and therefore the 
angle AEB is equal to the angle FLG : but AEB is equal to AMB, 
because they stand upon the same circumference {b) : and the 
angle FLG is, for the same reason, equal to the angle FNG: 
therefore also the angle AMB is equal to FNG ; and the right 
angle BAM is equal to the right angle GFN (c) ; wherefore the 
remaining angles in the triangles ABM, FGN are equal, and they 
are equiangular to one another ; therefore as BM is to GN, so is 
BA to GF (d) ; and therefore the duplicate ratio of BM to GN, is 
the same with the duplicate ratio of BA to GF (e) : but the ratio 
of the square on BM to the square on GN, is the duplicate ratio 
of that which BM has to GN; and the ratio of the polygon 
ABODE to the polygon FGHKL is the duplicate of that which 
BA has to GF (/) : therefore as the square on BM is to the squart 
on GN, so is the polygon ABODE to the polygon FGHKL. 



162 BLEMElHB OF 0BOMETBY. 



PROPOSITION 11. 

Theorem. — Circles (AO, EG) are to one another as the 
squares on their diameters. 

Demonstbatioh^. For if it be not so, the square on BD must be 
to the square on FH, as the circle AC is to some space either less 
than the circle EG, or greater than ii. First let it be to a q[>ace 
S less than the circle EG ; and in the circle EG describe the square 





(a) IV. 6. (c) Xn. 1. (c) V. 11. 

(*) L 41. (d) Hypoth. (/) V. 14. 

EFQH (a). This square is greater than half of the circle EG ; 
^^anse, if, through the points E, F, G, H there be drawn tan- 
gents to the circle, the square EFGH is half of the square de- 
scribed about the circle (5) : and the circle is less than the square 
described about it, therefore the aquare EFGH is greater t han 
half of the circle. Divide the drctumferences EF, FG, GH, HE 
^taeh into two equal parts in tlve points E, L, M, N, and Join ISI, 
£F, FL, LG, OM, MH, HN, NE : therefore each of the triangles 
EKF, FLG, GMH, HNE, is greater than half of the segment of 
the circle in which it stsuids ; because, if straight lines touching 
the circle be dxawn through the points E, L, M, N, and theparaP 
lelograms upon the straight lines EF, FG, GH, HE be completed, 
each of the triangles EKF, FLG, GMH, HNE is the half of the 
parallelogram in which it is (h) ; but every segment is less than 
the parallelogram in which it is: wherefore each of the triangles 
EKF, FLG. GMH, HNE is greater than half the segment of the 
circle which contains it. Again, if the remaining circumferences 
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be divided each into two equal parts, and their extremities be 
joined by straight lines, by continuing to do thi?, there will at 
length remain segments of the circle, which together are less than 
the excess of the circle EG above the space S ; because, by the 
fveoeding Lemma^ if from the greater of two unequal magnitudes 
there be taken more than its half, and firom the remainder more 
ifam its half, and so on, there shall at length remam a magnitude 
Um than the least of the proposed magnitudes. Let then the 
Moments EK, KF, FL, LG, GM, MH, IIN, NE be those that re- 
aam, and are together less than the excess of the circle EG above 
S: therefore the rest of the circle, viz. the polygon EKFLGMUN, 
is greater than the space S. Describe likewise in the cirde AC the 
waygon AXBOCPDB nmUar to the polygon EKFLGMHN: as 
therefore the square on BD is to the square on FH, so is the poly- 
gon AXBOOPDB to the polygon EKFLGMHN {c) : but the 
square on BD is also to the square on FH, as the circle AG is to 
the space S (cH; therefore as the circle AO is to the space 8, so is 
the polygon AJ^OCPDB to the polygon EKFLGMHN («) : but 
the circle AO is grsater than the polygon contained in it ; where- 
fore the space 8 is greater than the polygon EKFLGMHN (J) : 
but it is likewise less, as has been demonstrated ; which is impos- 
sible : therefore the square on BD is not to the square on FH, as 
the circle AO is to any space less than the circle EG. In the same 
manner it may be demonstrated, that neither is the square on FH 
to the square on BD, as the circle EG is to any space less than the 
circle AO. Nor is the square on BD to the square on FH, as the 
circle AO is to any space greater than the circle EG. For if pos- 
sible, let it be so to T, a space greater than the circle EG: there- 
fore invenely, as the square on FH is to the square on BD, so is the 
space T to the circle AO : but as the space T is to the circle AO, 
so is ^e circle EG to some space, which must be less than the 
drde AO ^), because the space T is greater, by hypothesis, 
than the circle EG; therefore as the square on FH is to the 
square on BD, so is the circle EG to a space less than the circle 
AO, which has been demonstrated to be impossible : therefore the 
square on BD is not to the square on FH, as the circle AO is to 
ai^r gpace greater than the circle EG: and it has been demon- 
slaated that neither is the square on BD to the square on FH, as 
the circle AO to any space less than the circle EG : wherefore, as 
the wquare on BD is to the square on ¥H, so is the drde AO to the 
cirde EQ. 
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PROPOSITION III. 



Theobem. — Every pyramid having a triangular hose (ABC) 
may be divided into two equal and similar pyramids having 
triangular bases, and which are similar to the whole pyrar 
mid ; and into two equal prisms which together are greater 
than half of the whole pyramid. 

Demonstration. Divide AB, BO, CA, AD, 
DB, DC each into two equal parts in the points 
E, F, G, H, K, L, and join EEy EG, GH, HK, 
KL, LH, EK, KF, FG. Because AE is equal to 
EB, and AH to HD, HE is parallel to DB (a) : 
for the same reason, HE is parallel to AB; 
therefore HEBK is a parallelogram, and HE 
equal to EB (b) : but EB is equal to AE ; there- 
fore also AE is equal to HE : and AH is equal 
to HD ; wherefore EA, AH are equal to KH, 
HD, each to each ; and the angle E AH is equal 
to the angle EHD (c) ; therefore the base EH 
is equal to the base ED, and the triangle AEH 
equal and similar to the triangle HED (d) : for 
the same reason, the triangle AGH is equal and 
similar to the triangle HLD. Again, because 
the two straight lines EH, HG, which meet one 
another, are parallel to ED, DL, that meet one 
another and are not in the same plane with 
them, they contain equal angles (e) ; therefore 
the angle EHG is equal to the angle EDL : and 
because EH, HG are equal to ED, DL, each to 
each, and the angle EHG equal to the angle 
EDL; therefore the base EG is equal to the 
base EL ; and the triangle EHG equal and similar to the triangle 
EDL (d) : for the same reason, the triangle AEG is also equal and 
similar to the triangle HEL : therefore the pyramid, of which the 
base is the triangle AEG, and of which the vertex is the point H, 
is equal and similar to the pyramid, the base of which is the tri- 
angle EHL, and vertex the point D (/). And because HE is 
parallel to AB, a side of the triangle ADB, the triangle ADB is 
equiangular to the triangle HDE, and their sides are propor- 
tionals (g) ; therefore the triangle ADB is similar to the triangle 
HDE : and for the same reason, the triangle DBO is similar to Uie 
triangle DEL ; and the triangle ADC to the triangle HDL ; and 
aJso the triangle ABC to the triangle AEG: but the triangle AEG 
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u similar to the triangle HKL, as before was proved ; therefore 
the triangle ABO is similar to the triangle UKL (A) : and there- 
fore the pyramid of which the base is the triangle ADC, and ver- 
tex the point D, is similar to the pyramid of which the base is the 
triangle HKIl and vertex the same point D (i): but the pyramid 
of which the base is the triangle HkL, and vertex the point D, is 
similar, as has been proved, to the pyramid the base of which is 
the triangle AEG, and vertex the point H ; wherefore the pjra- 
Bwl, the base of which is the triangle ABC, and vertex the ]>oint 
B, is similar to the pyramid of which the base is the triangle 
AEG and vertex H : therefore each of the pyramids AEGII, 
HELD is similar to the whole pyramid ABCD. And because BF 
is eoual to FC, the parallelogram £BFG is double of the triangle 
GFC (k) : but when there are two prisms of the same altitude, of 
which one has a parallelogram for its base, and the other a trian- 
gle that is half of the parallelogram, these prisms are eoual to 
one another (Q ; thereiore the prism having the parallelogram 
EBFG for its base, and the straight line KII opposite to it, is eoual 
to the prism having the triangle GFC for its base, and the trian- 
gle BKh opposite to it ; for they are of the same altitude, be- 
cause they are between the parallel planes ABC, HKL (m) : and 
it is manuest that each of these prisms is greater than either of 
the pyramids of which the triangles AEG, HKL are the bases, 
and the vertices the points H, D ; because, if EF be joined, the 
prism having the parallelogram EBFG for its base, and KH the 
straight line opposite to it, is greater than the pyramid of which 
the base is the triangle EBF, and vertex the point K: but this 
pyramid is equal to the pyramid, the base of which is the triangle 
AEG, and vertex the point H (/) ; because they are contained by 
equal and similar planes : wherefore the prism having the paral- 
lelogram EBFG for its base, and opposite side KH^s greater than 
the pyramid of which the base is the triangle AEG, and vertex 
the point H : and the prism of which the base is the parallel- 
ogram EBFG, and opposite side KH, is equal to the prism having 
the triangle GFC for its base, and HKL the triangle opposite to it ; 
and the pyramid of which the base is the triangle AEG, and ver- 
tex H, is equal to the pyramid of which the base is the triangle 
HKL, and vertex D : therefore the two prisms before mentioned 
are greater than the two pyramids of which the bases are the 
triangles AEG, HKL, and vertices the points H, D. Therefore, 
the fMoU pyramid of which the base is the triangle ABC, and vertex 
the point D, is divided into two equal pyramids similar to one an- 
ether, and to the whole pyramid; and into two equal prisms; ajna, 
the two prisms are together greater than half of the whole pyramid. 
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PROPOSITION IV. 



TfiEOSEic. — Ij there be two pyramids (ABCG, DEFH) of 
the same altitude upon triangular bases (ABO, DEF), and 
each of them be divided into two equal pyramids similar to the 
whole pyramid, and also into two equal prisms ; and if each of 
these pyramids be divided in the same mann£r as the first two^ 
and so on : as the base (ABC) of one of the first two pyra- 
mids is to the base (DEF) of the other, so shall all the 
prisms in one of them (ABCG) be to all the prisms in the 
other (DEFH), that are produced by the same number of 
divisions. 

Demonstbation. Make the 
same construction as in the fore- 
going proposition: and because 
^X is equal to XO, and AL to 
LO, therefore XL is parallel to 
AB {a)y and the triangle ABO 
similar to the triangle LXO: for 
the same reason, the triangle 
DEF is similar to RTF. And 
because BC is double of OX, and 
EF double of F V ; therefore BC 
is to OX, as EF is, to FV {h) : 
and upon BC, OX are described 
the similar and similarly situated 
rectilineal figures ABC, LXO: 
and upon EF, FY, in like man- 
ner are described the similar 
figures DEF, R VF : therefore, as 
the triangle ABC is to the tri- 
angle LXO, so is the triangle DEF to the triangle RVF (c), and, 
by permutation, as the triangle ABC is to the triangle DBF, so 
is the triangle LXO to the triangle RVF. And because the planes 
ABC, OMN, as also the planes DEF, STY, are parallel ((Q, the 
perpendiculars drawn from the points G, H to the bases. ABC, 
DEF, which, by the hypothesis, are equal to one another, shall be 
cut each into two equal parts by the planes OMN, STY («), be- 
cause the straight lines GC, HF are cut into two equal parts in 
the points N, Y, by the same planes: therefore the prisms 
JbXCOMN, BVFSTY are of the same altitude ; and therefore, as 
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the base LXC is to the base RY F ; that is, as the trianffle ABC if 
to the triangle DEF, so is the prism haying the triangle LXC for 
its base, and OMN the triangle opposite to it, to the prism of 
which the base is the triangle R YF, and the opposite triangle 
STY (/) : and because the two prisms in the pjramid ABCQ am 
equal to one another, and also the two prisms in the pyramid 
DEFH equal to one another ; as the prism of which the base if 
the parauelo^pram KBXL and opposite side MO, is to the prifloi 
haying the tnansle LXC for its base, and OMN the triangle oppo- 
site to it; BO is the prism of which the base is the parallelogram 
PETYB^ and opposite side TS, to the prism of which the bi^ is 
the triangle KVF, and opposite triangle STY (y) : therefore, oomr 
ponendo^jM the prisms kBXLMO, LaCOMN together, are to the 
prism LXCOMlif ; so are the prisms PEYRTS, BYFSTY to the 
piim BYFSTY; and, permtUando, as the prisms KBXLMO, 
LXCOMN are to the prisms PEYRTS, BYFSTY ; so is the prism 
LXOOMN to the prism BYFSTY : but as the prism LXCOMN to 
the prism BYPSTY, so is, as has been proyed, the base ABC to the 
base DEF ; therefore, as the base ABO is to the base DEF, so are the 
two prisms in the pyramid ABOG to the two prisms in the pyra- 
mid DSFH : and likewise if the pyramids now made, for example, 
the two OMNQ, ST YH, be diyided in the same manner ; as the 
base OMN is to the base STY, so are the two prisms in the pyra- 
mid OMNG to the two prisms in the pyramid STYH : but the 
base OMN is to the base STY,as the base ABO is to the base DEF; 
therefore, as the hose ABC ia to the base DEF, so are the tvoo prisms in 
the pyramid ABCQ to the two prisms in, the pyramid DIlFH ; and 
» are the two prisms in the pyramid OMNG to the two prisms in 
2A< pyramid STYH; and so are aUfovjr to all four: and the same 
iking may he shown of the prisms made by dividing the pyramids 
AXLO and DPRS, and of all made by the same number of divisions. 



PROPOSITION Y. 

Theorem. — Pyramids (ABCG, DEFH) of the sams alti- 
tude which have triangular hawses (ABG^ DEF) are to one 
another as their bases. 

DfiMOKSTBATioN. For if it be not so, the base ABC must be to 
the base DEF as the pyramid ABCG to a solid either less than 
the pyramid DEFH, or greater than it. First, let it be to a solid 
less than it, viz. to the solid Q ; and divide the pyramid DEFH 
into two equal pyramids, similar to the tchole, and into two equal 
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prisms; therefore 
these two prisms 
are greater than 
the naif of the 
whole pyramid (a). 
And again, let the 
pyramids made hf 
this division he in 
like manner dir 
videdf and so on (b), 
until the pyra- 
mids which remain 
undivided in the 
pyramid DEFH 
be all of them to- 
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gether less than the excess of the pyramid DEFH above tl 
solid Q : let these, for example, be the pyramids DPRS, STYl 
therefore the prisms, which make the rest of the pyramid DEF] 
are greater than the solid Q. Divide likewise the pyramid ABC 
in the sawje ma.nn&r^ and into as many parts as the pyramid DEFl 
therefore as the base ABC to the base DEF, so are the prisms : 
the pyramid ABOG to the prisms in the pyramid DEFH (c) : h 
as the base ABC to the base DEF, so, by hypothesis, is the j^ 
mid ABCG to the solid Q : and therefore, as the pyramid ABC 
to the solid Q, so are the prisms in the pyramid ABCG to tl 
prisms in the pyramid DEFH ; but the pyramid ABCG is great 
than the prisms contained in it ; wherefore also the solid Q 
greater than the prisms in the pyramid DEFH (d) : but it is al 
less, which is impossible : therefore the base ABC is not to tl 
base DEF, as the pyramid ABCG to any solid which is less thf 
the pyramid DEFH. In the same manner it may be demo: 
strated, that the base DEF is not to the base ABC, as the pyr 
mid DEFH to any solid which is less than the pyramid ABC< 
Kor can the base ABC be to the base DEF, as thepyramid ABC 
to any solid which is greater than the pyramid DITfH. For if 
be possible, let it be so to a greater, viz. the solid Z. And becau 
the base ABC is to the base DEF, as the pyramid ABCG to tl 
solid Z ; by inversion, as the base DEF is to the base ABC, so is tl 
solid Z to the pyramid ABCG : but as the solid Z is to the pyr 
mid ABCG, so is the pyramid DEFH to some solid, which must] 
less than the pyramid ABCG (d), because the solid Z is great 
than the pyramid DEFH ; and therefore, as the base DEF is to tl 
base ABC, so is the pyramid DEFH to a solid less than the pyr 
mid ABCG ; the contrary to which has been proved : therefore tl 
base ABC is not to the base DEF, as the pyramid ABCG to ai 
£olid which is greater than the pyramid DEFH. And it has be< 
proved, that neither is the base ABC to the base DEF, as the p 
ramid ABCG to any solid which is less than the pyramid DEFI 
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therefore, oi the hate ABC is to the base DEF, so is the pyramid 
ABGG to the pyramid DEFH. 



PROPOSITION VI. 

Theorem. — Pyrawufa (ABCDEM, FGHKLN) of the 
mns altitude which have polygons (ABODE, FGHKL) for 
their hoses, are to one another as their bases. 

DsMONSTRATioir. Divide 
the base ABODE into the tri- 
angles ABQ^ACD, ADE : and 
the base FGUKL into the tri- 
an^ FGH, FHE, FEL : 
and upon the bases ABO, 
AGD^ ADE, let there be as 
many pyramids of which the 
eommon vertex is the point M, 
and upon the remaining bases 
as many pyramids having 
tikeir common vertex in the point N. Therefore, since the triangle 
ABO is to the triangle FQH, as the pyramid ABOM to the pyra- 
mid FGHN (a) ; and the triangle AOD to the triangle FGH, as 
the pyramid AODM to the pyramid FGHN; and also the triangle 
ADE to the triangle FGH, as the pyramid ADEM to the pyramid 
FGHN ; as all the first antecedents to their common consequent, 
10 are aJl the other antecedents to their common consequent (&) ; 
that is, as the base ABODE to the base FGH, so is the pyramid 
ABODEM to the pyramid FGHN: and for the same reason, as the 
base FGHKL to the base FGH, so is the pyramid FGHKLN to the 
^rramid FGHN ; and, by inversion, as the base FGH to the base 
FGHKL, so is the pyramid FGHN to the pyramid FGHKLN : 
then, because, as the base ABODE to the base FGH, so is the py- 
lamid ABODEM to the pyramid FGHN; and as the base FGH to 
the base FGHKL, so is the pyramid FGHN to the pyramid 
FGHKLN ; therefore, ex aiqtuui, as the base ABODE is to the base 
FGHKL, so is the pyramid ABODEM to thepyramid FGHKLN (c). 



PROPOSITION VII. 

Theorem. — Every prism (ABCDEF) having a triangular 
hose (ABC) may be divided into three pyramids that have 
triangular bases, and are equal to one another 
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Demonstration. Join BD, EC, CD: and be- 
cause ABED is a parallelogram of which BD 
is the diagonal, the triangle ABD is equal to the 
triangle EBD {a)', therefore the pyramid of 
which the base is the triangle ABD, and vertex 
the point C, is equal to the pyramid of which 
the base is the triangle EBD, and vertex the 
point C (5) : but this pyramid is the same with r^-^ j g^ 
the pyramid the base of which is the triangle (6) XII. 5. 
EBC, and vertex the point D ; for they are con- (c) XII. e! 
tained by the same planes : therefore the pyrar 
mid of which the base is the triangle ABD, and vertex the point 
C, is equal to the pyramid, the base of which is the triangle EBO, 
and vertex the pomt D. Again, because, FCBE is a paraUelogram 
of which the diagonal is CE, the triangle ECF is equal to the 
triangle ECB (a) ; therefore the pyramid of which the base is the 
triangle ECB, and vertex the point D, is equal to the pyramid the 
base of which is the triangle ECF, and vertex the point D : but 
the pyramid of which the base is the triangle ECB, and vertex 
the point D, has be^i proved equal to the pyramid of which the 
base is the triangle ABD, and vertex the point C : therefore the 
prism ABCDEF is divided into three emdt pyramids havirw trian- 
mdar hoses, viz. into the pyramids ABDQ EBDC, ECFD. And 
because the pyramid of which the base is the triangle ABD, and 
vertex the point C, is the same with the pyramid of which the 
base is the triangle ABC, and vertex the point D, for they are 
contained by the same planes ; and that the pyramid of which the 
base is the triangle ABD, and vertex the point C, has been demon- 
strated to be a third part of the prism, the base of which is the 
triangle ABC, and DEF the opposite triangle; therefore, th^ pyra- 
mid of which the hose is the triangle ABC, and vertex the point D, is 
the third part cf the prism which has the same hose, viz. ike triangle 
ABC, ana DEF its opposite triangle. 

Corollary 1. From this it is manifest that every pyramid is 
the third part of a prism which has the same base, and is of an 
equal altitude with it : for if the base of the prism be any other 
figure than a triangle, it may be divided into prisms having trian- 
gular bases. 

Corollary 2. Prisms of equal altitudes are to one another as 
their bases ; because the pyramids upon the same bases, and of the 
same altitude, are to one another as their bases (c). 
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PROPOSITION VIII. 



I^v 





Thsobxk. — Similar pyramids having triangular bates 
are one to another in the triplicate ratio of that of their 
homologous sides. 

DmoNSTRATioir. Lei the pyramids haying the triangles ABC, 
DEF for their bases, and the points G, H for their yertices, be 
Bunilar and similarlj situated : the pyramid ABCG shall have to 
thenyramidDEFU, the triplicate ratio of that which the side 
BO has to the homologous side £F. 

OompUte the parallelograms 
ABOM, GBCN, ABGE, and the 
tdUd pandldapiped BGML can- 
tcdneaby these planes and those 
spposite to them; and, m lihe 
f/umnarf con^ete the solid paral- 
Idspiped £HPO contained by 
rtg jMr ee parallelograms DEFP, 
EEWEi, VEHX, and those oppo- 
sUe to them. And because the 
pyramid ABCG is similar to the 
pyramid DEFH, the angle ABC 
u equal to the angle DEF (a), 
and the angle GBC to the angle 
HEF,andABGtoPEH: andAB 
is to BC as BE is to EP (b) ; 
that is, the sides about the equal 

angles are proportionals: -wherefore the parallelogram BM is 
similar to EP : for the same reason, the parallelogram BN is simi- 
lar to ER, and BE to EX: therefore the three parallelograms BM, 
BN, BK are similar to the three EP, ER, EX: but the three BM, 
BN, BK are equal and similar to the three -which are opposite to 
fhem (c), and the three EP, ER, EX equal and similar to the 
three opposite to them: wherefore the solids BGML, EHPO are 
contained by the same number of similar planes: and their 
solid angles are equal {d); and therefore the solid BGML is 
similar to the solid EHPO (a) : but similar solid parallelepipeds 
have the triplicate ratio of that which their homologous sides 
have (e) : therefore the solid BGML has to the solid EHPO, the 
triplicate ratio of that which the side BC has to the homologous 
fade EF: but as the solid BGML is to the solid EHPO, so is the 
pyramid ABCG to the pyramid DEFH (/) ; because the pyramids 
are the sixth part of the solids, since the prism^ which is the 
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half (^) of the solid parallel- 
opiped, is triple of the pyra- 
mid {h) : wherefore, likewise, the 
pyramid ABCQ has to the pyra- 
mid DEFH, the triplicate ratio of 
that which BO has to the homo- 
logous side EF. 

OOBOLLABY. From this it is 
evident, that similar pyramids, 
which have multaDgular bases, 
are likewise to one another in 
the triplicate ratio of their homologous sides : for they may be 
divided into similar pyramids having triangular bases, because 
the similar polygons which are their bases, may be divided into 
the same number of similar triangles homologous to the whole 
polygons : therefore, as one of the triangular pyramids in the 
nrst multangular pyramid is to one of the triangular pyramids in 
the other (i\ so are all the triangular pyramids in the first to all 
the triangular pyramids in the other ; that is, so is the first mult- 
angular pyramid to the other : but one triangular pyramid is to 
its similar triangular pyramid in the triplicate ratio of their 
homologous sides ; and therefore the first multangular pyramid 
has to the other the triplicate ratio of that which one of the 
sides of the first has to the homologous side of the other. 



PROPOSITION IX. 



Theobem [1.] — The hoses and altitudes of equal pyramids 
having triangular bases are reciprocally proportional ; [2.] and 
triangular pyramids^ of which the bases and altitudes are 
reciprocally proportional^ are equal to one another. 

Pemonstbatioit [1.] Let the pyramids of which the triangles 
ABO, D£F are the bases, and which have their vertices in the 
points G, H, be equal to one another: the bases and altitudes of 
the pyramids ABCO, DEFH shall be reciprocally proportional, 
viz. the base ABO shall be to the base DEF, as the altitude of the 
pyramid DEFH to the altitude of the pyramid ABOG. 

Complete the paraUdogram AO, AG, GO, PF, DH, HF; and the 

solid paralldopipeds BGML, EHPO, contained by these pUmes, and 

those which are opposite to them. And because the pyramid ABOG 

is equal to the pyramid DEFH, and that the solid BGML is sex- 

tuple of the pjramid ABOG (a), and the solid EHPO sextuple of 
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the pyramid DEFH ; therefore the 
solid BGML is equal to the solid 
£HPO (5): hut the hases and alti- 
'tudes of equal solid parallel- 
opipeds are reciprocally propor- 
tional (c) ; therefore, as the hase 
IBM is to the hase EP, so is the alti- 
tude of the solid EHPO to the 
altitude of the solid BGML: but 
as the base BM is to the base EP, 
so is the triangle ABO to the tri- 
migle DEF (d) ; therefore as the 
triangle ABO to the triangle DEF, 
so is the altitude of the solid 
EHPO to the altitude of the solid BGML : but the altitude of the 
solid EHPO is the same with the altitude of the pyramid DEFH ; 
and the altitude of the solid BGML is the same with the altitude 
of the pyramid ABCG ; therefore, as the base ABO to the base 
DEF, so is the altitude of the pyramid DEFH to the altitude of 
the pyramid ABCG : wherefore, the bases and. aUittuIes of the pi/ra- 
miai ABOG, DEFH, are reciprocally proportional. 

r2.1Again, let the bases and altitudes of the pyramids ABOG, 
DEFH, be reciprocally proportional, viz. the base ABO be to the 
base DEF, as the altitude of the pyramid DEFH is to the altitude 
of the pyramid ABOG: the pyramid ABOG shall be equal to the 
pyramid DEFH. 

The same construction being made; because as the base ABO is to 
the base DEF, so is the altitude of the pyramid DEFH to the 
altitude of the pyramid ABOG ; and as the base ABO is to the base 
DEF^ so is the parallelogram BM to the parallelogram EP : there- 
fore the parallelogram BM is to EP, as the altitude of the pyra- 
mid DEFH is to the altitude of the pyramid ABOG: but the alti- 
tude of the pyramid DEFH is the same with the altitude of the 
solid parallelopiped EHPO; and the altitude of the pyramid 
ABOG is the same with the altitude of the solid parallelopiped 
BGML : therefore as the base BM is to the base EP, so is the alti- 
tude of the solid Parallelopiped EHPO to the altitude of the solid 
parallelopiped BGML: but solid parallelepipeds having their 
bases and altitudes reciprocally proportional, are equal to one 
another (c) ; therefore the solid parallelopiped BGML is equal to 
the solid parallelopiped EHPO : and the pyramid ABOG is the 
sixth part of the solid BGML, and the pyramid DEFH is the sixth 
part of the solid EHPO ; therefore the pyramid ABCG is equal to 
the pyramid DEFH (e). 
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PROPOSITION X. 

Theorem. — Every cone is the third part of a cylinder y/hid 
has the same base (ABGD), and is of an equal altitude 
with it. 

DEMonsTRATioif. If the cylinder be not 
triple of the cone, it must either be greater 
than the triple, or less than it. First, let it 
be greater than the triple; and inscribe the 
square ABCD in the circle: this square is 
greater than the half of the circle ABOD (a). 
Upon the square ABCD, erect a prism of the 
same altitude with the cylinder ; this prism 
shall be greater than half of the cylinder : (^n xu. 2. 

for let a square be described about the (i)XI.32. 

circle, and let a prism be erected upon the 
square, of the same altitude with the cylinder ; then the inscribed 
square is half of that circumscribed ; and upon these square bases 
are erected solid parallelepipeds, yiz. the prisms of the same alti- 
tude; therefore the prism upon the square ABCD is the half oi 
the prism upon the square described about the circle ; because 
they are to one another as their bases (h) : and the cylinder is less 
than the prism upon the square described about the circle ABCD ; 
therefore the prism upon the square ABCD of the same altitude 
with the cylinder, is greater than half of the cylinder. Bisect the 
circumferences AB, BC, CD, DA, in the points E, F, G, H ; and join 
AB, EB, BF, FC, CG, GD, DH, HA : then, each of the triangles 
ABB, BFC, CGD, DHA is greater than the half of the segment 
of the circle in which it stands, as was shown in Prop. II. of this 
book. £^ect prisms upon each of these triangles, of the same alti- 
tude with the cylinder; each of these prisms shall be greater than 
half of the segment of the cylinder in which it is ; hecause^Ji 
through the points E, F, G, H parallels he d/rawm to AB, BC, CD, 
DA, and paralldograms he completed upon the same AB, BC, CD, 
DAf and solid parallelopii>eds he erected upon the parallelograms; 
the prisms upon the triangles AEB, BFC, CGD, DHA, are the 
halves of the solid parallelepipeds (c) ; and the segments of the 
cylinder which are upon the segments of the circle cut off by 
AB, BC, CD, DA are less than the solid parallelopipeds which 
contain them ; therefore the prisms upon the triangles AEB, BFC^ 
CGD, DHA are greater than half of the segments of the cylinder 
in which they are : therefore, if each of the circumferences be 
diyided into two equal parts, and straight lines be drawn from the 
points of division to the extremities of the circumferences, and 
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Jc^XIL7,cor.2. 
a) XIL Lemma 1. 
,c)XII. 7,cor. 1. 



i^OQ ihe tariani^es thus made, prisms be 
oreeted of the samA altitude with the cylin- 
der^ and so on, there must at length remain 
WBMb segments of the cylinder which to- 
ffether are less than the excess of the cylin- 
der above the triple of the cone (d) : let 
them be those upon the segments of the 
didc, AB, EB, BP, FCL CG, GD, DH, HA ; 
thcacefore the rest of the cylinder, that is, 
the prism of which the base is the polygon 
^SBFCGDH, and of which the altitude is 
the same with that of the cylinder, is 
greater than the triple of the cone : but this prism is triple of the 
pynmid upon the same base («), of which the vertex is the same 
with the vertex of the cone; therefore the pyramid upon the 
base ABBFOGDH, having the same vertex with the cone, is 
■neater than the cone of which the base is the circle ABOD : 
rat it is also 1^ for the pyramid is contained within the cone; 
whii^ ia impomble ; therefore the cylinder is not greater than 
the ^ple of the cone. 

Kor can the cylinder be less than the triple 
of the cone. Let it be less, if possible ; there- 
fore, inversely, the cone is greater than the 
third part of the cylinder. In the circle 
ABCD, inacribe a square: this square is 
greater than the half of the circle: and 
wptm the square ABCD erect a ^pyramid 
having the same vertex with the cone ; this 
pyramid is greater than the half of the cone ; 
because, as was before demonstrated, if a square be described 
about the circle, the square ABCD is the half of it ; and if upon 
these squares there be erected solid parallelepipeds of the same 
altitude with the cone, which are also prisms, the prism upon the 
square ABCD is the half of that which is upon the square de- 
scribed about the circle; for they are to one another as their 
bases (5) ; as are also the third parts of them : therefore the py- 
ramid, the base of which is the square ABCD, is half of the pyra- 
mid upon the square described about the circle: but this last 
pyramid is greater than the cone which it contains ; therefore the 
pyramid upon the square ABCD, having the same vertex with the 
cone, is greater than the half of the cone. Bisect the circum- 
ferences AB, BC, CD, DA, in the points E, F, G, H, and join AB, 
EB, BF, FC, CG, GD, DH, HA: therefore each of the triangles 
ABB, BFC, CGD, DHA is greater than half of the segment of the 
circle in which it is : upon each of these triangles erect pyramids 
having the same vertex with the cone : therefore each of those 
pyramids is greater than the half of the segment of the cone in 
which it is, as was before demonstrated of the prisms and seg- 
m^ts of the cylinder: and thus dividing each of the ciicumfer- 
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enceB into tiro eqaal parts, and joining the poinU of division &nd 
their eztremitiea b; stmeht iines, and upon the tiiangles erect- 
ing pjiamids having their vertices the 
same with that of the cone, and so on, there 
must at length remain some segments of the 
cone, which together are less ttian the ex- 
cess of the cone above the third part of the 
cvlinder (d) : let these be the BegmoQts upon 

AB, EB, BF, PC, CG, GD, DH, HA : there- 
fore the rest of the cone, that is, the pyra- r 
mid of which the base is the polyiron / j\ ttt t ».,..,. t 
iEBFCOBH, ud c( wUch th, TOtti » Ih. W m !•«»,. I. 
same with that of the cone, is gTes,ter than the third part of the 
cylinder; but this pyramid is the third part of the prism upon 
the same hase ABBFCODH, and of the same altitude with th« 
cylinder; therefore this prism is greater than the cjlinder of 
which the base is the circle ABGD : but it is also less, for it is 
contained within the cylinder; which is impossib)tt therefore the 
cylinder is not less than the triple of the cone. And it has been 
demouBtnted, that neither is it greater than the triple ; therefore 
the cylinder is triple of the cone, or, the cone is the third part ^ 
the ^iitder. 

PROPOSITION XL 

Theoreu. — If cmm and eylinden are of the same aUitutU, 
they are to one another as their bases. 

BEHONBTBATioir. Let the cones and cylinders, of which the 
bases lu'e the circles ABCD, BFGH, and the axes EL, MN, and 

AC, KQ, the diameters of their bases, be of the same altitude ; as 
the circle ABCD is to the 'circle BFQH, so shall the cone AL be 
to the cone ES. 

If it be not BO, the circle ABCD must be to the circle BFGH, as 
the cone AL to some solid either less than the cone BK, or greater 
than it. First, let it be to a solid less than EN, viz. to the solid 
X; and let Z ho the solid which is equal to the excess of the cone 
ES above the solid X; therefore the cone EN is equal to the 
solids X, Z together. In the circk EFGH, inscribe the tauare 
EFQH; therefore this square is greater than the half of the 
circle; upon the square EFGH, erevC a pyramid of the aamea&ilttde 
with the cone; this pyramid shall be greater than half of the cone : 
for, if a square be described about the circle, and a pyramid he 
erected upon it, having the same vertex with the cone, the pyra-- 
mid inscribed in the cone ia half of the pyramid circumscribed 
about it, because they are to one another as their bases (a); but 
ibeooneia less than the circumscribed pyramid; therefore the 
pyramid of which the base is the'Bi¥^M«uG<3G, and its vertex 
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the same with that of 
the cone, is greater 
than half of the cone. 
Divide the , circum- 
ferences EF, FG, GH, 
HE, e<ich into two 
eptal parts in the 
points 0, P, R, S, and 
join EO, OF, FP, 
PG, GRj RH, HS, 
S£: therefore each 
ofthe triangles EOF, 
FPG, GRH, HSE, is 
greater than half of 
the segment of the 
circle in which it is : 
upon each of these 
triangles, erect a py- 
ramid having me 
same vertex with the 
cone; each of these 
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(a) XII. 6. 



^6) XII. Lemma 1. 
(c)XILl. 



U) XII. 2. 
(e) V. IL 



pyramids is greater than the half of the segment of the cone in 
which it is : and thus dividing each of these circumferences into 
two equal parts, and, from the points of division drawing straight 
lines to the extremities of the circumferences, and upon each of 
the triangles thus made, erecting pyramids having the same ver- 
tex with the cone, and so on, there must at length remain some 
segments of the cone which are together less than the solid Z (d) ; 
let these he the segments upon EO, OF, FP, PG, GR, RH, HS, 
SE: therefore the remainder of the cone, viz. the pyramid, of 
which the base is the polygon EOFPGRHS, and its vertex the 
same with that of the cone, is greater than the solid X In the 
circle ABCD, inscribe the polygon ATBYCVDQ similar to the poly- 
gon EOFPGRHS, and upon it erect a pyramid having the sam£ ver- 
tex with the cone AL : and because as the square on AC is to the 
square on EG, so is the polygon ATBYCfvDQ to the polygon 
EOFPGRHS (c) ; and as the square on AC is to the square on EG, 
so is the circle ABCD to the circle EFGH (d) ; therefore the circle 
ABCD is to the circle EFGH, as the polygon ATBYCVDQ to the 
polygon EOFPGRHS (<?) : but as the circle ABCD is to the 
circle EFGH, so is the cone AL to the solid X; and as the 
polygon ATBYCVDQ is to the polygon EOFPGRHS, so is (a) 
the pyramid of which the base is the first of these poly- 



gODS, and vertex L, to the pyramid of which the base is 
the other polygon, and its vertex N; therefore, as the cone 
AL is to the solid X, so is the pyramid of which the base is the 
polygon ATBYCVDQ, and vertex L, to the pyramid the base of 
which is the polygyon EOFPGRHS, and vertex N : but the cone 
AL is greater than the pyramid contained in it \ theteCo;^ iVw^ 
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solid X is greater than the pyramid in the cone EN (J) : but it 
is less, as was shown ; which is absurd : therefore the circle ABCD 
is i^ot to the circle 
EFGH, as the cone 
AL is to any solid 
which is less than 
the cone EN. In the 
same manner it may 
be demonstrated, 
that the circle EFGH 
is not to the circle 
ABCD, as the cone 
EN to any solid less 
than the cone AL. 
Nor can the circle 
ABCD be to the cir- 
cle EFGH, as the 
cone AL, to any solid 
greater than the cone 
EN. For if it be 
possible, let it be so 
to the solid I, which 
is greater than the cone EN : therefore, by inversion, as the circle 
EFGH is to the circle ABCD, so is the solid I to the cone AL : but 
as the solid I is to the cone AL, so is the cone EN to some 8(^d, 
which must be less than the cone AL (/), because the soHd I is 
greater than the cone EN; therefore, as the circle EFGH is to the 
circle ABCD, so is the cone EN to a solid less than the cone AL, 
which was shown to be impossible ; therefore the circle ABCD is 
not to the circle EFGH, as the cone AL is to any solid greater 
than the cone EN. And it has been demonstrated, that neither is 
the circle ABCD to the circle EFGH, as the cone AL to any solid 
less than the cone EN ; therefore the circle ABCD is to the circle 
EFGH, as the cone AL is to the cone EN : but as the cone is to the 
cone, so is the cylinder to the cylinder {a), because the cylinders 
are triple of the cones, each of each (A) : therefore, as the cirde 
ABCD 18 to the circle EFGH, so are the cylinders upon them of ike 
same altitude. 



® 



(/) V. 14. 



V. 15. 



(h) xn. 10. 



PROPOSITION XII. 

Theorem. — If cones and cylinders are similar^ they have to 

one another, the tiiplicate ratio of that ^Yhich the diameters 

of their bases have. 

Demonstration. Let the cones and cylinders of which the 
bases are the circles ABCD, EFGH, and the diameters of the bases 
A(i EQ, and £L, MN the axes of the cones or cylinders, he 
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similar: the cone of which the hase is the circle ABCD and ver- 
tex the point L, shall have to the cone of which the hase is the 
circle EFGH and vertex N, the triplicate ratio of that which AC 
has to EG. 

For if the cone 
ABCPL has not to 
the cone EFGHN, 
the triplicate ratio 
of that which AC 
has to EG, the cone 
ABCDL must have 
the triplicate of 
that ratio to some 
solid which is less 
or greater than 
the cone EFGHN. 
First, let it have 
it to a less, viz. to 
the solid X. Make 
the safM coTutruc- 
tion as in the prece- 
ding proposition, 
and it may be de- 
monstrated in the 
very same way as (a) xi. 24. (c) VI. 6. 

in that proposi- (*)V. 15. 

tion, that the py- 
ramid of which the base is the polygon EOFPGRHS, and vertex 
K, is greater than the solid X. Inscribe also in the circle ABCD, 
the pUi/gon ATBYCVDQ similar to the polygon E0¥FQB,R8, upon 
which erect a pyramid having the saanje vertex with the cone : ana let 
LAQ be one of the triangles containing the pyramid upon the 
polygon ATBYCVDQ, the vertex of which is L; and let NES be 
one of the triangles containiDg the pyramid upon the polygon 
EOFPGRHS, of which the vertex is N; and join KQ, MS. Then, 
because the cone ABCDL is similar to the cone EFGHN, AC is to 
EG as the axis KL is to the axis MN (a) ; and as AC is to EG, so 
is AK to EM (d) ; therefore as AK is to EM, so is KL to MN ; and 
alternately, AK is to KX^ as EM is to MN: and the right angles 
AKL, EMN are equal: therefore the sides about these equal 
angles being proportionals, the triangle AKL is similar to the 
triangle EMN {c). Again, because AK is to KQ, as EM is to MS, 
and that these sides are about equal angles AKQ, EMS, because 
these angles are, each of them, the same part of four right angles 
at the centers K, M, therefore the triangle AKQ is similar to the 
triangle EMS (p). And because it has been shown, that as AK is 
toK^ so is EM to MN, and that AK is equal to KQ, and EM to 
MS^ therefore as QK is to KL, so is SM to MN ; and therefore the 
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(A) V. 12. 
(«) V. 14. 
(jfe) XII. 10. 



sides about the 
right angles QKL, 
SMN, being pro- 
portionals, the tri- 
angle LKQ is simi- 
lar to the triangle 
NMS. And because 
of the similarity of 
the triangles AKL, 
EMN, as LA is to 
AK,8oisNEtoEM; 
and by the simi- 
larity of the trian- 
gles AKQ, EMS, 
as KA is to AQ, so 
is ME to ES: there- 
fore, ex cBqualii LA 
is to AQ, as NE to 
ES(<?)' Again, be- 
cause of the simi- 
larity of the trian- 
gles LQK, NSM, as 
LQ to QK, so is NS 
to SM; and from 
the similarity of 
the triangles, KAQ, MES, as KQ is to QA, so is MS to SE : therefore, 
ex cequali, LQ is to QA, as NS is to SE (d) : and it was proved, that 
QA is to AL, as SE is to EN : therefore again, ex cequali, as QL is to 
LA, so is SN to NE: wherefore the triangles LQA, NSE, having^ 
the sides about all their angles proportionals, are equiangular and 
similar to one another (e) : and therefore the pyramid of which, 
the base is the triangle AKQ, and vertex L, is similar to the py- 
ramid the base of which is the triangle EMS, and vertex N, oe- 
cause their solid angles are equal to one another (/) ; and they 
are contained by the same number of similar planes * but similar 
pyramids which have triangular bases, have to one another the 
triplicate ratio of that which their homologous sides have (^) ; 
therefore the pyramid AEQL has to the pyramid EMSN, the tri- 
plicate ratio of that which AK has to EM. In the same manner, 
if straight lines be drawn from the points D, V, C, Y, B, T, ^o K, 
and from the points H, R, G, P, F, 0, to M, and pyramids be erected 
v/pon the triangles, having the sam£ vertices with the cones, it may 
be demonstrated, that each pyramid in the first cone has to each 
in the other, taking them in the same order, the triplicate ratio 
of that which the side AK has to the side EM : that is, which AC 
has to EG : but as one antecedent is to its consequent, so are all the 
antecedents to all the consequents (Ji) ; therefore as the pyramid 
AEQL is to the pyramid EMSN^ so is the whole pyramid the base 



[d) V. 22. 
fc) VI. 6. 
C/) XI. B. 
&) XII. 8. 



ELEM£2«T8 OF OEOVETBT. 181 

of which IB the polygon DQiLTBTCY, and vertex L. to the whole 
OTiamid of whicn the base is the polygon HSEOFPQB^ and yertex 
N: wherefore also the first of these two last-named pyramids has 
to the other the triplicate ratio of that which AC has to EQ : 
bot^ bj the hypothesis, the cone of which the base is the circle 
ABGD, and yertex L, has to the solid Xy the triplicate ratio of 
that which AG has to EG; therefore as the cone of which the 
hmae ia the circle ABGD, and yertex L, is to the solid X, so is the 
pyiamid the base of which is the polygon DQATBTCY, and 
-rertex L, to the pyramid the base of which is the polygon 
fiSEOFPGB, and yertex N: but the said cone is greater than the 
pyramid contained in it : therefore the solid X is greater than the 
pyramid (t\ the base of which is the polygon HoEOFPQR^ and 
wertex K: but it is also less; which is impossible: therefore the 
cone, of which the base is the circle ABCD, and yertex L, has not 
to any solid which is less than the cone of which the base is the 
circle EFGH and yertex N, the triplicate ratio of that which AC 
has to EG. In the same manner it may be demonstrated, that 
neither has the cone EFGHN to any solid which is less than the 
cone ABODL, the triplicate ratio of that which EG has to AC. 
Nor can the cone ABCDL haye to any solid which is greater than 
the cone EFGHN, the triplicate ratio of that which AC has to EG. 
For if it be possible, let it haye it to a greater, viz. to the solid Z : 
therefore, inyersely, the solid Z has to the cone ABCDL, the tri- 
plicate ratio of that which EG has to AC : but as the solid Z is to 
the cone ABCDL, so is the cone EFGHN to some solid, which 
must be less than the cone ABCDL (t), because the solid Z is 
greater than the cone EFGHN; therefore the cone EFGHN has 
to a solid which is less than the cone ABCDL, the triplicate ratio 
of that which EG has to AC, which was demonstrated to be im- 
possible : therefore the cone ABCDL has not to any solid greater 
than the cone EFGHN, the triplicate ratio of that which AC has 
to EG : and it was demonstrated that it could not haye that ratio 
to any solid less than the cone EFGHN: therefore the cone 
ABCDL has to the cone EFGHN, the triplicate ratio of that which 
AC has to EG ; but as the cone is to the cone, so is the cylinder to 
the cylinder (b) ; for eyery cone is the third part of the cylinder 
upon the same base, and of the same altitude (k) : therefore cdso 
the cylinder has to the cylinder, the triplicate ratio of that which AC 
has to EG. 

PROPOSITION XIIL 

Theorem. — If a cylinder he cut by a plane parallel to its 
opposite planes or bases, it divides the cylinder into two cylin- 
ders, one of which is to the other, as the axis of the first is 
to the axis of the other. 
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» XI. 16» 
6) I. Def. 16. 
[c) XIL 11. 
(cO V. Dec 5. 



Deuoiibtbatiov. Let the cylinder AD be 
eat by the plane GH parallel to the opposite 
planes AB, CD, meeting the axis KE* in the 
point K : and let the line GH be the common ^ 
section of the plane GH, and the surface of 
the cylinder AD. Let AEFC be the parallel- 
ejEpram in any position of it, by the revolution 
of which about the straight line £F, the cylin- 
der AD is described ; and let GK be the com- 
mon section of the plane GH, and the plane 
A£FO. And because the parallel planes AB, 
GH are eat by the plane AEKG, AE, EG, 
ih^ common sections with it, are parallel (a) ; 
wherefore AK is a parallelogram, and GK equal 
to EA, the straight line from the center of the 
circle AB: for the same reason, each of the 
straight lines drawn from the point E to the 
line GH, may be proved to be equal to those 
which are drawn from the center of the circle 
AB to its circumference, and are therefore all equal to one another ; 
therefore the line GH is the circumference of a circle of which 
th^ center is the point E (b) : therefore the plane GH divides the 
cylinder AD into the cylinders AH, GD ; for they are the same 
which would be described by the revolution of the parallelograms 
AKy GF, about the straight lines £E^ EF : and it is to be shown, 
that the cylinder AH is to the cylinder HO, as the axis EE is to 
the axis EF. 

Froduee the cutis EF both ways : and take any numher of straight 
lines EN, KL, each equal to EE ; and any number FX, XM, each 
epud to FE ; and let planes parallel to AB, CD, pass throvgh the 
points L, N, X, M : therefore the common sections of these planes 
with the cjliuder produced, are circles, the centers of which are 
the points L, N, X, ^) <^ ^^s proved of the plane GH ; and these 
planes cut off the cylinders PR, RB, DT, TQ. And because the 
axes LN, NE, EE are all equal, therefore the cylinders PR, RB^ 
BG are to one another as their bases (c) : but their bases are equal, 
and therefore the cylinders PR, RB, BG ^re equal : and because 
the axes LN, NE, EE are equal to one another, as also the cylin- 
ders PB^ RB, BG, and that there are as many axes as cylinders ; 
therefore whatever multiple the axis EL is of the axis EE, the 
same multiple is the cylinder PG of the cylinder GB : for the same 
reason, whatever multiple the axis ME is of the axis EF, the same 
multiple is the cylinder QG of the cylinder GD : and if the axis 
EL be equal to the axis EM, the cylinder PG is equal to the cy- 
linder GQ ; and if the axis EL be greater than the axis EM, the 
cylinder PG is greater than the cylinder GQ; and if less, less: 
therefore, since there are four magnitudes, viz. the axes EE, EF, 
and the cylinders BG, GD ; and that of the axis EE and cylinder 
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KL sad eTtindv PQ, and of the aii* KF and cjlinder QD, mj 
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tlwa tiw uat Kli^ the ejiinder PO ii gK^ter tbui the cjlinder 
"" * " * ' it; and if lesi, leu; therefore (d), at tht 
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PROPOSITIOH XIV. 

TsKOHEit. — 1/ eantt and eyUnden are upon e^ual basts, 
thej are to one another as their altitudes. 

DnfomnrBATiOH. Let the cylinders EB, FD be upon the equal 
baMt AB, CD ; as the cylinder £B is to the cylinder FD, bo sh&ll 
the axis OH be to the axis KL. 

J'rodwx the axil KL to the poiM N, 
and make LN 17110^ to the axi» QU ; 
and Ut CM be a ei/litid^ of 'tchich the 
haie u CD, and ajnt LN. Theu, be- 
cause the cylinders EB, CM hOiTe the 
nme altitude, the<r are to one anothet 
ai their bases (a): butlhetr bises are 

anal, therefore also the cylinders KB, 
S. are equal : and because the cylin- 
der 9M is cut bj the plane CD parallel 
to its opposite planes, as the cylinder 
CU is to the cylinder FD, so is the 
axia LN to the aiis KL {h): but the 
nlindsr CM is equal to the cylinder 
l&B, and the axis LN to the axis QH ; 

therefore as the cylinder EB is to the cylinder FD, 81. __ .__ 

OH to the axis KL : and as the cylinder EB is to the cylinder FD, 
go is the cone ABO to the cone CDE (c), because the cylinders are 
triple of the cones (d)4 therefore also the aj:is QH is to the axii 
KLatthe ame ABG ittothtame CDK, and at the cylinder EB it 
to tM e^ifider FD. 



PROPOSITION XT. 

Theorem [}-']-~If eones and eijUndert are equal, their bases 
and altitodes are reciprocally proportional; ^3.] and if tht 
hates and altitudes be reciprocally proportional, the cones and 
cylinders are equal to one another. 
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as also the altitudes, of equal codcb and cyjiaders ; and let ALO, 
ESQ be tha coueB, and AX, EO the cjlinders : the bases and alti- 
tudes of the cjUoderB AX, EO shall be reciprocally propoTtional ; 
that is, as the base ABCD ie to the bwe £F6H, so ahaU the alti- 
tude MN be to the altitude KL. 

Either the altitude 3IN is equal 
to the altitude EL, or these alti~ 
tudee are not equal. First let 
them be equal ; and the cylinders 
AX, EO being also equal, and 
cones and cylinders of the Mme 
altitude being to one another as 
their bases (a), therefore the base 
ABCD is equal to the base 
EEQH (i) ; and as the base ABCD 
ie to the base EFOH, so is the 
altitade MN to the altitude KL. 
But let the altitudes KL, MN be 
unequal, and MN the greater of 
the two, and from MN taie MP 
tqwil to KL, and tht-ov^h the 




XU. 18. 



point P cut the cylinder BO hy the plaw TY8, paraUd to the 
opposite planes of the cirdei E^GH, BO: therefore "-- - 
section of the plane TYS and the cylinder EO is 



; therefore the c 
. circle, and 

nsequently ES is a cylinder, the tose of which h the circle 
EFQH, and altitude MP ; and because the cyliader AX is equal 
to the cylinder EO, as AX is to the cylinder ES, so is the cylinder 
EO to the same B8 W : but as the cylinder AX is to the cylinder 
E8, so is the base ABCD to the base EFGH (a) ; for the cylinders 
AX , ES are of the sajne altitude ; and as the cylinder SO is to the 
cylinder ES, so is the altitude MN to the altitude MP {d), because 
the cylinder EO is cut by the plane TYS parallel to its opposite 
planes; therefore as the base ABCD is to the base EFGH, so is the 
altitude MN to the altitude MP : but MP is equal to the altitude 
EL; wherefore as the base ABCD is to thSbase EPOH, so is the 
altitude MK to the altitude EL ; that is, <^ Jxiset and <dtiiadet of 
the iqwd cylindera AX, EO are recvprocoEy proportionrd. 

[2!] But let the bases and altitudes of the cylinders AX, EO 
be reciprocally proportional, liz. the base ABCD to the base 
EFGH, as the altitude MN is to the altitude KL; the cylinder AX 
shall be equal Co the cylinder EO. 

First, let the. biise ABCD be equal to the base EFGH: then, 

because as the base ABCD is to the base EFOH, so ia the altitude 

MN to the altitude KL; MtT is equal to EL (i)i is.-aA. therefore Ae 

e^inder AX is equal to the cylinder EO (a). 

Sat let the bsaes ABCD, EFGH be, unequal, and let ABCD b« 
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• 

the greater ; and because as ABCD is to the base EFQH, so is the 
altitude MN to the altitude EL ; therefore MK is greater than 
KL (h). Then, the aame c&nstruction being made as b^oref because 
as ihe base ABCD is to the base EFGH, so is the altitude MN to the 
altitude KL ; and because the altitude KL if eoual to the altitude 
MP ; therefore the base ABCD is to the base EFGH, as the cylin- 
der AX \b to the ^linder ES (a) ; and as the altitude MN is to the 
altitude MP or ^L, so is the cylinder £0 to the cylinder £8 : 
therefore the cylinder AX is to the cylinder ES, as the cylinder 
EG is to the same ES: whence, the cylinder AX U equal to the 
cylinder EO : and the same reasoning holds in copies. 



PROPOSITION XVI. 

Pboflem. — In the greater of two given circles (ABCD, 
EFGH) that have the same center (K), to inscribe a polygon 
of an CTcn number of equal sides, that shall not meet the 
lesser circle (EFGH). 

Solution. Through the cefUer K draw 
the straight line BD, and from the point G, 
where it meets the circumference of the lesser 
cirdcy draw GA at right angles to BP, and 
produce it to C; therefore AC tottches the 
circle EFGH (a) : then, if the circumference 
BAD be bisected, and the half of it be again 
bisected, and so on, there mtist at length re- 
main a circumference less than AD {b) : let fa) III. 16, Cor. 
this be LD ; and from tlie point L draw (bjXlL. Lemma 1. 
LM perpendicular to BD, and produce it 
to N ; and join LD, DN ; therefore LD is equal to DN : and be- 
cause LN is parallel to AC, and that AC touches the circle EFGH ; 
therefore LN does not meet the circle EFGH; and much less 
shall the straight lines LD, DN meet the circle EFGH ; so that if 
straight lines eaual to LD oe applied in ihe cirde ABCD from tne 
point L around to N, there shall be inscribed in the cirde a polygon 
of an even number of equal sides not meeting the lesser circle. 




■»! 
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LEMMA II. 

Theobbm. — If two trapeziums ABCD, EFGH be imcribed 
in the dreles, ike centers of which are the points K, L ; and if 
the sides AB, DO he paraUei, as also EF, HG ; amd tJie other 
four sides AD, BO, EH, FG he all equal to one another, but 
the side AB greater than EF, and DO greater than HG ; the 
straight line KA, from the center of the circle in which the 
greater sides are, is greater than the straight line LE, drawn 
from the center to the circumference of the other circle. 

Demonstration. If it be possible, let EA be not greater than 
L£ ; then EA must be either equal to it, or less than it. First, 





(a) III. 28. (6) VI. 2. 

let EA be equal to LE : therefore, because in two equal circles, 
AD, BC in the one, are equal to EH, FG in the other, the circum- 
ferences AD, BC are equal to the circumferences EH, FG (a) ; but 
because the straight lines AB, DO are respectivelj greater than 
EF, GH, the circumferences AB, DC are greater than EP, HG; 
therefore the whole circumference ABCD is greater than the whole 
SFGH ; but it is also equal to it, which is impossible ; therefore 

• the straight line EA is not equal to LE. 

But let EA be less than LE, and make LM equal to EA; and 

.from the center L and distance LM describe the circle MNOP, m^et-^ 
ing the straight lines LE, LF, LG, LH, in M, N, G, P; and join 
MN, NO, OP, PM which are respectively parallel to and less 
than EF, FG, GH, HE {h)\ then because EH is srreater than MP, 
AD is greater than MP ; and the circles ABCD, MNOP are equal ; 
therefore the circumference AD is greater than MP: for the same 

reason, the circumference BC is greater than NO : and because the 
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itnighi line AB is greater than EF, which is neater than MN. 
mneh more is AB greater than MN ; therefore the circumference 
AB is greater than MN: and for the same reason, the circumfer- 
ence DO is greater than PO ; therefore the whole circumference 
ABOD is greater than the whole MNOP: hut it is likewise equal 
to it which is impossible ; therefore KA is not less than L£ : nor 
is it 'equal to it ; therefore, the straight line KA muet be greater 
MonLE* 

CosoLiiART. And if there be an isosceles triangle, the sides of 
which are equal to AD, BC, but its base less than AB the greater 
of the two sides AB, DC; the straight line KA may, in the same 
manner, be demonstrated to be greater than the straight line 
drawn from the center to the circumference of the circle described 
about the triangle. 



PROPOSITION XVII. 



Pboblsm. — In the greater of two given spheres which have 
the same center (A), to inscribe a solid polyhedron, the super- 
ficies of which shall not meet the lesser sphere. 

Solution. Let the spheres he cut by a plane passing through the 
center; the common sections of it with the spheres shall be 
drcles, because the sphere is described by the revolution of a 
semicircle about the diameter remaining immovable ; so that in 
whateyer position the semicircle be conceived, the common sec- 
tion of the plane in which it is with the superBcies of the sphere 
is the circumference of a circle ; and this is a great circle of the 
sphere, because the diameter of the sphere, which is likewise the 
diameter of the circle, is greater than any straight line in the 
eizcle or sphere (a). Let then the circle made by the section of 
Uae plane with the greater sphere be BODE, and with the lesser 
f]^ere be FGH : avS draw the two diameters BD, OB at right angles 
to 9ne another; and in BODE, the greater of the two circles, inscribe 
a pdifffon of an even nwmbet* of equal sides 'not meeting the lesser 
ei/rdesQiR (b) ; and let its sides in BE, thefowrth part of thecirde, 
he BK, KL, LM, ME ; join KA, atvd produce ittoN; and from A 
eham AX at right angles to the plane of the circle BODE (c\ meeting 
the superficies of the sphere in the point X: and let fmnes past 
thnugk AX, and each of the straight lines BD, KN, which^ from 
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what has been midyahaU, prodttce areat cirdes on the super/lcies of 
the sphere^ aad let BXD, aXN he tne semicircles thtts made upon the 




III. 15. 
XII. 16. 
XI. 12. 
XI. 18. 
XI. Def. 4. 



(5) vi- 



26. 
O) VI. 2. 
(K) XI. 6. 
(0 I. 33. 



[h) XI. 9. 
7) XL 2. 
f») XI. 11. 
[n) I. 47. 



diameters BD, EN: therefore, because XA is at right angles to the 
plane of the circle BODE, every plane which passes through XA 
18 at right angles to the plane of the circle BCDE (d) ; wherefore 
the semicircles BXD, EXN are at right angles to that plane: and 
because the semicircles BED, BXD, KXN upon the emial diame- 
ters BD, KN are equal to one another, their halves BE, BX, EX 
are equal to one another; therefore as many sides of thepolyj^^on 
as are in BE, so many are there in BX, EX, equal to the sides 
BE, EL, LM, ME : let these polygons he described, and their sides he 
BO, OP, PR, RX; ES, ST, TY, YX; and Join OS, PT, RY; and 
Jhwi gA€ points 0, 8 draw OV, SQ perpendiculars to AB, AE: and 
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beeause the plane BOXD is at right angles to the plane BCDE, 
and in one of them BOXD, OY is drawn perpendicimir to AB the 
common section of the planes, therefore V is perpendicular to 
the plane BCDE {e) : for the same reason, SQ is perpendicular to 
the same plane, hecause the plane KSXN is at right angles to the 
plane BCDE. Join YQ, and because in the equal semicircles 
BXD, KXN the circumferences BO, KS are equal, and OY, SQ 
are perpendicular to their diameters, therefore OY is equal to 
SQ Cf\ and BY equal to EQ : but the whole BA is equal to the 
whole KA, therefore the remainder YA is equal to the remainder 
QA: therefore as BY is^ YA, so is KQ to QA; wherefore YQ is 
parallel to BE {g) : and because Y, SQ are each of them at right 
angles to the plane of the circle, BCDE, OY is parallel to SQ (A) ; 
and it has becai proyed that it is also equal to it ; therefore Q V, 
SO are equal and parallel (i) ; and because Q Y is parallel to SO, 
and also to EB, OS is parallel to BE {k) ; and therefore BO, ES, ' 
which join them, are in the same plane in which these parallels 
are, and the quadrilateral fieure EBOS is in one plane : and if 
PB, TE he joined, and perpendiculars be drawn from the poitits r, 
T, to the straight lines AB, AE, it may be demonstrated, that TP 
is parallel to ElB in the very same way that SO was shown to be 
pandlel to the same EB ; wherefore TP is parallel to SO (/r), and 
the quadrilateral figure SOPT is in one plane: for the same rea- 
son, the quadrilateral TPRY is in one plane : and the figure YBX 
is also in one plane (1): therefore, if from the poi)vts 0, S, P, T, 
R, Y, there he dravm straight lines to the point A, there will be 
formed a solid polyhedron between the circumferences BX, EX, 
composed of pyramids, the bases of which are the quadrilaterals 
KBOS, SOPT, TPRY, and the triangle YRX, and of which tho 
common yertex is the point A : and if the same construction be 
made upon each of the sides EL, LM, JVfE, as has been done upo7i 
BE, and the like be done also in the other three quadrants, and 
in the other hemisphere, there will be formed a solid polyhedron 
inscribed in the spnere, composed of pyramids, the bases of which 
are the aforesaid quadrilateral figures, and the triangle YRX, and 
those formed in tne like manner in the rest of the sphere, the 
common yertex of them all bein^ the point A. 

Also the superficies of this solid polyhedron shall not meet tho 
lesser sphere m which is the circle FGH. 'For, from the point A 
draw AZ perpendictdar to the plane of the (madrUaieral EBOS (m), 
meeting it in Z, and join BZ, ZE : and oecause AZ is perpendi- 
cular to the plane EBOS, it makes right angles with eyery straight 
line meeting it in that plane ; therefore AZ is perpendicular to 
BZ and ZE : and because AB is equal to AE, and that the squares 
on AZ, ZB are equal to the square on AB, and the squares on 
AZ, ZE to the square on AE {n) ; therefore the squares on AZ, 
ZB are equal to tne squares on AZ, ZE : take from these equals 
the square on AZ^ and the remaining square on BZ is equal to 
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the Temaimng square on ZE; amd therefore the straight line BZ 
is equal to ZK : in the like manner it may be demonstrated, that 




^ 



o) n. 12. 

)1.4. 



»] 



VI. 8. 
r) XII. Lemma 2. 



(«) Xn. Lemma 2, 
Cor. 



the straight lines drawn from the point Z to the points 0, S 
are equal to 6Z or ZE ; therefore the circle described from the 
center Z, and distance ZB, will pass through the points E, 0, 8y 
and EBOS will be a quadrilateral figure in the circle : and be- 
cause EB is greater than QY, and QY equal to SO, therefore EB 
is greater than SO: but EB is equal to each of the straight 
lines BO, ES; wherefore each of the circumferences cut off by 
EB, BO, ES is greater than that cut off by OS ; and these three 
circumferences, together with a fourth equal to one of them, are 
greater than the same three together with that cut off by OS ; 
that is, than the whole circumference of the circle ; therefore the 
circumference subtended by EB is greater than the fourth part 
of the whole circumference of the circle EBOS, and consequently 
^Iie angle BZK at the center is greater than a right angle: and 
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becftvn ^e angle BZK is obtuse, the square on BE is greater 
than the squares on BZ, ZK (o) ; that is, greater than twice the 
square on BZ. Join KY : and because (in the triangles EBY. 
QBY) KB, BY are equal to OB, BY. and that they contain equal 
angles, the angle KV!B is equal to the angle OYB {p) : and OVB 
is aright angle; therefore also ElBY is aright angle: and because 
BD is less than twice DY, the rectangle contain^ by BD, BY is 
less than twice the rectangle DYB ; that is, the square on KB is 
less than twice the square on KY {&) : but the square on KB is 
greater than twice the square on BZ ; therefore the square on 
1[Y is greater than the square on BZ : and because B A is equal to 
AK, and that the squares on BZ, ZA are equal together to the 
square on BA, and the squares on K Y, YA to the square on AK ; 
therefore the squares on BZ, ZA are equal to the squares on 
KY, YA; and of these the square on KY is greater than the 
square on BZ ; therefore the square on YA is less than the square 
on Z A, and the straight line AZ is greater than YA : much more 
then is AZ greater than AG ; because, in the preceding proposi- 
tion, it wasBhown thatKY falls without the circle FGH: and AZ 
is perpendicular to the plane KBOS, and is therefore the shortest 
of ail the straight lines that can be drawn from A, the center of 
the sphere, to that plane: therefore the plane ICBOS does not 
meet the lesser sphere. 

And that the other planes between the quadrants BX, KX fall 
without the lesser sphere, is thus demonstrated. From the paint 
A do'aw AI f)erpendictUar to the plane of the qiiadrilateral 
SOPT, and join 10 ; and, as was demonstrated oi the plane 
KBOS and the point Z, in the same way it may be shown, that 
the point I is the center of a circle described about SOPT ; and 
that OS is greater than PT ; and PT was shown to be parallel to 
OS: therefore, because the two trapeziums KBOS, S0PT, in- 
scribed in circles, have their sides BK, OS parallel, as also OS, PT ; 
and their other sides, BO, KS, OP, ST, all equal to one another, 
and that BK is greater than OS, and OS greater than PT, there- 
fore the straight line ZB is greater than 10 (r). Join AO, which 
will be equal to AB ; and because AIO, AZB are right angles, the 
squares on AI, 10 are equal to the square on AO or of AB ; that 
is, to the squares on AZ, ZB ; and the square on ZB is greater 
than the square on 10, therefore the square on AZ is less than 
the square on AI ; and the straight line AZ less than the straight 
line AI : and it was proved that AZ is greater than AG ; much 
more then is AI greater than AG : therefore the plane SOPT falls 
wholly without the lesser sphere. In the same manner it may 
be demonstrated, that the plane TPRY falls without the same 
sphere («), as also the trian^e TRX. And after the same way it 
may be demonstrated, that all the planes which contain the solid 
polyhedron ,fall without the lesser sphere. Therefore, in ike 
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fjreater of two spheres which have the same centeTf a solid polt/hedron 
is inscribed, the sv/peificies of which does riot meet the lesser sphere. 

Scholium. The straight Ime AZ may be demonstrated to be greater 
than AG otherwise, and in a shorter manner, without the help of Prop. 16, 




<a) XL B. 



(6) XL Def. 11. 



(c) XIL 8, Cor. 



as follows. From the point G draw GU at right angles to AG, and join AU. 
If then the circumference BE be bisected, and its half again bisected, and 
80 on, there will at length be left a circumference less than the circumfer- 
ence which is subtended by a straight line equal to GU, inscribed in the 
circle BCDE : let this be tne circumference KB ; therefore the straight line 
KB is less than GU: and because the angle BZK is obtuse, as was proved 
in the preceding, therefore BK is greater than BZ: but GU is greater than 
BK; much more then is GU greater than BZ, and the square on GU than 
the square on BZ; and AU is equal to AB ; therefore the souare on AU, that 
is, the squares on AG, GU are equal to the square on AB, that is, to the 
squares on AZ, ZB: but the square on BZ is less than liie square on GU; 
therefore the Muare on AZ is greater than the square on AG, and the 
straight line Az consequently greater than the straight line AG. 
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GoROLULRT. And if in the lesser 6|>here there be inscribed a solid polv- 
ledron, by drawing straight lines betwixt the points ia which the itraigut 
lines from the center of tb/B sphere, drawn to all the angles of the soUd 
polyhedron in the greater sphere, meet the superficies of the lesser, in the 
same order in which are joined the points in which the same lines from the 
center meet the superficies of the greater sphere, the solid polyhedron in the 
n>here BCDE shall have to this other solid poh-hcdron, the triplicate ratio of 
that which the diameter of the sphere BODE has to the diameter of the 
other sphere. For if these two solids be divided into the same number of 
pyraraids, and in the same order, the pyramids shall be similar to one 
another, each to each : because they have the solid angles at their common 
vertex, the center of the sphere, the same in each pyramid, and their other 
solid angles at the bases, equal to one another, each to each ^a), because 
they are contained by three plane angles, each e<^ual to eacn; and the 
pyramids are contained by the same number of 5(miilar planes; and are 
therefore similar to one another, each to each (6) : but similar pyramids 
have to one another, the triplicate ratio of their homologous sides (c) : 
therefore the pyramid of which the base is the quadrilateral KBOS, and 
vertex A, has to the pyramid in the other sphere of the same order, the 
triplicate ratio of theur homologous sides, that is, of that ratio which AB 
firom the center of the greater sphere, has to the straight line from the 
same center to the superficies of the lesser sphere. And in like manner, 
each pyramid in the greater sphere has to each of the same order in the 
lesser, the triplicate ratio of that which AB has to the semi-diameter of the 
lesser sphere. And as one antecedent is to its consequent, so are all the 
antecedents to all the consequents. Wherefore, the whole solid polyhedron 
in the greater sphere has to the whole solid polyhedron in the other, the 
triplicate ratio of that which AB the semi-diameter of the first has to the 
semi-diameter of the other; that is, which the diameter BD of the greater 
has to the diameter of the other sphere. 



PROPOSITION XVIII. 



Theorem. — Spheres have to one another, the triplicate 
ratio of that which their diameters have. 



Demonstration. Let ABC, DEF be £wo spheres, of which the 
diameters are BC, EF : the sphere ABC shall have to the sphere 
PEF, the triplicate ratio of that which BC has to EF. 

For if it has not, the sphere ABC must have to a sphere either 
less or greater than DEF, the triplicate ratio of that which BC 
has to EF. First, let it have that ratio to a less, viz. to the sphere 
GHK ; and let the sphere DEF have the same center with GHK : 
aiid in the greater sphere DEF inscribe a solid polyhedron, the sii- 
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perficies of which does not meet the Usaer sphere GHK (a); and in 
the s^iere ABC inscribe another dmiJtar to that in the sphere DEF: 




CJE\ 




(a)Xn. 17. (6) Xn. 17, Cor. (c) V. 14. 

therefore the solid polyhedron in the sphere ABC has to the solid 
polyhedron in the sphere DEF, the triplicate ratio of that which 
BC has to EF (fi). But the sphere ABC has to the q>here OHK, 
the triplicate ratio of that which BC iias to EF ; therefore, as the 
sphere ABC is to the sphere GHK, so is the solid polykedroii in the 
sphere ABC to the solid polyhedron in the sphere i)EF : bat the 
sphere ABC is greater than the solid polyhedron in it ; therefore 
also the sphei:^ GHK is greater than the solid polyhedron in the 
sphere DEF (<;) : but it is also less, because it is contained witiiin 
it, which is impossible : therefore tne sphere ABC has not to any 
sphere less than DEF, the triplicate ratio of that which BC has 
to EF. In the same manner it may be demonstrated that the 
sphere DEF has not to any sphere less than ABC, the triplicate 
ratio of that which EF has to BC. Nor can the sphere ABC have 
to any sphere greater than DEF, the triplicate ratio of that which 
BC has to EF : for if it can, let it have that ratio to a greater 
sphere LMN : therefore by inversion, the sphere LMN has to the 
sphere ABC, the triplicate ratio of that which the diameter EF 
has to the diameter BC. But as the sphere LMN is to ABC, so is 
the sphere DEF to some sphere which must be less l^aai the 
sphere ABC (c), because the sphere LMN is greater than tiie 
sphere DEF ; therefore the sphere DEF has to a sphere less than 
ABC, the triplicate ratio of that which EF has to BC ; which was 
shown to be impossible : therefore the sphere ABC has not to any 
sphere greater than DEF, the triplicate ratio of that which BC 
has to EF : and it was demonstrated that neither has it that mtio 
to any sphere less than DEF. Therefore, the sj^ere ABC has to 
the sphere DEF, the triplicate ratio of that which JiG has to £F. 



A CLASSIFIED INDEX 

TO THE 
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THEOREMS. 
0. Comparmn of Triangles as to Equality, 



VL4. . . . 

VI. e. . . . 

VI. 5. . . . 

VI. 32. . . 

VI. 7. . . . 



Htfotheses. 



If triangles are equiangular . 



If two triangles have one 
angle in each equal, and 
tlie sides about the equal 
togles proportional. 

If two triangles have their 
sides proportional. 

If two triangles have two 
sides in the one propor- 
tional to two sides in the 
other, 

And he joined at one angle 
so as to have their homo- 
logous sides parallel to one 
another. 

Or have the angles opposite 
to one pair of the homo- 
logous sides equal ; and 
tl^se opposite to the other 
pair, either both less, or 
both not less than a right 
angle. 



Consequences. 

The sides about the equal 
angles are proportionals. 

The sides which are opposite 
to the equal angles are 
homologous. 

'The triangles are equiangular, 

And have those angles equal 
which the equal sides sub- 
tend. 

They are equiangular, 

And the equal angles are sub- 
tended by the homologous 

. sides. 



The remaining sides shall be 
in a straight line. 



The triangles are equian- 
gular, 

And the angles contained by 
the proportional sides are 
equal. 
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VI. 


23, 


cor. 


1. . 


VI. 


23, 


cor. 


2. . 


VI. 


19. 


• 


* • 


VI. 


15. 


• 


• • 


VI, 


15. 


• 


• • 



VI. 19, cor. 



IIytotheses. 

If triangles have an angle of 
the one equal to an angle 
of the other. 

If triangles are equiangular . 



If triangles are similar . . 

If equal tHangles have an 
angle of the one equal to 
an angle of the other. 

(f triangles have an angle in 
the one equal to an angle 
in the other, and their 
sides about the equal an- 
gles reciprocally propor- 
tional. 

If three straight lines be pro- 
portionals. 



Consequences. 

{They are to one another as the 
rectangles under the sides 
about those angles, 
r They are to one another as the 
-j' rectangles under their bases 
I and altitudes. 

{They are to one another in the 
duplicate ratio of their 
homologous sides. 
{Their sides about the equal 
angles'are reciprocally pro - 
portional. 



They are equal to one an- 
other. 



(As the first is to the third, 
so is any triangle upon 
the first, to a siniilar and 
similarly-described triangle 
upon the second. 



D. On the Relations hetmen the Sides and Angles of Triangles, 



VI. 31. 



Hypotheses. 



If a triangle be right-angled. 



GONBEQUBNGES. 

The rectilineal figure de- 
scribed upon the side oppo- 
site to the right angle, is 
equal to the similar and 
similarly-described figures 
upon the sides contamlng 
the right angle. 



E. On the Rdatims of Lines dravm in Triangles. 



VI. 2. 



Hypotheses. 



If a straight line be parallel 
to the base of a triangle. 



Consequences. 

It cuts the other sides, or 
those sides produced, so 
that their segments be- 
tween the parallel and the 
base have the same ratio 
to their segments between 
the paralld and the ver- 
tex. 
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VI. 2, cor. . 



VI. B. (p. 106). 



VI. 3 

VI. 3, cor. . . 

VI. c. (p. 106). 



VI. 8. 



VI. 2. 



VI. A. (p. 76). 



Hypotheses. 

If several parallels be drawn 
to the base of a triangle. 

If an angle of a triangle be 
bisected by a straight line, 
which likewise cuts the 
base. 



Idem 



VI. 8, cor. . . 



VI. 8. 



If a straight line bisects both 
the angle and base of a 
triangle. 

If from any angle of a tri- 
angle a straight line be 
drawn perpendicular to the 
base. 

If in a right-angled triangle, 
a perpendicmar be drawn 
from the right angle to the 
base. 



Idem 



If a straight line drawn from 
any angle of a triangle 
divide the opposite side 
into segments which have 
the same ratio as the ac^'a- 
cent sides. 

In a triangle, if the sides, or 
sides produced, be cut by 
a straight line, so that 
their segments between the 
straight line and the base 
have the same ratio as 
their se&pnents between 
the straignt line and the 
vertex. 

If an exterior angle of a tri- 
angle be bisected by a 
straight line, which also 
cuts the base produced. 



Consequences. 

{Every pair of corresponding 
segments in each side will 
be proportional. 
The rectangle under tlio sides 
of the triangle is eauol to 
the rectanj^le under tne seg- 
ments of tiio base, together 
with the square on the; 
straight Imo ^Yllicll bisects 
the angle. 
rThe segments of the b»uo 
I shall nave the same ratio 
i which the other sides of tlie 
triangle have to one an- 
other. 

' The triangle is isosceles. 



The rectangle under the sides 
of the triangle is equal to the 
rectangle under the perpen- 
dicular and the diameter of 
the circle described about 
the triangle. 

The triangles on each side of 
it are similar to the whole 
triangle, and to one an- 
other. 

The perpendicular is a mean 
proportional between the 
segments of the base. 

Each of the sides is a mean 
proportional between the 
base and its segment ad- 
jacent to that side. 



The straight line bisects the 
angle. 



The straight line is parallel to 
the base. 



(-The segments between the 
bisecting line and the ex- 
tremities of the base, have 
the same ratio to one an- 
other as the other sides of 



CUSSIFIED IKSEX TO TlfB I 

HrPOTBBBEB. 



" 6- 7G). 



the yt-iie-K of a, tri&nglc 
cnU til a ba*e Riwluccil. « 
that its aegmenM Imve tlii 
same ratio wtioli the othci 
iiile^of the trisngle bava. 
If both tbe ojtterior aiigk 
and Che m^ncont iutenor 
»jigla of a trinnglo li " 
Bected by straight 
--'-'-'- cBt tha bnso nti 



LATTER BOOKS OP 

CoNSElJtENCE3. 



p. CompariKm vf PartdldograToa with Trian^la. 
HrKmiEszs. 

If triftngles and parallel- 

ogranis iiave the aama altl- 

tnde. 
If trjangles bqiI panUel- 

osTiims Liivo equal alti- 

If trj ingles iLnd parollel- 

ogriuns hiiTe oqufU bases. 

If QBither the bmi^B nor altl- 

ludea of triangles and pa- 
nillelogiaiiu are equal. 



.23, cot.:'. . 


L28. ... 


.14 ... 


■ li. ... 


.24. . . . 


tse. ... 

/ 



HTFOTHsaia. 



If equul pnralldogTaius hove 
— ingla of the one eqiml 
. . n angle of tfaa othi^r. 

If puvlIalaKnUHs bava an 
nngla of tho one ninul to 
nil nnglo of the other, nnd 
their sides abont the equal 
angles reciprocally propor- 

If pnndlologcaois are about 
the dlamelei of any pnrol- 
leloET.lia. 

f two aimihir pirallelogrsmi 
Jiai-o a common angle, and 
be sbnilariy situated. 



their altitudeg. 

{They are to one another In 
the eomponnd ratio of their 
baies and altitndeg. 

lit as to E^pKdity. 

They are to one another o- 
the reotangles under their 
bases and altitudes- 

Tliay hsve to one aaother lhi> 

of themtio!! of their eldei>. 
Thah- Bidei nbont the <qiial 
anglM are roeiproe(UI_v pro- 
portionnl. 



.They areiimiJartotlie wliole 
and to one BDOther. 

They are about the same dia- 
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L CompouiMon of Rectangles contained hy Straight Lines and their 

Segmemts* 



VL 17. 



VI. 16. 



VL17. 



VL16. . 



VL20. . . 



VI. 20, cor. 3. 
VI.21. . . 



VL 20, cor. 2. 



VI. 22. . . 
VI. 22. . . 



Htpothesbs. 



If threa stnught lines be 
proportionals. 



If four straight lines be pro- 
portionaU. 

If in three strakbt lines the 
rectangle mider the ex- 
trenaa it equal in area to 
the square on the mean. 

If ia four stmight lines the 
raetaogle under the ex- 
tremea be equal in area to 
UiB reotanglfi under the 
means. 



K. Of Paltfgmm. 
Hypotheses. 



If poljrgoni are similar 



Idem 

If rectilineal figures are simi- 
lar to the same rectilineal 
figure. 



If tiiree stmight lines be 
pit^Bortionals. 



If four straight lines be pro- 
portionals. 

If the similar rectilineal 
figm«s similarly-described 
upon four straight lines be 
proportionals. 



CoNSEgUKKCES. 

The rectangle uuder the ex- 
tremes IS equal in area 
to the square on the 
mean. 

Tho rectangle under the ex- 
tremes is equaJ in area to 
the rectangle under tho 
means. 



The ]ines arc proportionals. 



The lines aie proportionals. 



Consequences. 

'They may be divided into the 
same number of similar 
triangles, having the same 
ratio to one another that 
the polygons have. 

The polygons have to one 
another the duplicate ratio 
of that which their homo- 
lo^us sides have. 

{Their perimeters are as their 
homologous sides. 

They are similar to one an- 
other. 



As the first is to the third, so 
is any rectilineal figure 
upon the first to a similar 
and similarly-described rec 
tilineal figure upon the 
second. 

The similar rectilineal figures 
similarly - described upon 
them shall also be propor- 
tionals. 

Tlie lines shall also be pro- 
portionals. 
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L. Sdativt to Cvrdti gmofdUy. 
If fignres are cireles 



P. On tkt Anglu I'l 

HTFOTBEms. 



. I If ftDgles are in equal cirolei. 



COKBEQCEBCES. 

IWhMliei at the centers or 
ciionmfsteDceB, they hava 
the same ratio which tho 
oircninferences on which 
they stand have to one 
(mathsT. 



S. Bdative to Irueriltd Figwe*. 

HtPDTHESBS. CoNSBqUENCES. 



If a paranelagrom be coD' 
Btructed on the half of one 
of the nM™ of atrUogle la 
which it is inscribed. 



If etraight liaes bisect tbt? 
time auglee of a trianKlc , 

If a aquare !s drcmnscribeil 
about a circle. 

If a rectangle be containtil 
under the diagonals of v. 
quadrilateral Sgnre iu- 
acribsd In a circle. 

If two trapezium B be in- 
BOribed in circles; and if 
two of the lide* of each Lc 
parallel to each other; acJ 
the other fonr «ides be all 

the parallel sides of ons 
greater than the parallel 
■idea of the other, each to 



It is the greatest parallal- 
ogram which can be in- 
Bcribed in the triangle. 

The triangle la equal in area 
to the roctangle under 
the radius of the circle, 
and hair the sum of 
the three ddes of the tri- 

Tbej meet In the center of 
the Inscribed drola. 

It iseqaal in area to twice tbe 
square hiscribed In the circle. 

It ie equal to both the rectan- 
gles contained by Its oppo- 
site udes. 



The Blraight line dnwo from 
tbe center to the circtun- 
ference of the circle in 
which the greater sides tie, 
ia greater than the atrt^ght 
line similarly drawn in the 
othw circle. 
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IV. 5 



• • • 



XU. 1. . . . 

IV. 11, cor. . . 

IV. 11, cor. . . 

1 V . B. • • • 



IV. 15, cor. . 



Hypotheses. 



If a reotOineal figure be 
equilateral and equian- 
gular. 

If similar polygons are in- 
scribed in circj^ 

If an equiangular figure is 
inscribed in a circle. 

If an equilateral figure is 
inscribed in a oircl& 



If any equilateral and equi- 
angular rectilineal figure 
be inscribed in a circle. 



If a hexagon be inscribed in 
a oiixjle. 



Consequences. 

It may have one circle cir- 
cumscribed about it, and 
another inscribed in it. 

And the same point is the 
center of both circles. 

(They are to one another as the 
squares on their diameters. 

I It is equilateral. 

I It is equiangular. 

1^ Tangents to the circle drawn 
tiirough the angular pomts, 
will ^prm an equilateral 
and equiangular figure of 
the same number of sides, 
circumscribed about the 
circle. 

/ The radius of the circle is equal 
\ to the side of the hexagon. 



T. 0/ the Multiples of Magnittydes. 



XII. Lem. 1. 
(p. 1<50). 



V.6. 



V.6. 



V. 1. 



V. c. (p. 84). 



Hypotheses. 

If from the greater of two 
unequal magnitudes, there 
be taken more than its 
half, and from the remain- 
der more than its half, and 
so on. 

If one magnitude be the same 
multiple of another, which 
a part taken from the first 
is of a part taken from the 
other. 

If two magnitudes be equi- 
multiples of two others, 
and if equimultiples of 
these bo taken from the 
two first. 

If any number of magnitudes 

be equimultiples of as 

* many others, each of each. 

If the first be the same mul- 
tiple or submultiple of the 
second that the third is of 
the fourth. 



Consequences. 



There shall at length remain 
a magnitude less than the 
least of the proposed mag- 
nitudes. 

The first remainder is the 
same multiple of the second 
that the first magnitude is 
of the second. 

The remainders are either 
- equal to these others, or 
equimultiples of them. 



I 



What multiple soever any one 
of the first is of its part, 
the same multiple shaLL all 
the first magnitudes taken 
together, be of all the others 
taken together. 

The first is to the second as 
the third is to the fourth. 

K a 
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V. D. (p. 36). . 



V.8. 



V.2. 



V. 4,ccr. 



V. 18. . . • 



Y. 14. . . . 



Hypotheses. 

If the first be to the second as 
the third to the fourth, and 
if the first be a multiple or 
submultiple of the second. 

If the first be the same mul- 
tiple of the second which 
the third is of the fourt]|, 
and if of the first and 
third there be taken equi- 
multiples. 

If the first magnitude be the 
same multiple of the second 
that the third is of the 
fourth, and the fifth the 
same multiple of the second 
that the sixth is of the 
fourth. 



CONSEf/UENCES. 



The third is the same multiple 
or submultiple of the fourth. 



These shall be equimultiples, 
' the one of the second, and 
the other of the fourth. 



Then shall the first, together 
with the fifth, be the same 
multip>le of the second, that 
the third, together with the 
sixth, is of tne fourth. 



V. Of the Ratios of Ma^Uudes, 



V. B. (p. 33). 

V. E. (p. 53). 
V.16. . . . 

V. 25. . . . 
V.4. . . . 



Hypotheses. 

If four magnitudes are pro- 
portionals. 

Idem • 

If four magnitudes of the 
same kind be proportionals. 



Idem 



If the first of four magni- 
tudes has the same ratio to 
the second which the third 
has to the fourth. 



Idem 



Idem 



And if the first be grealnr 
than the third. 



Consequences. 

{They are proportionals also 
when taken inversely. 
{They are also proportionals 
by conversion. 
/Thev are also proportionals 
\ wnen taken alternately. 

{The greatest and least of them 
together are greater than 
the other two t0|;ether. 
f Then any equimultiples what- 
ever of the first and third 
shall have the same ratio to 
any equimultiples of the 
second and fourth. 

Any equimultiples whatever 
of the first and third shall 
have the same ratio to the 
second and fourth; and in 
like manner, the first and 
the third shall have the 
same ratio to any equi- 
multiples whatever of the 
second and fourth. 

'The first and second together 
shall be to the second as the 
third and fourth together to 
the fourth. 

The second shall be greater 
than the fourth ; and if 
equal, equal ; and if less, 
less. 
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y.i.(p.«8> 



V.24. . . 



7. 24, cor. 1. 
7.18.. . . 



V. 18, cor. 



V. 12.. . . 

V.17. . . . 
V. 19. . . . 



V. 19, COT. . 

V.16. . . . 
V.9. . . . 



Or if the first be grefttar than 
the second. 

If the first have to the second 
the same ratio which the 
third has to the fourth, and 
the fifth to the secona the 
same ratio which the sixth 
has to the fourth. 



Idem 



If the first has to the second 
the same ratio which the 
third has to the fourth, but 
the third to the fourth a 
greater ratio than the fifth 
has to the sixth. 

If the first has a mater 
ratio to the secona than 
the third has to the fourth, 
but the third the same 
ratio to the fourth which 
the fifth has to the sixth. 



If any number of magni- 
tudes be proportionals. 



If magnitudes, taken jointly, 
be proportionals. 

If a whole magnitude be to 
a whole as a magnitude 
taken firom the first is to a 
magnitude taken from the 
Other. 



Idem 



If magnitudes have a ratio 
to one another. 

If magnitudes have the same 
ratio to the same magni- 
tude. 



i 



CoSrSEQUJCXCEB. 

The third is also greater 
than the fourth : and 
if equal, equal ; if lesn, 
less. 

The first and fifth together 
shall have to the second, 
the same ratio which the 
third and sixth together 
have to the fourth. 

The difference of the first 
and fifth shall be to the 
second as the differenoe of 
the third and sixth is to 
the fourtli. 



The first shall also have to the 
second a greater ratio than 
the fifth has to the sixth. 



The first has a greater ratio 
to the second than the fifth 
has to the sixth. 

As one of the antecedents 
is to its consequent, so 
shall all the antecedents 
taken together be to all 
the consequents taken to- 
gether. 

t They shall also be proportion- 
1 lUs when taken separately. 

The remainder shall be to the 
remainder as the whole is 
to the whole. 



The remainder shall be to 
the remainder as the mag- 
nitude taken fVom the first 
is to that taken from the 
other. 

/Their equimultiples have tho 

\ same ratio. 



} 



They are equal to one another 



Q04 CI^SSIIi'IED INDEX TO THE VIVE U.TTEB BOOKS OF 

I COBSEflUENCEa. 



the same ntJo, then if ihc 

first be ersBlsr Hum llic 

mrd. 

. If tbara be tbreemagnibudos, 

ar three, whioJiliH ve 



nu^bide be greater 
the thinl. 
, u there be any nttmbet of 
magoiCudeA, and as r~ 



. If there be an; numbci c 
magoitndei, tmii a£ mau; 
ethers, nhioh, taken tw 



If a magnitude has a, greater 
ratio than another haa to 
tha same m^nitud& 

If nUiaa are equal to tlie 

If ratios are compoundad ol 



If sereral ratlm be the snm 
■with BBveral ratios, each t 



of any other ratios, ami jl 

ratio componDded of any □ I 
the first, be the same nitli 
one of the last ratios, ir 
with the ratio compounded 
of any of the last. 



The fourth shall be greater 

, tlian the sixth ; and if 

equal, equftl ; and if less, 



equal; and if less, le 

I The first has to the last of tlie 
first ms^iCudes the same 
ratio which the first has 
to the last of the othere. 

I The Emt hae to the last of 
the first magnitudes the 
same ratio which the first 
has to the last of the others, 
I They have tjie same i-atio to 
I the BBme magnitude. 

{The greater has n greatei 
ratio to any other msgni- 
tnde than the less has. 

Litis the greater of the tiro. 

(They are equal to one an- 

I The/ are the same Mitbone 
\ ai.other. 



latioB, each to each, is the 
Esme vith the ratio com- 
pounded of ratios which 
nie the same with the other 
r^itios, each Co each- 
"licQ the ratio compounded 
u>' the remaining ratios of 
the first, or the remaining 
rutlo of the first, if but one 
remain, is the same with 
tlie ratio compounded of 
tliose remaining of the last, 
01 with th« remaining ratio 



mE ELEUEim OF CiEOUnTtT. 

HTTOTtmes. J Cos 



other ratios >uch Ihit U'l" 
ntfo compounded of ntL » 
which nre the lune wi'li 
the fint rstioi, each to uc:i . 
ii the Mme with the rat ^ 
oompoundedormlloawhl< !i 
are the urns, ench to eacii. 
with the laatralloi; and n ' 
one of ths fine ratjot, <>i 
the ratio which it con>- j 
ponnded of ntjoa ' ' 



e wlthM 
if the flnC ratloi, eai 



:he ratio compounded i 
latios which are the tami 
lach to each, with aerern 
if the last Ritloa. 



comi«unded 
ch are the eame 
imuning ratios 



with the n 
of the am, I 

or the remaining ratio of 
is the Hime with the ratio 



W. Of the Rdalioiu of Line* to Plant*. 



1.1 


If one part of a itraight line 




i* above a plane. 


1.18. . . . 


If aHraightlinebe at right 




anglea to a plane. 


It.. . . 


If a Itraight line stand at 




right angles to each of two 




straight lines, In ths point 






1.18. . . . 


If two straight lines be drawn 




from ft given point either in 




or above a pUne. 


1. 2. . . . . 






another. 


I. 


If two straight lines b« at 




right anglea to the same 




plane. 


I. 7 


If two straight h-nes be pa- 


L8 


And one of them is at right 




angles to a plane. 



CoFSKQUEMCPi. 

[Another part cannot he in it. 

(Every plane which passes 
through it shall be at right 



1 They ci 
J '"B'^ 
} They AT 

I The straight line di 
anypofntinthec 
point in the othei 
same plane with 
lels. 
fTho other shall also 
t angles to the sam 
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XL 9. 



XI. 10. . 



XL 2. 

XI. 6. 



XL 35. 



XI. 35, cor. 



Hypotheses. 

• 

If two straight lines are each 
of them parallel to the 
same straight line, and not 
in the s^me plane with it. 

If two straight lines meeting 
one another be parallel to 
two others that meet one 
another, and are not in the 
same plane with the first 
two. 

If three str^ght lines meet 
one another. 

If three straight lines meet 
all in one point, and a 
straight line stand at right 
angles to each of them in 
that point. 

If from the vertices of two 
equal plane angles, there 
be drawn two straight lines, 
elevated above the planes 
in which the angles are, 
and containing equal angles 
with the sides of those an- 
gles, each to each; and if in 
the Ihies above the planes 
there be taken any points, 
and from them perpendi- 
culars be drawn to the 
planes in which the first- 
named angles are; and 
from the points in whioh 
they meet the planes 
straigfat lines be drawn to 
the vertices of the angles 
first-named. 

If from the vertices of two 
equal plane angles, there be 
elevated two equal straight 
lines, containing equal an- 
gles with the sides of the 
angles, each to each. 



COKSEQUENCES. 



,They are parallel to one an- 



ey ar 
)th^. 



The first two and the other 
two shall contain equal an- 
I gles. 

} They are in one plane. 



-These three straight lines are 
in one and the same plane. 



These straight lines shall con- 
tain equal angles with the 
straight lines which are 
above the planes of the 
angles. 



' The perpendiculars drawn 
ftem. the extremities of 
the equal straight lines 
to the planes of the first 
angles, are equal to one 
another. 



X. 0/ the Bdattom of Planes to one another. 



XL 3. 

XL 19. 



Hytotheses. 

If two planes cut one an- 

anothex^ 
If two planes which cut one 

another be each of them 

perpendicular to a third 

plane. 



OOHSEQUENCES. 

} Their co^lmon section is a 
straigfat line. 

Their common section shall 
be perpendicular to the 
same plana 
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XL14. . . 



XI. 17. 
XL 15. 



XL 88. . • 



XL16. . . 
XI. 22. . . 



Hypotheses. 

If the same straight Hue is 
perpendicular to each of 
two planes. 

If two straight lines be cnt 
by parallel planes. 

If two strai^t lines meeting 
one another be parallel to 
two other straight lines 
which meet one another, 
bat are not in the same 
fdane with the first two. 

If a ptone be perpendicnlai* 
to another plane, and a 
straig^ line be drawn from 
a point in one of the planes 
perpendicular to the other 
plane. 

If two parallel planes be cut 
by another plane. 

If every two of three plane 
BDji^es be greater than the 
third, and if the straight 
linea whidi contain them 
be «U equal. 



COKSEQUENCES. 



They are parallel to one an- 
other. 

S They shall be cut in the same 
i ratio. 



The piano which passes 
through these is parallel to 
the plane passing through 
the others. 



This straight line shall fall 
on the commou section of 
the planes. 

1 Their common sections with 
> it are parallels. 

A triangle may be made of 
the straight lines that joui 
the extremities of those 
equal straight lines. 



Y. Of Solid AnglM. 



XL 21. 



XL 20. . . . 
XI. A. (p. 134) . 

XI. B. (p. 135). 



Hypotheses. 



If an imgle is a solid angle . 

If a solid anjgle be contained 
by three p^e angles. 

If each of two solid angles 
be contained by three plane 
angles, which are equal to 
one another, each to each. 

If two solid angles be con- 
tained, each by three plane 
angles, which are eqiml to 
one another, each to each, 
and alike situated. 



{ 



Consequences. 

It is contained by plane an- 
gles which together are less 
than four right angles. 

r Any two of them are greater 

1 than the third. 

The planes in which the equal 
angles are, have the saine^ 
inclination to one another. 



These solid angles are equal 
to one another. 
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Z. Of Sdid Figures. 



XI. 3G. . . 



XI. 37. . • 



XI. 24. . . 
XI. 0. (136). 



Hypotheses. 



If three straight lines be pro- 
portionals* 



XI. 33, cor. . 



XL 33. . 

XL 32. . 

XL 31. . 
XL 7, cor. 2 

XL 32, cor. 
XL 34. . 

XL 40. . 



If four straight lines be pro- 
portionals. 



If four straight lines be con- 
tinual proportionals. 



If solid paralldopipeds are 
similar. 

If solid parallelepipeds have 
the same altitude; 

And are upon equal bases . 

If prisms are of equal alti- 
tudes ; 

And are upon triangular bases 

If solid parallelepipeds are 
eoual. 

If there be two triangular 
prisms'of the same altitude, 
the base of one of which>i8 
a parallelogram, and the 
base of the other a trian- 
gle: if the parallelogram 
be double of the triangle. 

If a solid be contained by six 
planes, two and two of 
which are parallel. 

If solid figures are contained 
by the same number of 
equal and similar planes 
alike situated, and having 
none of their solid aneles 
contained by more than 
/ tZiree plane angles. 



GONSBQUENCES. 



The solid parallelopiped de- 
scribed from all three, as its 
sides, is equal to the equi- 
lateral parallelopiped de- 
scribed rrom the mean pro- 
portional, one of the solid 
angles of which is contained 
by three plane angles eaual, 
each to each, to the three 
plane angles containing one 
of the solid angles of the 
figure. 

fThe similar solid parallel- 
opipeds similarly described 
from them shall also be 
proportionals. 
As the first is to the fourth, 
so is the solid parallelopiped 
described from the first 
to the similar solid simi- 
larly described from the 
second. 

r They are to one another in the 

-j tiipUcate ratio of their ho- 

l mologous sides. 

rThey are to one another as 

\ their bases. 

They are equal to one another. 

r They are to one another as 

\ their bases. 

Idem. 

/Theur bases and altitudes are 

^ reciprocally proportionaL 



■The prisms shall be equal to 
one another. 



{ 



The opposite planes are simi- 
lar and equal parallel- 
ograms. 



.Thcry are equal and similar 
to one another. 
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XI. D. (p. 148). 



XI. 29 and 80. 



XI. 25. 



XI. 28. 



XI. 89. 



xn.7. 



XII. 3. 



XII. 8. 
XII. 8, cor. . 

xn.6. . . 

XII. 6. . . 
XII. 9. . . 

XII. 9. . . 



XII. 7, cor. 1. . 



Hypotheses. 

If solid parallelopipeds are 
contained by parallel- 
ograms equiangular to one 
another, each to each. 

If solid parallelopipeds are 
upon the same base, and of 
the same altitude, \?hether 
their insisting straight lines 
are terminated in tne same 
straight lines in the plane 



opposite 
not. 



to the base, or 



If a solid parallelepiped be 
cut by a plane parallel to 
two of its opposite planes. 



If a 



solid parallelepiped be 
cut by a plane passing 
through the diagonals of 
two of the opposite planes. 

In a solid parallelopiped, if 
the sides of two of the op- 
posite planes be divided, 
each into two equal parts. 



If a prism has a triangular 
base. 



If a pyramid has a triangular 
base. 



If pyramids are similar, and 
nave triangular bases; 

Or have multangular bases. 

If pyramids of the same 
altitude have triangular 
bases; 

Or have polygonal bases. 

If triangular pyramids are 
eaual. 

If the bases and altitudes of 
triangular pyramids are 
reciprocally proportional. 

If a solid is a pyramid . . . 



Consequences. 

They have to one another the 
ratio which is the same with 
the ratio compounded of the 
ratios of their sides. 



They are equal to one an- 
other. 



'It divides the whole into two 
solids, the base of one of 
which shall be to the base 
of the other, as the one 
solid is to the other. 

.It shall be cut into two equal 
parts. 

f The common section of the 
planes passing through the 
points of division, and the 
diameter of the solid paral- 
lelepiped, cut each other 
into two equal parts. 

It may be divided into three 
pjramids that have tri- 
angular bases, and are equal 
to one another. 

It may be divided into two 
equal and similar pyramids 
having triang^ular bases, and 
which are similar to the 
whole pyramid ; and into 
two equal prisms which 
together are greater than 
half of the whole pyramid. 

They are to one another in the 
triplicate ratio of that of 
their homologous sides. 



} 



They arc to one another as 
their bases. 

r Their bases and altitudes arc 
I reciprocally proportional. 

They are equal to one an- 
otner. 

It is the third part of a prism 
which has the same base 
and altitude.. 
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XU.4. 



XII. 12. . 

XII. 11. . 

XII. 15. . 

XII. 15. . 

XIL 14. . 

xii.io. . 

XII. 13. . 



XII. 18. . 
Xn. 17, cor. 



Hypotbeses. 

If tkwebe two pyramids of 
ihe aame altitude upon tri- 
angular baaes, and each of 
them be divided into two 
equal pyramids similar to 
the whole pyramid, and 
also into two «qaal prisms; 
and if each of these pyra- 
mids be divided in the s^ooe 
manner as the first two, 
and so on. 

If cones and cylinders are 
sinnlar. 

If cones and cylinders are of 

the same altitude. 
If cones and cylinders are 

equaL 
If the Jaases and akitiides of 

cones and cylinders be re- 

GiiMX)cally proportional. 
If cones and cylinders are 

upon eqnal bases. 

If a solid is a cone .... 



If a cylinder be cut by a 
plane parallel to its oppo- 
site |danes, or bases. 



If solids are spheres . . . 

If in the lesser of two con- 
centric spheres there be in- 
scribed a solid polyhedron, 
by drawing straight lines 
betwixt the points in whioh 
the straight lines from the 
center of the spheres, 
drawn to all the angles of 
the solid polyhedron in the 
greater sphere, meet the 
superficies of the lesser, in 
the same order in which 
are .joined the points in 
which the same lines from 
the center meet the super- 
ficies of the greater sphere. 



Consequences. 



As the base of one of the first 
two pyramiids is to the base 
of the other,.so riiailall the 
prisms in one of them be to 
all the prisms in the other, 
that are produced by the 
aumberof divisions. 



They have to one another the 
tnplicate ratio of that which 
the diameters of their bases 
have. 

riey lU'e to one another as 
their bases. 
{Their bases and altitudes are 
reciprocally proportional. 



} 



They are 
other. 



equal to one an- 



{ 



riey are to one another as 
tneir altitudes. 

It is the third part of a cylin- 
der which has the same 
base and altitude. 

It divides the cylinder into 
two cylinders, one of which 
is to the other as the axis 
of the first is to the axis of 
the other. 

They have to one another the 
triplicate ratio of that which 
their diameters have. 



The £olId polyhedrons shall 
have to one another the 
triplicate ratio of the dia- 
meters of their circum- 
scribing spheres. 



THE ELEMENTS OF GEOMETBY. 



Si I 



XI. 11. 

XI. 13. 

VI. 9., 

VI. 10. 

VI. 30. 
VI. 28. 

VI. 13. 

VI. 11. 
VI. 12. 
VI. 29. 



PROBLEMS. 
A. Rdabmg to 8traiigfU Lmes, 

To draw a straight line perpendicular to a plane, from a 
given poifi^ above it. 

To draw a straight line at r^t angles to a given plane, 
from a point given in that plane. 

From a given finite straight Um to ent off any required 
part. 

To divide a given sh'atght line similarly to a given divided 
straight line. ' 

To cnt a given straight Une in extreme and mean ratio. 

To divide a given straight Zme into two parts, such that 
parallelograms of equal altitude ma^ be constructed 
upon them, one equal to a given rectilineal figure^ and 
the other similar to a g^ven parallelogram ; the rectili- 
neal figure not behig greater than the parallelogram 
constructed on half the given line, and similar to the 
given parallelogram, 

To find a mean proportional between tioo given straight 
lines. 

To find a third proportional to two given straight lines. 

To find a fourth proportional to fAree given straight lines. 

To produce a given straight line so that a parsQlelogram 
similar to a given one being constructed on the produced 
part, another parallelogram of equal altitude constructed 
on the whole line produced, may be equal to a given 
rectilineal figure. 



B. Bdating to Rectilineal Angles. 
rv. 10, cer. 3. . .1 To divide a given right angle into five equal parts. 



IV. 10. 



C. Relating to Triangles. 

To construct an isosceles triangle, in which each of the 
angles at the base shall be double of the angle opposite 
to the same. 



IV. 1. 

IV. 4. 
IV. 5. 
IV. 2. 



F. Relating to Inscribed Figures. 

In a given circle to inscribe a straight line equal to a given 
straight line, which is not greater than the diameter of 
the circle. 

To inscribe a circle in a given triangle. 

To circumscribe a circle about a given triangle. 

In a given circle to inscribe a triangle equiangular to a 
given triangle. 
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TUB ELEMENTS OF GKOMETBY. 



IV. 3 

IV. 8. . . . . 

rv.6 

IV. 9 

IV. 7 

IV. 13 

IV. 14 

IV. 12 

IV. 11 

IV. 15. . . . *. 

IV. 16 

XIL16 



About a given circle to circumscribe a triangle equiangulai 

to a given trianale. 
To inscnbe a circle in a given square. 
To inscribe a square in a given circle. 
To circumscribe a circle about a given square. 
To circumscribe a s<][uare about a ^iven circle. 
To inscribe a circle m a given equilateral and equiangular 

pentagon. 
To circumscribe a circle about a given equilateral and 

equiangular pentagon. 
To circumscribe an equilateral and equiangular pentagon 

about a given circle. 
To inscribe an equilateral and equiangular pentagon in a 

given circle. 
To inscribe an equilateral and equiangular hexagon in a 

given circle. 
To inscribe an equilateral and equiangular quindecagon in 

a given circle. 
In the greater of two ^iven circles that have the same 

center f to inscribe a polygon of an even number of equal 

sides, that shall not meet the lesser circle. 



VI. 18. 
VI. 25. 



G. Relating to Polygons. 

On a given straight line to construct a rectilineal figure 
similar, and similarly situated to a given recHlinealJigure. 

To construct a rectilineal figure which shall be similar to 
one, and equal to another g^YenrectiUnedlJigvre. 



XL 23. 



XI. 26. 



H. Rdating to Solid Angles. 

To make a solid angle which shall be contained by titree 
given ptlane angles, any two of them bdng greater than 
the third, and all three together less than four right 
angles. 

At a oven point in a ^ven straight line to make a solid 
an^e equal to a given solid angle contained bg three 
plane angles. 



XI. 27. 
XIL 17. 



I. Relating to Solid Figwtes. 

To describe, from a ^iven straight /tne, a solid parallel- 
epiped similar and similarly situated to one given. 

In the greater of two given spheres which have the same 
center J to inscribe a solid polyhedron, the supei^cies of 
which shall not meet the lesser sphere. * 
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BTTDIMEMTA BY SCIENT IFIC SERIES. 

ARCHITECTURE, BUILDING, ETC. 

Ko. 

i6. ARCHITECTURE— ORDERS— The Orders and their .^thetic 
Principles. By W. H. Leeds. Illustrated, is. 6d. 

17. ARCHITECTURE—STYLES— The History and Description oP 

the Styles of Architecture of Yunui Counlriei, from the Earliest to th* 
Present Period. By T. Talbot Buity, F.R.I. B-A^ to. Illnslnted. «. ■ 
" • OsDims AND Stylbs of Akchiiiciure, m One Vol., 31. M. 

18. ARCHITECTURE— DESIGN— The Principles of Design in 

Arcbilcclure, u dcducible from Nature and eieraplijed in the Works of Uie 
Creek and Gothic Architect!. By E. L. Gakbett, AnrhitecC. Illustrated. >s. 
',• Tit line treading Wm-ii, in One handsomi Vel.. knlf hound, enlilled 
•'Modeu. ARCHiraciuBB," Price 61. 

22. THE ART OF BUILDING, Rudiments of. General Principles 

of Construction, Materials used in Buildine, Strength and Use of Waterials, 
Workine Drawings, Specifications, and EsCimatei. By£DW«iD DoBSOM, 
M.R.I. B.A., »r. lllnittated. U. 6d. 

23. BRICKS AND TILES, Rudimentary Tiealise on the Mannfac 

lure of; conlainine an Outline of the Principles of Brickinaking. By Edw. 

Dob™n,M.R.I.B.A. With Additions by C.ToMMHsoN.F.R.S.llfuslrated,].. 

»S. MASONRY AND STONECUTTING, Rudimentary Treatise 

the Constniction ofcumd" Wing- Walls, °lSma,*Ohlique Bridges, and 
Roman and Goihic Taulting, are concisely e.plained. By EdwabdT>db30«, 
M.H.I.B.A., &c lllusliat(a:withPlatesaadbiaBran.s. II. 6d. 
44. FOUNDATIONS AND CONCRETE WORKS, a Rudimentary 

mrk's?!^' thir uiuLI^ModH T TMtmM^tran'SV™lkal R^wfa ™ 
Footings, Planking, Sand, Concrete, B61on, Pile-driving, Caissons, anil 
CofFerims. By E. Dobson, M.R.I.B.A., te. Fourth Edition, revised by 
George DODD, Cj;. Illustrated. is.6d. 

CROSBV lAKRVfOOTi AND CO., 7. STAT10iaE.?.s' U.k\A. C.'iM'ft.'^ , "^^^ 



WEALB's RUDIMENTARY SERIES. 



Architecture, Building, etc., continued, 
42. COTTAGE BUILDING, By C. Bruce Allen, Architect 

Eleventh Edition, revised and enlarged. Numerous Illustrations, xs. 6d. 

45. LIMES, CEMENTS, MORTARS, CONCRETES, MASTICS, 
PLASTERING, &c., Rudimentary Treatise on. By G. R. Burnell, C.E. 
Ninth Edition, with Appendices, xs. 6d. 

57. WARMING AND VENTILATION, a Rudimentary Treatise 
on ; being a concise Exposition of the General Principles of the Art of Warm- 
ing and ventilating Domestic and Public Buildings, Mines, Lighthouses, 
Ships, &c. By Charles Tomlinson, F.B.S., &c. Illustrated. 3s. 

83**. CONSTRUCTION OF DOOR LOCKS. Compiled from the 
Papers of A. C. Hobbs^ Esq., of New York, and Edited by Charles Tom- 
linson, F.R.S. To which is added, a Description of Fenby's Patent Locks, 
and a Note upon Iron Safes by Robert Mallet, M.I.C.E. IUus. 2s. 6d. 

III. ARCHES, PIERS, BUTTRESSES, ^'c. : Experimental Essays 
on the Principles of Construction in ; made with a view to their being useful 
to the Practical Builder. By William Bland. Illustrated, xs. 6d. 

1X6. THE ACOUSTICS OF PUBLIC BUILDINGS; or, The 
Principles of the Science of Sound applied to the purposes of the'Architect and 
Builder. By T. Roger Smith, M.K..I.B.A., Architect. Illustrated, is. 6d. 

124. CONSTRUCTION OF ROOFS, Treatise on the, as regards 
Carpentry and Joinery. Deduced from the Works of Robison, Price, and 
Tredcold. Illustrated, xs. 6d. 

127. ARCHITECTURAL MODELLING IN PAPER, the Art of. 

By T. A. Richardson, Architect. With Illustrations, designed by the 
Author, and engraved by O. Jewitt. is. 6d. 

128. VITRUVIUS — THE ARCHITECTURE OF MARCUS 

VITRUVIUS POLLO. In Ten Books. Translated from the Latin by 
Joseph Gwilt, F.S.A., F.R.A.S. With 23 Plates. 5s. 

130. GRECIAN ARCHITECTURE, An Inquiry into the Principles 
of Beauty in ; with a Historical View of the Rise and Progress of the Art in 
Greece. By the Earl of Aberdeen, xs. 

\* The two Preceding Works in One handsome Vol,, half bound, entitled "A:sciB,Kt 

Architecture." Price 6s, 

132. DWELLING-HOUSES, a Rudimentary Treatise on the Erection 
of. By S. H. Brooks, Ajrchitect. New Edition, with Plates. 2s. 6d. 

156. QUANTITIES AND MEASUREMENTS, How to Calculate and 
Take them in Bricklayers', Masons', Plasterers', Plumbers'. Painters', Paper- 
hangers', Gilders', Smiths', Carpenters', and Joiners* Work. By A. C, 
Beaton, Architect and Surveyor. New and Enlarged Edition. IUus. is. 6d. 

175. LOCKWOOD &- CO:S BUILDER'S AND CONTRACTOR'S 
PRICE BOOK, with which is incorporated Atchley's and portions of the 
late G. R. Burnell's "Builder's Price Books," for 1876, containing 
the latest Prices of all kinds uf Builders' Materials and Labour, and of all 
Trades connected with Building : with many useful and important Memo- 
randa and Tables; Lists of the Members of the Metropolitan Board of 
Works, of Districts, District OflScers, and District Surveyors, and the 
Metropolitan Bye-laws. The whole Revised and Edited by Franus T. 
W. Miller, Architect and Surveyor. 3s. 6d. 

182. CARPENTRY AND yOINERY—TBJL Elementary Prin- 
ciples OF Carpentry. Chiefly comjposed from the Standard Work of 
Thomas Tredgold, C.E. With Additions from the Works of the most 
Recent Authorities, and a TREATISE ON JOINERY by E. Wyndham 
Tarn, M.A. Numerous Illustrations. 3s. 6d. 

182*. CARPENTRY AND JOINERY, ATLAS of 35 Plates to 
accompany the foregoing book. With Descriptive Letterpress. 4to. 6s. 

187. HINTS TO YOUNG ARCHITECTS, By George Wight- 
wick. Author of " The Palace of Architecture," &c. &c. New, Revised, 
and enlarged Edition. By G. Huskisson Goillauub, Architect. With 
numerous Woodcuts. 3s. 6d. [^ust published. 
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Architecture, Building, etc., continued. 

188. HOUSE PAINTING, GRAINING, MARBLING, AND SIGN 

WRITING : A Praciical Manual of, containing full information on the 
Processes of House Painting in Oil and Distemper, the Formation of 
Letters and; Practice of Sign Writing, the Principles of Decorative Art, a 
Course of Elementary Drawing for House Painters, Writers, &c., and a 
Collection of Useful Receipts. "With 9 Coloured Plates of "Woods and 
Marbles, and nearly 150 "Wood Engravings. By Ellis A. Davidson, 
Author of " Building Construction," "Drawing for Carpenters," &c. 5s. 

{yrtst pnblished. 

189. THE RUDIMENTS OF PRACTICAL BRICKLAYING, 

In Six Sections : General Principles of Bricklaying; Arch Drawing, Cutting, 
and Setting; diflFerent kinds of Pointing; Pavmg, Tiling, Materials ; Slating 
and Plastering ; Practical Geometry, Mensuration, &c. By Adam Hammond. 
Illustrated with 68 Woodcuts, is. 6d. \yust published, 

191. PLUMBING, A Text-Book to the Practice of the Art or Craft of 

the Plumber. With Supplementary Chapters upon House Drainage, em- 
bodying the latest Improvements. Containing about 300 Illustrations. By 
William Paton Buchan, Practical and Consulting Sanitary Plumber; 
Mem. of Coun. San. and Soc, Econ. Sec. of the Philosophical Society of 
Glasgow. {Nearly ready, 

192. THE TIMBER IMPORTER'S, TIMBER MERCHANTS, 

and BUILDER'S STANDARD GUIDE ; comprising copious and valu- 
able Memoranda for the Retailer and Builder. By Richard E. Grandv. 
Second Edition, Revised. 3s. 

CIVIL ENGINEERING, ETC. 

13. CIVIL ENGINEERING, the Rudiments of; for the Use of 
Beginners, for Practical Engineers, and for the Array and Navy. By Henry 
Law, C.E. Including a Section on Hydraulic Engineering^, by George R. 
BuRNELL, C.E. 5th Edition, with Notes and Illustrations by Roberi 
Mallet, A.M., F.R.S. Illustrated with Plates and Diagrams. 5s. 

29. THE DRAINAGE OF DISTRICTS AND LANDS. By G. 

Drysdale Demvsey, C.E. New Edition, revised and enlarged. Illustrated. 
IS. Cd. 

30. THE DRAINAGE OF TOWNS AND BUILDINGS, By 

G. Drysdalk Dempsey, C.E. New Edition. Illustrated. 2s. 6d. 
\* With " Drainage of Districts and Lands, ^* in One Vol., ^s. 6d. 

31. WELL-DIGGING, BORING, AND PUMP- WORK, By 

John George Swindell, Assoc. R.I.B.A. NewEdition, revised by G. R. 
Burnell, C.E. Illustrated. zs.6d. 
35. THE BLASTING AND QUARRYING OF STONE, for 
Building and other Purposes. '.With Remarks on the Blowing up of Bridges. 
By Gen. Sir John BuRGOYNE, Bart., K.C.B. Illustrated, is. 6d. 

43. TUBULAR AND OTHER IRON GIRDER BRIDGES, 
Particularly describing the Britannia and Conway Tubular Bridges. 
With a Sketch of Iron Bridges, and Illustrations of the Application of 
Malleable Iron to the Art of Bridge Building. By G. D. Dempsey, C.E., 
New Edition, with Illustrations, is. 6d. 

62. RAILWAY CONSTRUCTION, Elementary ' and Practical In- 
struction on the Science of. By Sir Macdonald Stephenson, C.E. 
New Edition, revised and enlarged by Edward Nugent, C.E. Plates and 
numerous Woodcuts. 3s. 
80*. EMBANKING LANDS FROM THE SEA, the Practice of. 
Treated as a Means of Profitable Employment for Capital. With Examples 
and Particulars of actual Embankments, and also Practical Remarks on the 
Repair of old Sea Walls. By John Wiggins, F.G.S. New Edition, with 
Notes by Robert Mallet, F.R.S. 2s. 

81. WATER WORKS, for the Supply of Cities and Towns. With 
a Description of the Principal Geological Formations of England as in- 
fluencing Supplies of Water ; and Details of Engines and Pumping Machinery 
for raising Water. By Samuel Hughes, F.G.S. , C.E. New Edition, 
revised and enlarged, with numerous Illustrations. 4s. 
82**. GAS WORKS, and the Practice of Manufacturing and Distributing 
Coal Gas. By Samuel Hughes, C.E. New Edition, revi&eid. Virj "^ - 
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Richards, C.E. Illustrated. 3s. 6d. 
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Civil Engineering, etc., continued. 

117. SUBTERRANEOUS SURVEYING ; an Element&ry and Prac- 

tical Treatise on. By Thomas Fen WICK. Also the Method of Conducting 
Subterraneous Surveys without the Use of the Magnetic Needle, and other 
modem Improvements. By Thomas Baker, C.E. Illustrated. 2s. 6d. 

118. CIVIL ENGINEERING IN NORTH AMERICA, a Sketch 

of. By David Stevenson, F.R.S.E., 8cc. Plates and Diagrams. 3s. 
121. RIVERS AND TORRENTS, With the Method of Regulating 
their Courses and Channels. By Professor Paul Frisi, F.R.S., of Milan. 
Towhichisadded, AN ESSAY ON NAVIGABLE CANALS. Translated 
by Major- General John Garstin, of the Bengal Engineers. Plates. 2s. 6d. 



MECHANICAL ENGINEERING, ETC. 

35. CRANES, the Construction of, and other Machinery for Raising 
Heavy Bodies for the Erection of Buildings, and for Hoisting Goods. By 
Joseph Glynn, F.R.S., &c. Illustrated, is. 6d. 

34. THE STEAM ENGINE, a Rudimentaiy Treatise on. By Dr. 
: Lardner. Illustrated, ts. 6d. 

59. STEAM BOILERS : their Construction and Management. By 
R. Armstrong, C.E. Illustrated, is. 6d. 

63. AGRICULTURAL ENGINEERING : Farm BuUdings, Motive 
Power, Field Machines, Machinery, and Implements. By G. H. Andrews, 
C.E. Illustrated. 3s. 

67. CLOCKS, WATCHES, AND BELLS, a Rudimentary Treatise 
on. By Sir Edmund Beckett (late Edmund Beckett Denison, LL.D., Q.C.) 
A new. Revised, and considerably Enlarged Edition (the 6th), with very 
numerous Illustrations. 4s. 6d. \,Jusi Published, 

77*. THE ECONOMY OF FUEL, particularly with Reference to 
Rcverbatory Furnaces for the Manufacture of Iron, and to Steam Boilers. 
By T. Symes Prideaux. is. 6d. 

82. THE POWER OF WATER, as applied to drive Flour Mills, 
and to give motion to Turbines and other Hydrostatic Engines. By Joseph 
Glynn, F.R.S., &c. New Edition, Illustrated. 2s. 

98. PRACTICAL MECHANISM, the Elements of; and Machine 
Tools. By T.Baker, C.E. With Remarks on Tools and Machinery, by 
J. Nasmyth, C.E. Plates. 2s. 6d. 

114. MACHINERY, Elementary Principles of, in its Construction and 

Working. Illustrated by numerous Examples of Modem Machinery for 
different Branches of Manufacture. By C. D. Abel, C.E. xs. 6d. 

115. ATLAS OF PLATES, Illustrating the above Treatise. By 

C. D, Abel, C.E. 7s. 6d. 

125. THE COMBUSTION OF COAL AND THE PREVENTION 
OF SMOKE, Chemically and Practically Considered. With an Appendix. 
By C. Wye Williams, A.I.C.E. Plates. 3s. 

I ?9. THE STEAM ENGINE, a Treatise on the Mathematical Theory 
of, with Rules at length, and Examples for the Use of Practical Men. By 



T. Baker, C.E. Illustrated, is. 6c 

1O2. THE BRASS FOUNDER'S MANUAL; InstrucUons for 
Modelling, Pattern-Making, Moulding, Turning, Filing, Bui-nishing. 
Bronzing, &c. With copious Receipts, numerous Tables, and Notes on Prime 
Costs and Estimates. By Walter Graham. Illustrated. 2s. 6d. 

J 64. MODERN WORKSHOP PRACTICE, as appUed to Marine, 

Land, and Locomotive Engines, Floating Docks, Dredging Machines, 
Bridges, Cranes, Ship-building, &c., &c. By J. G. Winton. Illustrated. 3s. 

165. IRON AND HEAT, exhibiting the Principles concerned in the 
Construction of Iron Beams, Pillars, and Bridge Girders, and the Action of 
Heat in the Smeltmg Furnace. By J. Armour, C.E. 2s. 6d. 
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Mechanical Engineering, etc., continued. 

i66. POWER IN MOTION: Horse-Power, Motion, Tootlied-Whee) 
Gearing, Long and Short Driving Bands, Angular Forces. By James 
Armour, C.E. With 73 Diagrams. 2s. 6d. 

167. THE APPLICATION OF IRON TO THE CONSTRUCTION 
OF BRIDGES, GIRDERS, ROOFS, AND OTHER WORKS. Showing 
the Principles upon which such Structures are designed, and their Practical 
Application. By Francis Campin, C.E. Numerous Woodcuts. 2s. 

171. THE WORKMAN'S MANUAL OF ENGINEERING 
DRAWING. By John Maxton, Engineer. Instructor in Engineering 
Drawing, Royal Naval College, Greenwich, formerly of R.S.N.A., South 
Kensington. Third Edition. Illustrated with 7 Plates and nearly 35oWood- 
cuts is fid 

190. STEAM 'and the STEAM ENGINE, Stationary and 
Portable. An elementary treatise on. Being an extension of Mr. John 
Sewell's " Treatise on Steam." By D. Kinnear Clark, C.E., M.I.C.E. 
Author of " Railway Machinery,*' " Railway Locomotives," 8tc., 8cc. With 
numerous Illustrations. 3s. 6d. iji*si ready. 



SHIPBUILDING, NAVIGATION, MARINE 

ENGINEERING, ETC. 

51. NAVAL ARCHITECTURE, the Rudiments of; or, an Exposi- 
tion of the Elementary Principles of the Science, and their Practical Appli- 
cation to Naval Construction. Compiled for the Use of Beginners. By 
Tames Peake, School of Naval Architecture, H.M. Dockyard, Portsmouth. 
Fourth Edition, corrected, with Plates and Diagrams. 3s. 6d. 

53*. SHIPS FOR OCEAN AND RIVER SERVICE, Elementary 
and Practical Principles of the Construction of. By Hakon A. Sommer- 
FELDT, Surveyor of the Royal Norwegian Navy. With an Appendix, is. 

53**. AN ATLAS OFENGRA VINGS to Illustrate the above. Twelve 
large folding plates. Royal 4to, cloth. 7s. 6d. 

54. MASTING, MAST-MAKING, AND RIGGING OF SHIPS, 

Rudimentary Treatise on. Also Tables of Spars, Rigging, Blocks ; Chain, 
Wire, and Hemp Ropes, &c., relative to every class of vessels. Together 
with an Api>endix of Dimensions of Masts and Yards of the Royal Navy of 
Great Britain and Ireland. By Robert Kipping, N.A. Thirteenth Edition. 
Illustrated, is. 6d. 

54*. IRON SHIP-BUILDING, With Practical Examples and Details 
for the Use of Ship Owners and Ship Builders. By John Grantham, Con- 
sulting Engineer and Naval Architect. Fifth Edition, with important Addi> 
tions. 4s. 

54* ♦. AN ATLAS OF FORTY PLATES to Illustrate the above. 

Fifth Edition. Including the latest Examples, such as H.M. Steam Frigates 
"Warrior," "Hercules,^' " Bellerophon ; " H.M. Troop Ship "Serapis," 
Iron Floating Dock, &c., &c. 4to, boards. 38s. 

55. THE SAILOR'S SEA BOOK: a Rudimentary Treatise on 

Navigation. I. How to Keep the Log and Work it off. II. On Finding the 
Latitude and Longitude. By James Greenwood, B.A., of Tesus College, 
Cambridge. To which are added, Directions for Great Circle Sailing ; an 
Essay on the Law of Storms and Variable Winds ; and Explanations of 
Terms used in Ship-building. Ninth Edition, with several Engravings and 
Coloured Illustrations of the Flags of Maritime Nations. 2s. 

80. MARINE ENGINES, AND STEAM VESSELS, a Treatise 
on. Together with Practical Remarks on the Screw and Propelling Power, 
as used in the Royal and Merchant Navy. By Robert Murray, C.E.. 
Engineer- Surveyor to the Board of Trade. With a Glossary of Technical 
Terms, and their Equivalents in French, Grerman, and Spanish. Fifth Edition, 
revised and enlarged. Illustrated. 3s. 
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Shipbuilding, Navigation, etc., continued. 

S^bts. THE FORMS OF SHIPS AND BOATS: Hints, Experiment- 
ally Derived, on some of the Principles regulating Ship-building. By W. 
Bland. Sixth Edition, revised, Avith numerous Illustrations and Models, is. 6d. 

99. NAVIGATION AND NAUTICAL ASTRONOMY, in Theory 
and Practice. With Attempts to facilitate the Finding of the Time and the 
Longitude at Sea. By J. K.. Young, formerly Professor of Mathematics in 
Belfast College. Illustrated. 2s. 6d. 

100*. TABLES intended to facilitate the Operations of Navigation and 
Nautical Astronomy, as an Accompaniment to the above Book. By J. R. 
Young, is. 6d. 

106. SHIPS' ANCHORS, a Treatise on. By George Cotsell, 

N.A. Illustrated, is. 6d. ' 

149. SAILS AND SAIL-MAKING, an Elementary Treatise on. 

With Draughting, and the Centre of Effort of the Sails. Also, Weights 
and Sizes of Ropes ; Masting, Rigging, and Sails of Steam Vessels, &c., &c. 
Tenth Edition, enlarged, with an Appendix. By Robert Kipping, N.A., 
Sailmaker, Quayside, Newcastle. Illustrated. 2S. 6d. 

155. THE ENGINEER'S GUIDE TO THE ROYAL AND 
MERCANTILE NAVIES. By a Practical Engineer. Revised by D. 
F. M'Carthy, late of the Ordnance Survey Ofi&ce, Southampton. 3s. 



PHYSICAL SCIENCE, NATURAL PHILO- 
SOPHY, ETC. 

1. CHEMISTRY, for the Use of Beginners. By Professor George 

FowNES, F.R.S. With an Appendix, on the Application of Chemistry to 
Agriculture, is. 

2. NATURAL PHILOSOPHY, Introduction to the Study of; for 

the Use of Beginners. By C. Tomlinson, Lecturer on Natural Science in 
King's College School, London. Woodcuts, is. 6d. 

4. MINERALOGY, Rudiments of; a concise View of the Properties 
of Minerals. By A. Ramsay, Jun. "Woodcuts and Steel Plates. 3s. 

6. MECHANICS, Rudimentary Treatise on; being a concise Ex- 

position of the General Principles of Mechanical Science, and their Applica- 
tions. B^ Charles Tomlinson, Lecturer on Natural Science in lying's 
College School, London. Illustrated, is. 6d. 

7. ELECTRICITY^ showing the General Principles of Electrical 

Science, and the purposes to which it has been applied. By Sir W. Snow 
Harris, F.R.S., &c. With considerable Additions by R. Sabine, C.E., 
F.S.A. Woodcuts. IS. 6d. 
7*. GALVANISM, Rudimentary Treatise on, and the Greneral Prin- 
ciples of Animal and Voltaic Electricity. By Sir W. Snow Harris. New 
Edition, revised, with considerable Additions, by Robert Sabine, C.E., 
F.S.A. Woodcuts. IS. 6d. 

8. MAGNETISM ; being a concise Exposition of the Greneral Prin- 

ciples of Magnetical Science, and the Purposes to which it has been applied. 
By Sir W. Snow Harris. New Edition, revised and enlarged by H. M. 
Noad, Ph.D., Vice-President of the Chemical Society, Author of "A 
Manual of Electricity," &c., &c. With 165 Wooocuts. 3s. 6d. 

11. THE ELECTRIC TELEGRAPH; its History and Progress; 

with Descriptions of some of the Apparatus. By R. Sabine, C.E., F.S.A., &c. 
Woodcuts. 3s 

12. PNEUMATICS, for the Use of Beginners. By Charles 

Tomlinson. Illustrated, is. 6d. 

72. MANUAL OF THE MOLLUSCA ; a Treatise on Recent and 
Fossil Shells. By Dr. S. P. Woodward, A.L.S. With Appendix by 
Ralph Tatb, A.L.S., F.G.S. With num^otts Plates and 300 Woodcuts, 
6s. 6d. Cloth boards, 7s. 6d. 
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Physical Science, Natural Philosophy, etc., continued, 

1(^'**, PHOTOGRAPHY, Popular Treatise on; with a Description of 
the Stereoscope, &c. Translated from the French of D. Van Monckhovbn, 
by W. H. Thornthwaite, Ph.D. Woodcuts, is. 6d. 

96. ASTRONOMY. By the Rev. R. Main, M.A., F.R.S., &c. 

New and enlarged Edition, with an Appendix on " Spectrum Analysis." 
Woodcuts. IS. 6d. 

97. STATICS AND DYNAMICS, the Principles and Practice of; 

embracing also a clear development of Hydrostatics, Hydrodynamics, and 
Central Forces. By T. Baker, C.E. is. 6d. 

138. TELEGRAPH, Handbook of the; a Manual of Telegraphy, 
Telegraph Clerks' Remembrancer, and Guide to Candidates for Employ- 
ment in the Telegraph Service. By R. Bond. Fourth Edition, revised and 
enlarged : to which Is appended, QUESTIONS on MAGNETISM, ELEC- 
TRICITY, and PRACTICAL TELEGRAPHY, for the Use of Students, 
by W. McGregor, First Assistant Superintendent, Indian Gov. Telegraphs. 
Woodcuts. 3s. 

143. EXPERIMENTAL ESSAYS. By Charles Tomlinson. 

I. On the Motions of Camphor on Water. II. On the Motion of Camphor 
towards the Light. III. History of theModemTheoryof Dew. Woodcuts, is. 

173. PHYSICAL GEOLOGY, partly based on Major-General Port- 

lock's " Rudiments of Geology." By Ralph Tate, A.L.S., 8cc. Numerous 
Woodcuts. 2S. 

174. HISTORICAL GEOLOGY, partly based on Major-General 

Portlock's " Rudiments." By Ralph Tate, A.L.S., 8cc. Woodcuts. 98. 6d. 

173 RUDIMENTARY TREATISE ON GEOLOGY, Physical and 

& Historical. Partly based on Major-General Portlock's "Rudiments of 

, - . Geology." By Ralph Tate, A.L.S., F.G.S., &c., &c. Numerous Illustra- 

'^' tions. In One Volume. 4s. 6d. 

183. ANIMAL PHYSICS, Handbook of. By Dionysius Lardner, 
^ D.C.L., formerly Professor of Natural Philosophy and Astronomy in Uni- 
versity College, London. With 520 Illustrations. In One Volume, cloth 
1 04. boards. 7s. 6d. 

%* Sold also in Two Paris, as follows : — 

183. Animal Physics. By Dr. Lardner. Part I., Chapter I— VII. ^. 

184. Animal Physics. By Dr. Lardner. Part II. Chapter VIII— XVIII. 3s. 



MINING, METALLURGY, ETC. 

117. SUBTERRANEOUS SURVEYING, Elementary and Practical 
Treatise on, with and without the Magnetic Needle. By Thomas Fbnwick, 
Surveyor of Mines, and Thomas Baker, C.E. Illustrated. 2s. 6d. 

133. METALLURGY OF COPPER ; an Introduction to the Methods 

of Seeking, Mining, and Assaying Copper, and Manufacturing its Allo3rs. 
By Robert H. Lamborn, Ph.D. Woodcuts. 2s.. 6d. 

134. METALLURGY OF SILVER AND LEAD, A Description 

of the Ores ; their Assay and Treatment, and valuable Constituents. By Dr. 
R. H. Lamborn. Woodcuts. 2s. 

135. ELECTRO-METALLURGY; Practically Treated. By Alex- 

ander Watt, F.R.S.S.A. New Edition. Woodcuts. 2s. 

172. MINING TOOLS, Manual of. For the Use of Mine Managers, 
Agents, Students, &c. Comprising Observations on the Materials from, and 
Processes by which they are manufactured ; their Special Uses, Applica- 
tions, Qualities, and Efficiency. By William Morgans, Lecturer on Mining 
at the Bristol School of Mines. 2S. 6d. 

172*. MINING TOOLS, ATLAS of Engravings to Illustrate the 
above, containing 235 Illustrations of Mining Tools, drawn to Scale. 4to. 
4s. 6d. 
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Mining, Metallurgy, etc., continued, 

il(}, METALLURGY OF IRON, a Treatise on the. Containing 
Outlines of the History of Iron Manufacture, Methods of Assay, and Analyses 
of Iron Ores, Processes of Manufacture of Iron and Steel, &c. By H. 
Bauerman, F.G.S., Assbciate of the Royal School of Mines. Fourth 
Edition, revised and enlarged, with numerous Illustrations. 4s. 6d. 

180. COAL AND COAL MINING: A Rudimentary Treatise on. 
By Warington W. Smyth, M.A., F.R.Sj, &c., Chief Inspector of the 
Mines of the Crown and of the Duchy of Cornwall. New Edition, revised 
and corrected. With numerous Illustrations. 3s. 6d. 



EMIGRATION. 

154. GENERAL HINTS TO EMIGRANTS, Containing Notices 

of the various Fields for Emigration. With Hints on Preparation for 
Emigrating, Outfits, 8cc., 8cc. With Directions and Recipes useful to the 
Emigrant. With a Map of the World. 2S. 

157. THE EMIGRANTS GUIDE TO NATAL, By Robert 

James Mann, F.R.A.S., F.M.S. Second Edition, carefully corrected to 
the present Date. Map. 2S. 

159. THE EMIGRANT'S GUIDE TO AUSTRALIA, New South 

Wales ^ Western Ausiralta^ South Australia^ Victoria, and (Queensland. By 
the Rev. Jambs Baird, B.A. Map. 2s. 6d. 

160. THE EMIGRANTS GUIDE TO TASMANIA and NEW 

ZEALAND. By the Rev. James Baird, B.A. With a Map. 2s. 
i^g&cTHE EMIGRANTS GUIDE TO AUSTRALASIA. By the 
160. Rev. J. Baird, B.A. Comprising the above two volumes, i2mo, cloth boards. 
With Maps of Australia and New Zealand. 5s. 



AGRICULTURE. 

29. THE DRAINAGE OF DISTRICTS AND LANDS, By 
G. Drysdalb Dbmpsby, C.E. Illustrated, is. 6d. 
•»* With " Drainage of Tovms and Buildings ^^ in One Vol., 3*. 6</. 

63. AGRICULTURAL ENGINEERING: Farm Buildings, Motive 
Powers and Machinery of the Steading, Field Machines, and Implements. 
By G. H. Andrews, CE. Illustrated. 3s. 

66. CLAY LANDS AND LOAMY SOILS, By Professor 

Donaldson, is. 
131. MILLER'S, MERCHANTS, AND FARMER'S READY 

RECKONER, for ascertaining at sight the value of any quantity of Com, 
from One Bushel to One Hundred Quarters, at any given price, from j^i to 
£S per quarter. Together with the approximate vsilues of Millstones and 
AxillworK 8cc xs 

140. SOILS, MANURES, AND CROPS, (Vol. i. Outlines of 

Modern Farming.) By R. Scott Burn. Woodcuts. 2s. 

141. FARMING AND FARMING ECONOMY, Notes, Historical 

and Practical, on. (Vol. 2. Outlines op Modern Farming.) By R. Scott 
Burn. Woodcuts. 3s. 

142. STOCK; CATTLE, SHEEP, AND HORSES. (Vol. 3. 

Outlines op Modern Farming.) By R. Scott Burn. Woodcuts. 2s. 6d. 

145. DAIRY, PIGS, AND POULTRY, Management of the. By 

R. Scott Burn. With Notes on the Diseases of Stock. (Vol. 4. Outunes 
OP Modern Farming.) Woodcuts. 2s. 

146. UTILIZATION OF SEWAGE, IRRIGATION, AND 

RECLAMATION OF WASTE LAND. (Vol. ^. Outunes of Modern 
Farming.) By R. Scott Burn. Woodcuts. 2s. od. 
♦,* Nos. 140-1-2-5-6, in One Vol., handsomely half-bound, entitled "Outunbs of 
Modern Farming." By Robert Scott Burn. Price 12s. 

777. FRUIT TREES, The Scientific and Profitable Culture of. From 
the French ofDu Brbuil, Revised by Geo. Glbnny. 187 Woodcuts. 3s. 6d. 
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FINE ARTS. 

20. PERSPECTIVE FOR BEGINNERS. Adapted to Younj; 

Students and Amateurs in Architecture, Painting, 8cc. By George Pynk, 
-Artist vv^ooflciits 2s 

40. GLASS STAINING ; or, Painting on Glass, The Art of. Com- 

prising Directions for Preparing the Pigments and Fluxes, laying them upon 
the Glass, and Firing or Burning in the Colours. From the German of Dr. 
Gessert. To which is added, an Appendix on The Art op Enamellinc;, 

41. PAINTING ON GLASS, the Art of. From the German of 

Emanukl Otto Fromberg. is. 

69. MUSIC, A Rudimentary and Practical Treatise on. With 
numerous Examples. By Charles Child Spencer. 2s. 6d. 

71. PIANOFORTE, The Art of Playing the. With numerous Exer- 
cises and Lessons. Written and Selected from the Best Masters, by Charles 
Child Spencer, is. 6d. 
181. PAINTING POPULARLY EXPLAINED, including Fresco, 

Oil, Mosaic, Water Colour, Water-Glass, Tempera, Encaustic, Miniature, 
Painting on Ivor>', Vellum, Pottery, Enamel, Glass, &c. With Historical 
Sketches of the Progress of the Art by Thomas John Gullick, assisted by 
John Timbs, F.S.A. Third i-dition, revised and enlarged, with Frontispiece 
and Vignette. 5s. 

186. A GRAMMAR OF COLOURING, applied to Decorative 
Paintine and the Arts. Bv George Field. New Edition, enlarged and 
adapted to the Use of the Ornamental Painter and Designer. By Ellis A. 
Davidson, Author of ** Drawing for Carpenters," 8cc. With two new 
Coloured Diagrams and numerous Engravings on Wood. 2S. 6d. 



ARITHMETIC, GEOMETRY, MATHEMATICS, 

ETC. 

32. MATHEMATICAL INSTRUMENTS, a Treatise on; in which 

their Construction and the Methods of Testing, Adjustine', and Using them 

are concisely Explained. By J, F. Heather, M.A.. of the Royal Military 

Academy, Woolwich. Original Edition, in i vol.. Illustrated, is. 6d. 

• »• In ordering the above, be careful to say, " Original Edition, " or give the number 

in the Series (32) to distinguish it from the Enlarged Edition in 3 vols. 

iNos. 168-9-70.) 

60. LAND AND ENGINEERING SURVEYING, a Treatise on; 
with all the Modem Improvements. Arranged for the Use of Schools and 
Private Students ; also for Practical Land Surveyors and Engineers. By 
T. Baker. C.E. New Edition, revised by Edward Nugent, C.E. Illus- 
trated with Plates and Diagrams. 2s. 
6\*. READY RECKONER FOR THE ADMEASUREMENT OF 
LAND. By Abraham Arman, Schoolmaster, Thurleigh, Beds. To which 
is added a Table, showing the Price of Work, from 2S. 6d. tO;^i per acre, and 
Tables for the Valuation of Land, from is. to ;^i,ooo per acre, and from one 
pole to two thousand acres in extent, &c., &c. is. 6d. 

76. DESCRIPTIVE GEOMETRY, an Elementary Treatise on; 
with a Theory of Shadows and of Perspective, extracted from the French of 
G. MoNGE. To which is added, a description of the Principles and Practice 
of Isometrical Projection ; the whole being intended as an introduction to the 
Application of Descriptive Geometry to various branches of the Arts. By 
J. F. Heather, M.A. Illustrated with 14 Plates. 2s. 

178. PRACTICAL PLANE GEOMETRY: giving the Simplest 

Modes of Constructing Figures contained in one Plane and Geometrical Con- 
struction of the Ground. By J. F. Heather, M.A. With 215 Woodcuts. 2s. 

179. PROJECTION : Orthographic, Topographic, and Perspective: 

giving the various Modes of Delineating Solid Forms by Constructions on a 
Single Plane Surface. By T. F. Heather, M.A. [/« preparation, 

»,* The above three volumes will form a Complete Elementary Course of 

Mathematical . Drawing. 
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Arithmetic, Georaetry, Mathematics, etc., continued, 

83. COMMERCIAL BOOK-KEEPING. With Commercial Phrases 
fand Forms in English, French, Italian, and German. By Jambs Haddon, 

M.A., Arithmetical Master of King's College School, London, is. 

84. ARITHMETIC, a Rudimentary Treatise on : with fuU Explana- 

tions of its Theoretical Principles, and numerous Examples for Practice. For 
the Use of Schools and for Self- Instruction. B^ J. R. Young, late Professor 
of Mathematics in Belfast College. New Edition, with Index, zs. 6d. 

84* A Key to the above, containing Solutions in full to the Exercises, together 
with Comments, Explanations, and Improved Processes, for the Use of 
Teachers and Unassisted Learners. By J. R. Young, is. 6d, 

85. EQUA TIONAL ARITHMETIC, applied to Questions of Interest, 
85*. Annuities, Life Assurance, and General Commerce ; with various Tables by 

which all Calculations may be greatly facilitated. By W. Hipslby. 2s. 

86. ALGEBRA, the Elements of. By James Haddon, M.A., 

Second Mathematical Master of King's College School. With Appendix, 
containing miscellaneous Investigations, and a Collection of Problems ii 
various parts of Algebra. 2s. 

86* A KLby and Companion to the above Book, forming an extensive repository of 
Solved Examples and Problems in Illustration of the various Expedients 
necessary in Algebraical Operations. Especially adapted for Self-Instruc- 
tion. By J. R. Young, is. 6d. 

88. EUCLID, The Elements of : with many additional Propositions 

89, and Explanatory Notes : to which is prefixed, an Introductory Essay on 
Log^c. By Hknry Law, C.E. 2s. 6d. 

•«* Sold also separately, viz* : — 

88. EuCLro, The First Three Books. By Hknry Law, C.E. zs. 

89. Euclid, Books 4, 5, 6, 11, 12. By Henry Law, C.E. is. 6d. 

90. ANALYTICAL GEOMETRY AND CONIC SECTIONS, 

a Rudimentary Treatise on. By James Hann, late Mathematical Master of 
King's College School, London. A New Edition, re-written and enlarged 
by J. R. Young, formerly Professor of Mathematics at Belfast College. 2S. 

91. PLANE TRIGONOMETRY, the Elements of. By James 

Hann, formerly Mathematical Master of King^s College, London, zs. 

92. SPHERICAL TRIGONOMETR Y, the Elements of. By James 

Hann. Revised by Charles H. Dowung, C.E. zs. 
%• Or with " The Elements of Plane Trigonometry^^ in One Volume, 2*. 

93. MENSURATION AND MEASURING, for Students and Prac- 

tical Use. With the Mensuration and Levelling of Land for the Purposes of 
Modem Engineering. By T. Baker, C.E. New Edition, with Corrections 
and Additions by E. Nugent, C.E. Illustrated, is. 6d. 

94. LOGARITHMS, a Treatise on; with Mathematical Tables for 

facilitating Astronomical, Nautical, Trigonometrical, and Logarithmic Calcu- 
lations; Tables of Natural Sines and Tangents and Natural Cosines. By 
Henry Law, C.E. Illustrated. 2s. 6d. 

loi*. MEASURES, WEIGHTS, AND MONEYS OF ALL NA- 
TIONS, and an Analysis of the Christian, Hebrew, and Mahometan 
Calendars. By W. S. B. Woolhouse, F.R.A.S., &c. is. 6d. 

102. INTEGRAL CALCULUS, Rudimentary Treatise on the. By 

Homersham Cox, B.A. Illustrated, is. 

103. INTEGRAL CALCULUS, Examples on the. By James Hann, 

late of King's College, London. Illustrated, is. 

loi. DIFFERENTIAL C^ZCC/ZiZS', Examples of the. ByW. S.B. 
Woolhouse, F.R.A.S., 8cc. is. 6d. 

104. DIFFERENTIAL CALCULUS, Examples and Solutions of the. 

-EfjrjAjtfJKs Haddon, M.A. is. 
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Arithraetic, Geometry, Mathematics, etc, continued. 
105. MNEMONICAL LESSONS. — Geoue,try, Algebra, and 

Trigonometry, in Easy Mnemonical Lessons. By the Rev. Thomas 

PeNYNGTON KlRKMAN, M.A. IS. 6d. 

-136. ARITHMETIC, Rudimentary, for the Use of Schools and Self- 
Instruction. By Jambs Haddon, MA. Revised by Abraham Arman. 

IS. 6d. 

137. A Key to Haddon's Rudimentary Arithmetic. By A. Arman. is. 6d. 

147. ARITHMETIC^ Stepping-Stone to; being a Complete Course 

of Exercises in the First Four Rules (Simple and Compound), on an entirely 
new principle. For the Use of Elementary Schools of every Grrade. Intended 
as an Introduction to the more extended works on Arithmetic. By Abraham 
Arman. is. 

148. A Key to Stepping- Stonb to Arithmetic. By A. Arman. is. 

158. THE SLIDE RULE, AND HOW TO USE IT; containing 
full, easy, and simple Instructions to perform all Business Calculations with 
unexampled rapidity and accuracy. By Charles Hoare, C.E. With a 
Slide Rule in tuck of cover. 3s. 

16^, DRAWING AND MEASURING INSTRUMENTS. Includ- 
ing—!. Instruments employed in Creometrical and Mechanical Drawing, 
and in the Construction, Copying, and Measurement of Maps and Plans. 
II. Instruments used for the purposes of Accurate Measurement, and for 
Arithmetical Computations. By J. F. Heather, M.A» late of tne Royal 
Military Academy, Woolwich, Author of " Descriptive Geometry," 8cc., 8cp. 
Illustrated, is. 6a. 

169. OPTICAL INSTRUMENTS. Includmg (more especially) Tele- 

scopes, Microscopes, and Apparatus for producing copies of^Maps and Plans 
by Photography. By J. F. Heather, M.A. Illustrated, is. od. 

170. SURVEYING AND ASTRONOMICAL INSTRUMENTS. 

Including — ^I. Instruments Used for Determining the Geometrical Features 
ofa portion of Ground. II. Instruments Employed in Astronomical Observa- 
tions. By J. F. Heather, M.A. Illustrated, is. 6d. 

%• The above three volumes form an enlargement of the Author's original work^ 
" Mathematical Instruments: their Constructiony Adjustment, l^esting, and Use,** 
the Eleventh Edition of which is on sale, frice is. 6d. (See No. 32 in the Series.) 

-^(jH^y MATHEMATICAL INSTRUMENTS. By J. F. Heather, 
169. ^ M.A. Enlarged Edition, for the most part entirely re- written. The 3 Parts as 
170.^ above, in One thick Volume. With numerous Illustrations. Cloth boards. 5s. 

185. THE COMPLETE MEASURER; setting forth the Measure- 
ment of Boards, Glass, 8cc., 8cc. ; Unequal-sided, Square-sided, Octagonal- 
sided, Round Timber and Stone, and Standing Timber. With just Allow- 
ances for the Bark in the respective species of Trees, and proper deductions 
for the waste in hewing the trees, &c. ; also a Table showmg the solidity of 
hewn or eight-sided timber) or of any octagonal -sided column. Compiled 
for the accommodation 01 Timber-gfrowers, Merchants, and Surv^ors. 
Stonemasons, Architects, and others. By Richard Horton. Third 
Edition, with considerable and valuable additions. 4s. [Just published. 



LEGAL TREATISES. 

50. THE LAW OF CONTRACT'S FOR WORKS AND SER- 
VICES. By David Gibbons. Third Edition, revised and considerably 
enlarged. 3s. [Just published. 

iSi. A HANDY BOOK ON THE LAW OF FRIENDLY, IN- 
DUSTRIAL 6- PROVIDENT BUILDING &- LOAN SOCIETIES. 
With copious Notes. By Nathaniel White, of H.M. Civil Service, is. 

163. THE LAW OF PATENTS FOR INVENTIONS; and on 
the Protection of Designs and Trade Marks. By F. W. Campin, Barrister- 
at-Law. 2s. 
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MISCELLANEOUS VOLUMES. 

36. A DICTIONARY OF TERMS used in ARCHITECTURE, 
BUILDING, ENGINEERING, MINING, METALLURGY, ARC MY- 
OLOGY, the FINE ARTS,6fc. With Explanatonr Observations on various 
Subjects connected with Applied Science and Art. By John Weale. 
Fourth Edition, with numerous Additions. Edited by Robert Hunt, F.R.S., 
Keeper of Minin? Records, Editor of Ure's " Dictionary of Arts, Manufac- 
tures, and Mines/' Numerous Illustrations. 5s. 

12. MANUAL OF DOMESTIC MEDICINE, By R. Gooding, 

B.A., M.B. Intended as a Family Guide in all Cases of Accident and 
Emergency, as. 

2*. MANAGEMENT OF HEALTH. A Manual of Home and 
Personal Hygiene. By the Rev. James Baird, B.A. is, 

13. FIELD ARTILLERY ON SERVICE, on the Use of. With 
especial Reference to that of an Army Corps. For Officers of all Arms. 
By Taubert, Captain, Prussian Artillery. Translated from the German by 
Lieut.-Col. Henry Hamilton Maxwell, Bengal Artillery, xs. 6d. 

3*. SWORDS, AND OTHER ARMS used for Cutting and Thrust- 
ing, Memoir on. By Colonel Marry. Translated from the French by 
Colonel H. H. Maxwell. With Notes and Plates, is. 

50. LOGIC, Pure and Applied. By S. H. Emmens. Third 

Edition, is. 6d. 

52. PRACTICAL HINTS FOR INVESTING MONEY, With 
an Explanation of the Mode of Transacting Business on the Stock Exchange. 
By Francis Playford, Sworn Broker, is. 6d. 

53. SELECTIONS FROM LOCKE'S ESSAYS ON THE 
HUMAN UNDERSTANDING. With Notes by S. H. Emmens. as. 

93. HANDBOOK OF FIELD FORTIFICATION, intended for the 
Guidance of Officers Preparing for Promotion, and especially adapted to the 
requirements of Beginners. By Major W. W. KNOLLYS, F.R.G.S., 93rd 
Sutherland Highlanders, &c. With 163 Woodcuts. 3s. 
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HISTORY. 

t. England, Outlines of .the History of; more especially with 

reference to the Origin and Progress of the English Constitution. A Text 
Book for Schools and Colleges. By William Douglas Hamilton. F.S.A., 
of Her Majesty's Public Record Office. Fourth Edition, revised ana brought 
down to X872. Maps and Woodcuts. 5s. ; cloth boards, 6s. 

5. Greece, Outlines of the History of; in connection with the 

Rise of the Arts and Civilization in Europe. By W. Douglas Hamilton. 
of University College, London, and Edward Lbvien, M.A., of Balliol 
College, Oxford. 2s. 6d. ; cloth boards, 3s. 6d. 

7. Rome, Outlines of the History of: from the Earliest Period 

to the Christian Era and the Commencement of the Decline of the Empire. 
By Edward Levien, of Balliol College, Oxford. Map, 2s. 6d. ; cl. bds. 3s. 6d. 

9. Chronology of History, Art, Literature, and Progress, 

from the Creation of the W^orld to the Conclusion of the Franco-German 
War. The Continuation by W. D. Hamilton, F.S.A., of Her Majest}-'s 
Record Office. 3s. ; cloth boards, 3s. 6d. 

50. Dates and Events in English History, for the use of 

Cand\dL3XG% in Public and Private Examinations. By the Rev. Edgar Rand, 
B.A. IS, 



LONDON : CROSBY LOCKWOOI^ Mi5.T> CO.^ 



WEALE'S EDUCATIONAL AND CLASSICAL SERIES. 1 3 

ENGLISH LANGUAGE AND MISCEL- 
LANEOUS. 

11. Grammar of the English Tongue, Spoken and Written. 

With an Introduction to the Study of Comparative Philology. By Hyi;e 
Clarke, D.C.L. Third Edition, is. 

II*. Philology : Handbook of the Comparative Philology of English, 
Anglo-Saxon, Frisian, Flemish or Dutch, Low or Piatt Dutch, High Dutch 
or German, Danish, Swedish, Icelandic, Latin, Italian, French, Spanish, and 
Portuguese Tongues. By Hyde Clarke, D.C.L. is. 

12. Dictionary of the English Language, as Spoken and 

Written. Containing above 100,000 Words. By Hyde Clarke, D.C.L. 
3s. 6d. ; cloth boards, 4s. 6d. ; complete with the Grammar, cloth bds., 5s. 6d. 

48. Composition and Punctuation, familiarly Explained for 

those who have neglected the Study of Grammar. By Justin Brenan. 
i6th Edition, is. 

49. Derivative Spelling-Book: Giving the Origin of Every Word 

from the Greek, Latin, Saxon, German, Teutonic, Dutch, French, Spanish, 
and other Languages ; with their present Acceptation and Pronunciation. 
By J. Rovvbotham, F.R.A.S. Improved Edition, is. 6d. 

51. The Art of Extempore Speaking : Hints for the Pulpit, the 

Senate, and the Bar. By M. Bautain, Vicar- General and Professor at the 
Sorbonne. Translated from the French. Fifth Edition, carefully corrected. 
2S. 6d. 

52. Mining and Quarrying, with the Sciences connected there- 

with. First Book of, for Schgols. By J. H. Collins, F.G.S., Lecturer to 
the Miners' Association of Cornwall and Devon, is. 6d. 

53. Places and Facts in Political and Physical Geography, 

for Candidates in Public and Private Examinations. By the Rev. Edgar 
Rand, B.A. is. 

54. Analytical Chemistry, Qualitative and Quantitative, a Course 

of. To which is prefixed, a Briet Treatise upon Modem Chemical Nomencla • 
ture and Notation. By Wm. W. Pink, Practical Chemist, &c., and George 
E. Webster, Lecturer on Metallurgy and the Applied Sciences, Notting- 
ham. 2S. 

THE SCHOOL MANAGERS' SERIES OF READING 

BOOKS, 

Adapted to the Requirements of the New Code. Edited by the Rev. A. R. Grant, 
Rector of Hitcham, and Honorary Canon of Ely; formerly H.M. Inspector 
of Schools. 

Introductory Primer, 3</. 
s. d. 



First Standard . .06 
Second „ . . o 10 

Third ,, . . x o 



s, d. 

Fourth Standard . , .12 
Fifth „ . . . .16 

Sixth „ . . . . z 6 



Lessons from the Bible. Part I. Old Testament, is. 

Lessons from the Bible. Part II. New Testamentj to which is added 

The Geography of the Bible, for very 3'oung Children. By Rev. C. 

Thornton FoRSTER. is. 2d. %* Or the Two Parts in One Volume. 2s. 



FRENCH. 

24. French Grammar. With Complete and Concise Rules on the 

Genders of French Nouns. By G. L. Strauss, Ph.D. is. 

25. French-English Dictionary. Comprising a large number of 

New Terms used in Engineering, Mining, on Railways, &c. By Alfred 
Elwes. is. 6d. 

26. English- French Dictionary. By Alfred Elwes. 2s. 
25,26. French Dictionary (as above). Complete, in One VoL, 3s.; 

cloth boards, 3s. 6d. \* Or with the Grammar, cloth boards, a^-s.^, 
7. STATIONERS* HALL CO\3RT, lA}^^^^^^ -^VAA.^ ^»C.. 
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French, cofiHnued. 

47. French and English Phrase Book : containing Intro- 
ductory Lessons, with Translations, for the convenience of Students ; several 
Vocabularies of Words, a Collection of suitable Phrases, and Easy familiar 
Dialogues, zs. 

GERMAN. 

39. German Grammar. Adapted for English Students, from 

Heyse's Theoretical and Practical Grammar, by Dr. G. L. Strauss, is. 

40. German Reader : A Series of Extracts, carefully culled from the 

most approved Authors of Germany ; with Notes, Philological and Ex- 
planatory. By G. L. Strauss, Ph.D; is. 

41. German Triglot Dictionary. By Nicholas Esterhazy, 

S. A. Hamilton. Part I. English-Grerman-French. is. 

42. German Triglot Dictionary. Part IL German-French- 
English. IS. 

43. German Triglot Dictionary. Part III. French-Grerman- 

English. IS. 

41-43. German Triglot Dictionary (as above), in One Vol., 3s.; 
cloth boards, 4s. *«* Or with the Germaj; Grammar, cloth boards, 5s.. 



ITALIAN. 

27. Italian Grammar, arranged in Twenty Lessons, with a Course 

of Exercises. By Alfred Elwes. is. 

28. Italian Triglot Dictionary, wherein the Genders of all the 

Italian and French Nouns are carefully noted down. By Alfred Elwes. 
Vol. I. Italian-English-French, as. 

30. Italian Triglot Dictionary. By A. Elwes. Vol. 2. 

English-French-Italian. as. 

32. Italian Triglot Dictionary. By Alfred Elwes. Vol. 3. 

French-Italian-English. as. 

28,30, Italian Triglot Dictionary (as above). In One Vol., 6s. ; 

3a. cloth boards, 7s. 6d. *«* Or with the Itallm* Grammar, cloth bds., 8s. 6d. 



SPANISH AND PORTUGUESE. 

34. Spanish Grammar, in a Simple and Practical Form. With 

a Course of Exercises. By Alfred Elwes. is. 6d. 

35. Spanish-English and English-Spanish Dictionary. 

Including a large number of Technical Terms used in Mining, Engineering, &c., 
with the proper Accents and the Gender of every Noun. By Alfred Elwes. 
4s. ; cloth boards, 5s. \* Or with the Grammar, cloth boards, 6s. 

55. Portuguese Granamar, in a Simple and Practical Form. 
"With a Course of Exercises. By Alfred Elwes, Author of " A Spanish 
Grammar," &c. is. 6d. {Just published. 



HEBREW. 

46*. Hebrew' Grammar. By Dr. Bresslau. is. 6d. 
44. Hebrew and English Dictionary, Biblical and Rabbinical ; 

containing the Hebrew and Chaldee Roots of the Old Testament Post- 
. Rabbinical Writings. By Dr. Bresslau. 6s. %• Or with the Grammar, 7s. 

46. English and Hebrew Dictionary. By Dr. Bresslau. 3s, 

44,^6. Hebrew Dictionary (as above), in Two Vols., complete, with 
46*. the Grammar, cloth boards, 12s. 
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LATIN. 

19. Latin Graramar. Containing the Inflections and Elementary 

Principles of Translation and Construction. By the Rev. Thomas Goodwin, 
M.A., Head Master of the Greenwich Proprietary School, is. 

20. Latin-English Dictionary. Compiled from the best Autho- 

rities. By^the Rev. Thomas Goodwin, M.A. 2s. 

22. English- Latin Dictionary; together with an Appendix of 

French and Italian Words which have their origin from the Latin. By the 
Rev. Thomas Goodwin, M.A. is. 6d. 

20,22. Latin Dictionary (as above). Complete in One Vol., 3s. 6d. ; 
cloth boards, 4s. 6d. \* Or with the Grammar, cloth boards, 5s. 6d. 

LATIN CLASSICS. With Explanatory Notes in English. 

1. Latin Delectus. Containing Extracts from Classical Authors, 

with Genealogical Vocabularies and Explanatory Notes, by Henry Young, 
lately Second Master of the Royal Grammar School, Guildford, is. 

2. Caesaris Commentarii de Bello Gallico. Notes, and a Geographical 

Register for the Use of Schools, by H. Young. 2s. 
12. Giceronis Oratio pro Sexto Roscio Amerino. Edited, with an 
Introduction, Analysis, and Notes Explanatory and Critical, by the Rev. 
James Davies, M.A. is. 

14. Ciceronis Cato Major, Laelius, Brutus, sive de Senectute, de Ami- 
citia, de Claris Oratoribus Dblogi. With Notes by W. Brownrigg Smith, 
M.A., F.R.G.S. 2s. 

3. Cornelius Nepos. With Notes. Intended for the Use of 

Schools. By H. Young, is. 

6. Horace; Odes, Epode, and Carmen Saeculare. Notes by H. 

Young, is. 6d. 

7. Horace; Satires, Epistles, and ArsPoetica. Notes by "W. Brown- 

rigg Smith, M.A., F.R.G.S. is. 6d. 

21. Juvenalis Satirae. With Prolegomena and Notes by T. H. S. 

EscoTT, B.A., Lecturer on Logic at King's College, London, is. 6d. 

16. Livy : History of Rome. Notes by H. YouNG and W. B. Smith, 

M.A. Part i. Books i., ii., is. 6d. 
i6». Part 2. Books iii., iv., v., xs. 6d. 

17. Part 3. Books xxi. xxii., is. 6d. 

8. Sallustii Crisp! Catalina et Bellum Jugurthinum. Notes Critical 

and Explanatory, by W. M. Donnb, B.A., Trinity College, Cambridge. 
IS. 6d. 

10. Terentii Adelphi Hecyra, Phormio. Edited, with Notes, Critical 

and Explanatory, by the Rev. Jambs Davies, M.A. "as. 

9. Terentii Andria et Heautontimorumenos. With Notes, Critical 

and Explanatory, by the Rev. Jahbs Davies, M.A. is. 6d. 

11. Terentii Eunuchus, Comcedia. Edited, with Notes, by the Rev. 

Jambs Davies, M.A. is. 6d. Or the Adelphi, Andria, and Eunuchus, 
3 vols, in I, cloth boards, 6s. 

4. Virgilii Maronis Bucolica et Georgica. With Notes on the Buco- 

lics by W. RusHTON, M.A., and on the Georgfics by H. Young, is. 6d. 

5. Virgilii Maronis -ffineis. Notes, Critical and Explanatory, by H. 

Young. 2s. 

19. Latin Verse Selections, from Catullus, Tibullus, Propertius, 

and Ovid. Notes by W. B. Donne, M.A., Trinity College, Cambridge. 2s. 

20. Latin Prose Selections, from Varro, Columella, Vitruvius, 

Seneca, Quintilian, Floras, Velleius Paterculus, Valerius Maximus Sueto- 
nius, Apmeius, 8tc, Notes by W. B. Donnb, M.A. 2S. 
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34. Greek Graxmnar^ in accordssoe 'wnA the Pmic5p}s anc 

lo^kafl iCf^eaorim tif tiie sKist cbcxmbc Sr^riUT of onr cmx czv. In] 
C1X.VIM. H*rrToy. it 

':»I7- Greek Lexicon. Cootamiiig all tl« Wards in GcnnilTrsc.' 
Tm-c» Vt/ls- it Oae, 4W : ciwai boaocs, je. 

14. 1 5. Greek L^exicon 'ss aborv). Ccimpleic, vidi ibe G3Lai3L&i.1 

JT- 0&»: Vo-, clciti boards, («. 

GREEK CLASSICS. Wilh E^danHor Xslzs in £n^^ 
I. Greek Delectus. Coolaining F.xtracls from Clssaraj 

vitli Gfrzicajofica] VocabolarSes aad Fiyilyitalonr Xoces. br H. TorvK. 
E>diti',-c, vitl as imprwtii aadcsilaTiped SupfuemfBiitaij Vacibi:^l£rr. br 
Hf iCHiiT'X, Ji.A., of the Ui^ School, Glugov. is.' 

30- .^schylus : Promethcns Vinctns : The ProrQcdwrB Boedc. ] 
tbe Text of Dixzx>Kr. Edated. vitii Englith Xotes. CxixaciLl X3i£ Hi^ 
br tLe JR/ct. James Davies, M.A. is. 

32. .^schylus : Septem Contra Thebes : The Seven a|;ains: 

From tb« Text of Dixsokf. Edited, vith Ragjish Xates, CrrtScal xb£ 
plaxiatorj, bj the Ro*. Jakes Davies, M JL is. 

40. Aristophanes: Acharnians. Chiefly from the Tcxi of C 
Weise. With Notes, bj C. S. T. Towicshexd, ILA. is. 6d. 

26. Euripides: Alcestis. Chiefly from the Text of Dexdoxj. '^ 
Notes, Critical and ExpUaatoij, bj Johx Milxek, B.A. is. 

23. Euripides : Hecuba and Medea. Chiefly from the Text of DO 

vfjRF. With Notes, Cri^cal and Explanatoij, bj W. Bkowuog Sxia 

MA., F.k.CS. x$.6d 

14-17. Herodotus, The History of, chiefly after the Text of GaisfoU 

With Preliminarr Observations and Appendices, and Notes, Cxixical tf 
Explanatory, by T. H. L. Leahy, MA., D.C.L. 

Part I. Books i., iL (The Clio and Enteroe), 2s. 

Part 2. Books iiu, iv. (The Thalia and Mdpomene\ 

Part 3. Books v.-vii. (The Terpsichore, Erato, and Polrmma', ss. 

Part 4. Books viii., ix. (The Urania and Calliope) and Index, is. 6d. I 

5-12. Homer, The Works of. According to the Text of BaeumleU 

With Notes, Critical and Explanatory, drawn from the best and laM 

Authoritif^, with Preliminary Observations and Appendices^ by T. H.I 

Lkary, M.A., D.C.L. 

The Iliad: Parti. Books i. tori., is.6d. I Part 3. Books xiii. to xviii., xs.6 

I'art 2. Books vii. to xii., is. 6d. | Part 4. Books xix. to xxir., is. m 



The OuyssEY: Part i. Books i. to vi., is. 6d. 
Part 2. Books vii. to xii., is. 6d. 



Part 3. Books xiii. to x\iii., is. 6( 
Part 4. Books xix. to xxir. 



■•» 



Hymns, 2s. - •jl 



4. Luclan's Select Dialogues. The Text carefrilly revised, wii 

Grammatical and Explanatory Notes, by H. Young, is. 

13. Plato's Dialogues: The Apology of Socrates, the Crito, ai« 
the Phado. From the Text of C. F. HERBfANN. Edited with Notes, Critici 
and Explanatory, by the Rev. James Davies, M.A. 2s. 

18. Sophocles: CEdipus Tyrannus. Notes by H. Young, is. 

20. Sophocles: Antigone. From the Text of Dindorf. Not«i 
Critical and Explanatory, by the Rev. John Milnbr, B.A. 2s. 

41. Thucydides : History of the Peloponnesian War. Notes by tt 

Young. Book i. is. - _j 

2, 3. Xenophon's Anabasis ; or, The Retreat of the Ten Thousaiid 

Notes and a Geographical Register, by H. Young. Part x. Books 1. to im 
IS. Part 2. Books iv. to vii., is. 

42, Xenophon's Panegyric on Agesilaus. Notes and Intro- 
duction byLi, F. W. Jewitt . ia.e>A. 

Crosby LocKwooi> and co., i, stkuoi^^^^' uk:va. ^w.^^>v^ 
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L^ MEASURES, WEIGHTS, AND MONEYS OF ALL 
\^^ NATIONS, and an Analysis of the Christian, Hebrew, ^d 
Z)&V? Mahometan Calendars. By W. 8. B. Woolhoxtsb, F.B.A.S., Ibo. 
1/^5 i8. 6d. 

^^ INTEGRAL CALCULUS, Rudimentary Treatise on.^ 
^ZjS the. By Homesham Cox, B.A. Illustrated. Is. 

^^ INTEGRAL CALCULUS, Examples on the. By 
^M Jambs Hann, late of King's College, London, niastrated. Is. ^ 

|>i'£ DIFFERENTIAL CALCULUS, Elements of the. By tt 
^^ W. 8. B. WooLHOusE, F.R.A.8., &c. Is. 6<f. 3^ 

p^ DIFFERENTIAL CALCULUS, Examples and Sola- Jjl 
£'>&^ tions in the. By James Haddon, M.A. Is. 

^•M; GEOMETRY, ALGEBRA, and TRIGONOMETRY, 

r)^ in Easy Mnemonical Lessons. By the Bey. Thomas Fbntnoton ^^Ci 
^50o Kibkman, M.A. Is. 6d. JvJ 

^-% MILLER'S, MERCHANTS, AND FARMERS 1^ 
J^b^ READY MECKONER, for ascertaining at sight the value of W 
•^^l^ any quantity of Com, from one Bushel to one hundred Quarters, JJ'^ 
£^C% at any given price, from £1 to £5 per Quarter. Together witii the fe- 
^Tc^ approximate values of Millstones aibd Millwork, &c is. ' ^ 

)^ ' • m 

ARITHMETIC, Rudimentary, for the use of Schools -t^j-- 

and Self-Instruction. By James Haddon, M.A. Revised by ^^ 

•K ^jp*' Abraham Ahman. Is. 6d. ^ 

pf^ A KEY to Rudimentary Arithmetic By A. Abuan. Is. 6d. ^\ 

O^ ARITHMETIC, Stopping-Stone to; being a complete ^ 
!?Nfj. course of Exercises in the First Four Rules (Simple and Com- y^ 
5 w pound), on an entirely new principle. For the Use of Elementary ij^j 
3*C Schools of every Grade. Intended as an Introduction to the ^^ 
more extended works on Arithmetic. By Abraham Abman. Is. (L^^ 

A KEY to Stepping-Stone to Arithmetic. By A. Arman. Is. x^ 

I THE SLIDE RULE, AND HOW TO USE IT; <^ 

\ containing full, easy, and simple instructions to perform all Busi- %^ 

fness Calculations with unexampled rapidity and accuracy. By ^ 

Charles Hoarb, C.E. With a Slide Rule in tuck of cover, jis. i^ic! 

V^ STATICS AND DYNAMIC^, the Principles and¥rac- ^ 

'^C^C^ tice of; with those of Liquids and Gases*. By T. Baker, C.E. o^fi^ 

UM. Second Edition, revised by E. Nugent, C.EJ. Ma&y niustra- i^ 

^^> tions. is. 6d. , ^ 
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ANALYTICAL GEOMETRY and CONICA 
TIONSf a Budimentaxy Treatise on. By James H 
^ Mathematical Master of King's College School, London 
J Edition, revised and re-written by J. R. Young. 2s. 

% 

I DRAWING AND MEASURING IN8TRUM 

\ Including — I. Instruments employed in Geometrical 

■? chanical Drawing, and in the Construction, Copy 

G^ Measurement of Maps and Plans. II. Instruments Us( 

1: purposes of Accurate Measurement, and for Arithmeti 

5^ putations. By J. F. Heather, M.A., late of the Eoyal 

.0 Academy, Woolwich, Author of " Descriptive Geometry. 

& Illustrated. Is. 6d. 

t OPTICAL INSTRUMENTS, Including (moi 
'? cially) Telescopes, Microscopes, and Apparatus for p 
fS, copies of Maps and Plans by Photography. By J. F. i 
:^ M.A. Illustrated. Is. 6d. 

% 

'4 SURVEYING AND ASTRONOMICAL IIS 

^ MENTS. Including — ^I. Instruments Used for Determ 
\^ Geometrical Features of a portion of Ground. II. Ine 
\l Employed in Astronomical Observations. By J. F. I 
>2 M.A. Illustrated. Is. 6d. 

•^ *♦*: The above three volumes form an enlargement of the 

jo original workj " Mathematical Instruments : their Cor. 

[3 Adjustment, Testing, and Use" the Tenth Edition of 

^ still on sale, price Is, 6d» 

'i THE WORKMANS MANUAL of ENGINE! 

§ DRAWING. By John Maxton, Instructor in En; 

^5. Drawing, Royal School of Naval Architecture and Ma 

^ gineering, South Kensington. Illustrated with 7 P] 

■X nearly 350 Woodcuts. 3s. 6d. Cloth boards, 4s. 6d. 

I PRACTICAL PLANE GEOMETRY: givi 
y. Simplest Modes of Constructing Figures contained in oi 
■ c By J. F. Heather, M.A. Numerous Diagrams. 2s. 

PROJECTION: Orthographic, Topographic, a 
spective : giving the various modes of Delineating Soli 
by Constructions on a Single Plane Surface. By J. F. I 
M.A. . [Inpr 

*i^* The above ttco volumes, with the Author* s tcork alra 
series, ** Descriptive Geometry^* viiti form a complete JS 
Course of Mat/iematicc ' "^ 
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